MATHEMATICS

A Textbook for Grade 10

AUTHORS

Dr. Sumit Kumar Sharma

Assistant Professor
Department of Mathematics, Kirori Mal College, University of Delhi, India

Dr. Gitanjali

Assistant Professor
Department of Applied Sciences, Maharaja Surajmal Institute of Technology, India

REVIEWERS

Professor Isaac Saye-Lakpoh Zawolo
Superintendent
Monrovia Consolidated School System (MCSS)

Charles Tieh Bropleh
Mathematics Specialist
Ministry of Education

Matthew V. Z. Darblo

Mathematics Instructor
University of Liberia (UL)

Ministry of Education
Monrovia, Republic of Liberia

Star Educational Books Distributors (P) Ltd.
Delhi, India




ISBN : 978-93-95626-16-3

Copyright © 2023 Star Educational Books Distributors (P) Ltd.

All rights reserved! No part of this book may be reproduced, stored in a retrieval system or
transmitted in any form or by any means including electronic, mechanical, magnetic or other,
without prior written permission of Star Educational Books Distributors (P) Ltd., except by the
Ministry of Education, Republic of Liberia.

NOT TO BE SOLD

Printed on 80 gsm Maplitho paper in Times New Roman 12 pt.
Typeset and Cover designed by Shri Ganpati Enterprises, Delhi - 110 052

Published and Printed at:
Star Educational Books Distributors (P) Ltd., 4736/23, Ansari Road, Darya Ganj, New Delhi -
110002, India for Ministry of Education, Monrovia, Republic of Liberia

Email: info@estar-bk.com, Website: www.estar-bk.com



Foreword

Liberia, having gone through a period of utmost turmoil till 2003, due to the civil
wars, is still reeling under its effect and the added trauma of Ebola in 2014 and
effects of the COVID-19 outbreak in 2020. The Liberian government, in the past
decade, has made valiant efforts to bring order to the lives of its people. In one such
effort, the Ministry of Education (MoE) brought changes to the National Curriculum
Framework which are relevant to the present generation, and which would prepare
them to meet the challenges of the changing trends of the world. The National
Curriculum Framework (NCF) 2018 recommends a change in basic assumptions
in the teaching learning process from behaviorist to constructivist approach —
moving from hardcore print material to the digital world. Keeping in consideration
the sociocultural context and varied experiences of learners as laid down in the
Framework, our Teaching Learning Materials are expected to be competent to use
multiple methods and techniques like e-learning resources, energized textbooks,
and readily available reference material to engage the learners.

As a first initiative, the MoE, through its World Bank-funded Improving Results in
Secondary Education (IRISE) project, has adapted textbooks for Grades 10 to 12 in
five subjects — English Language and Literature, Mathematics, Biology, Physics
and Chemistry.

The National Curriculum Framework, 2018, recommends that children’s learning
at school is a reflection of their life outside the school and shows them the path to
become a responsible citizen who makes knowledge-based choices.This principle
marks a departure from the legacy of teacher centered learning to student centered
learning. The syllabi and textbooks developed on the basis of the NCF indicate a
serious attempt to implement the idea of Activity Base Learning (ABL). We hope
these measures will take us ahead in the direction of building a system of education
as outlined in the NCF.
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Combined with the efforts by the school principals and teachers this will encourage
children to reflect on their own learning and to pursue imaginative activities and
questions. With this in mind, perhaps for the first time in our country, we are able to
provide separate subject specific textbooks accompanied with guides for teachers
for 10-12 grades. Not only have these been developed, adapted and modified to
the Liberian context, each of the eight Minimum Learning Competencies (MLCs)
have been included in each textbook. So as to reach every high school student, for
the first time in the country’s history we have included the digitized form of the
textbook accessible by a Quick Response (QR) code given in each book. Not only
does it have the digitized textbook, but it provides additional learning materials for
use by students, teachers and interested persons. The links to these e-resources and
digitized material is being made available on the MoE’s website.

The Textbooks and Teacher Guides have reached the hands of the students after
a rigorous quality evaluation by carefully handpicked subject specialists by the
MoE, to whom the Ministry expresses gratitude. For the success of this project, I
acknowledge the contributions of the IRISE Project Team in the World Bank, and
in particular, the Task-Team Leaders; the Project Implementation Team in Liberia
headed by its Coordinator Abraham A. Kiazolu II, supported by the Executive
Director of the Center of Excellence for Curriculum Development and Textbooks
Research, Mrs. Julia K. Sandiman-Gbeyai and her technical working group (TWG),
and the International Textbook Consultant and Advisor, Dr Shveta Uppal engaged
by the MoE. These notwithstanding would not have been possible without the
guidance of the Senior Management Team (SMT) of the Ministry of Education, and
in particular, the Deputy Ministers for Instructions, Administration, and Planning,
Research and Development, respectively.

Professor Dao Ansu Sonii, Sr.
Minister of Education Monrovia, Republic of Liberia
Republic of Liberia January 24, 2023
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Chapter Outcomes

At the end of this chapter you will be able to:

define the concept of set;

identify the different types of sets;

identify equal and equivalent sets;

differentiate subsets and proper subsets;

use Venn diagrams to illustrate intersection, union, disjoint and complement
of sets;

state and discuss the properties of sets;

use the Venn diagrams to solve two-set and three-set problems.
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Introduction

As kids we used to collect a lot of objects like bottle tops, marbles, buttons, toys,
pens and pencils, coins, books, etc. We also observe a flock of sheep or a herd of
cattle grazing together, a class of students learning together, a basket of flowers, a
bunch of keys and so on. In mathematics, such a collection of things or objects is
called a set. Sets are valuable in understanding the properties of whole numbers and
concepts of geometry. In fact sets help us to understand many topics of mathematics
that would be difficult to understand. In this unit therefore, you will be introduced
with the main concepts of sets and their types. Besides, you will learn about some
relations among sets and basic set operations like union and intersection and their
representations using Venn diagrams.

1.1 DEFINITIONS OF SETS USING SET NOTATION

Georg Cantor was a Russian-born Mathematician who can
be considered as the founder of set theory and introduced the
concept of infinite numbers with his discovery of cardinal
numbers. He also advanced the study of trigonometric series.

DEFINITION

Georg Cantor A set is a collection of well-defined objects. The objects in a
(1845 —1918) set are called elements or members of the set.

AcTIvITY 1

Are you a member of the following collections?
Show your decision by putting a “v”* mark.

YES | NO | NOT SURE

1

A collection of girls in your class

2

A collection of football players in your school

A collection of students in your school with three
ears

A collection of all short students in your class.

A collection of smart students in your school

A collection of beautiful people in your city
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Note: When we say a set is well-defined, we mean it is possible to identify without
doubt whether or not a given object belongs to that specific collection.

ExAMPLE 1

(a) A collection of boys in your class

(b) A collection of Toyota cars in a city

(c) A collection of football players in your school

(d) A collection of whole numbers less than 100

(e) A collection of students in your school with two noses

All the collections in the example 1 given above are sets because they are well
defined and it is possible to identify without doubt whether or not a given object
belongs to that specific collection.

However, collections like the ones given in the above activity under numbers 4, 5
and 6, are not sets because they are not well defined.

Can you tell whether or not you belong to the collection of all short students in

your class? No you can’t because the height limit to call a person short or tall is not
defined.

Similarly, the collection of smart students in your school and the collection of
beautiful people in your city, do not define a set since we may not agree on who is
“smart” and who is not, and, who is “beautiful” and who is not.

EXAMPLE 2

(a) The collection of bad boys in your school
(b) The collection of tall people in the world
(c) The collection of best African football players

Collections in example 2 given above are all not well defined. Hence they are not
sets.
EXERCISES
Identify whether the following collections define a set or not
1. The collection of the continents of the world
2. The collection of intelligent teachers in your school.

3. The collection of students in your class who are less than 1.60 meters
tall.
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4. The collection of rich people in the world.
5. The collection of all even natural numbers.
6. The collection of best schools in your country.

Set notation

Braces or curly brackets like { } are used to indicate a set. Sets are usually named
or denoted by capital letters like 4, B, C, X, W, Z and so on.

Consider for example, “The set of natural numbers less than 5. If we denote the set
by A4, then we can rewrite the above statement using mathematical symbol (notation)
as follows

A=1{1,2,3,4}

Note that the numbers 1, 2, 3 and 4 inside the braces are called elements or members
of set A.

The members of A4 are separated by a comma (,).

The relationship between the elements of a set and the set itself is expressed in the
form: is an element of or is a member of

Note: x € 4 means x is an element of set 4.
x ¢ A means x is not an element of set 4.
Thus,in4=1{1,2,3,4} youseethat2 e 4and 5 ¢ 4

The symbol € is a Greek letter and here we use it to show when an element
belongs to a set.

ExAMPLE 3

Let B be the set of vowels in the English alphabet. List all the elements of B.
Solution

B={a,e i,o,u}.S0o aeB e€B i€eB o0oeB ueB

B has five elements.

But b¢B c¢B dg¢B fg¢Bandsoon.

ExXAMPLE 4

Let M be the set of letters in the word “mathematics”. List all the elements of M.
Solution
M={m,a,t h eics},someM aeM teM

ecsM ieM ceM seM Mhaseightelements.
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Remember that if the same element is repeatedly written, we take only one of them as a
member. For example, 4 = {a, b, b, c} is the same set as 4 = {a, b, ¢}

EXAMPLE 5

Let E be the set of students in your class with three eyes. List all the elements of £. How
many elements has £?

Solution

Since there are no students in your class with three eyes, the set £ has no members or
elements. It is called an Empty set. So set E is represented as £ = { }

Empty set
A set with no elements or members in it is called an empty set or null set.
An empty set is represented by the symbol { } or O.

EXAMPLE 6
The following sets are all empty sets:
® The set of whole numbers less than 0.
® The set of students in your class who are 50 years old.
® The set of people who can fly.
® The set of days in a week starting with the letter D.
® The set of months with 33 days.

EXAMPLE 7

Which of the following symbols represent the empty set?
(a) O (b) {9} () {} (d) 0 (¢) {0}

Solution

Only “a” and “c” represent the empty set. {@} is not an empty set. It is a set with one
element.

Methods or ways of describing Sets
A set s described by any of the following three methods (ways):

®  Verbal (word description) method
e  Listing (tabulation) method
° Set - builder method
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A. Verbal (word description) method

Verbal method is describing a set verbally or in words.

EXAMPLE 8
e (is the set of countries of Africa.
® T'is the set of teachers in your school.
® JVis the set of whole numbers less than 100.

B. Listing (tabulation) method

Listing (tabulation) method is describing a set by listing all or part of the elements
(1) Complete listing method
We use complete listing method when it is possible to list all the elements
of the set.

ExAMPLE 9

Use complete listing method to describe the following set
A 1s the set of all even natural numbers less than thirteen”.
Solution

We describe this set by completely listing all the elements of A as
A=1{2,4,6,8,10,12}

(i)  Partial listing method
When using partial listing method, we describe the set by listing only

few element of the set.

ExamMPLE 10

Use partial listing method to describe the following set
(a) O is the set of all odd natural numbers.

Here no matter how many odd numbers we might list there are always odd numbers
not included in our list. We therefore list a few of the first odd numbers and then
put three dots after the last number listed to indicate that the set of all odd numbers
goes on and on.

Thus we write O = {1, 3,5,7,9, ...}
(b) Similarly the set of all natural numbers can be written as
N={1,2,3,4,...}
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(c) The set of Whole numbers less than 100, W= {0,1,2,3,...,99 }

The three dots after the element 3 (called el/ipsis) indicate that the elements in the
set continue in that manner up to and including the last element 99.

C. Set Builder Method

Sometimes sets have so many elements that it is tedious or difficult or even impossible
to list their elements. The difficulty of listing the elements of a set is minimized by
using the method of set-builder notation. The set-builder notation states a property
or a rule which its elements must satisfy.

ExaMPLE 11

Let A represents the set of all even natural numbers; then we use a letter, usually x, (or
any other lower case letter) to represent any element

A = {x | x is an even natural number}

This notation is read as “4 is the set of natural numbers x such that x is even”. We
call this the set-builder notation of a set. The vertical line “|” is read “such that”.

Note that some books use the colon “:” instead of the vertical line “|"

A = {x : x is an even natural number}.

ExXAMPLE 12

Use set-builder notation to denote
(a) The set of natural numbers less than 10.
(b) The people living on the earth.
(c) D={1,3,5,7,9}.
(d E=1{0,3,6,9,...}.
Solution
(a) {xjxe N,x<10} 4= {xjx € N, x <10}
We read this as
“the set of all elements x such that x is a natural number less than 10.
(b) B = {x|x is a person living on the earth}
We read this as
“the set of all elements x such that x is a person living on the earth”.
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(¢) D = {x|x is an odd natural number less than 10}
(d) E = {x|x is a whole number which is a multiple of 3}

EXERCISES
1. Write your answers in the blank spaces.
(a) How many elements has the set of odd natural numbers less than 11?

(b) How many elements has the set of all integers?

(c) How many elements has the set of students in your class with three
ears?

2. Rewrite the following statements using mathematical symbols
(a) yisan element of set A.

(b) 3 isnotan element of set B.

3. Write True or False for each of the following
(@ 1e{l,2,3,4}
(b)y 0e{2,4,6,8,10}
(c) 3¢{6,9,12,15}
(d) 7 e the set of prime numbers
(e) 5¢e{l,2,3,..,8}
M 0ei}

Multiple choice items

4.  Which verbal or word description best describes the given set.
(i) A4=1{2,4,6,8,10}
(a) A is the set of even numbers.
(b) A is the set of some even numbers.
(c) A is the set of even natural numbers less than 12.
(i) B={5,10, 15,20, 25, 30}
(a) B s the set of natural numbers less than 35.

(b) Bisthe set of the first six natural numbers that are exactly divisible
by five.

(c) B s the set of all numbers obtained by counting by fives.



- Mathematics — Grade 10 Textbook

(i) C={a,b,c,...,x,,z}
(a) Cis the set of all the English alphabets.
(b) Ciis the set of the first and the last three English alphabets.
(c) Cis the set of consonants in the English alphabets.
(iv) R={xxeZ,—-1<x<1}
(a) R isthe set of all integers greater than —1.

(b) R is the set of all integers between —1 and 1.
(c) Risthe set of all integers greater than 1.

5. Match the sets described by the verbal (word description) method in column
A with the corresponding sets described by the set — builder notation or listing
method given in column B.

Column A

1. The set of natural numbers less than 6.
2. The set of letters in the word “mandela”.
3. The set of odd whole numbers less than 20.
4. The set of whole numbers between 88 and 89. [88 and 89 not included].
5. The set of all natural number greater than 11.
6. The set of all whole numbers between 0 and 5 not including 0 and 5.
Column B
(a) O

(b) {xjx e Wand 0<x<5}

(¢) {xxeNandx>11}

(d) {a l e d n m}

(e) {1,3,5,7,9,11,13,15,17,19}
® {1,2,3,4,5}

1.2 DEFINITION OF TYPES OF SETS

Finite and Infinite sets

A set may have limited number of elements, or unlimited number of elements. For
example, the set of natural numbers less than 5 has a limited number of elements,

1, 2, 3, and 4. The set of natural numbers greater than 5 has unlimited number of
elements.
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How many members does each set have?

{a, e, i,0,u}.

The set of even whole numbers less than 10.
The set of natural numbers between 9 and 29.
The set of odd natural numbers.

The set of fractions between 0 and 1.

DEFINITION

A finite set is a set that has a fixed or limited number of elements.

Nk W=

An infinite set is a set which is not finite.

Notation: If a given finite set 4 has k elements, then we write this as n(4) = k.

n(A) = k is read as the cardinal number of elements in the set 4 is .

ExAMPLE 13

(a) A=1{0,1,2,3,...,9} is a finite set; set 4 has 10 members that is n(4) = 10.
(b) B={x|xis a natural number between 2 and 15} is a finite set; B has 12 members that
is n(B) = 12. [Remember 2 and 15 are not included]

(¢) D=0 is afinite set: Set D has no members, that is n(D) = 0.
(d) N={1, 2, 3, ...} is an infinite set. It has an infinite number of elements.
(e) The set of all fractions between 0 and 1 is an infinite set.

EXERCISES
1. How many members does each of the following sets have?
(@) A={0},nd)=
(b)y D=1{0,2,4,6,... 30}, n(D)=
(c) C= {x|x1s a consonant in English alphabet}, n(C) =
(d E=0,nE)=
(e) Q= {x|xisan even whole number less than 20}, n(Q) =
) R={9},nR)=
(g) F=1{0,0,{0}}, n(F)=




- Mathematics — Grade 10 Textbook

2. Which of the following sets are finite and which are infinite?

(a) A= {x|xis a student in your class}.

(b) B = {x|x is a natural number greater than 20}.

(c) P = {x|x is a whole number less than 1,000,000}.

(d) Wis the set of cars in the world.

(e) His the set of people living in China.

(f) E = {x|x is an even natural number between 2 and 4}.
(g) F'is the set of fractions between 1 and 2.

Equal and equivalent sets

A. Equal sets

DEFINITION

If 4 and B are sets such that every element of 4 is an element of B and every element of
B is an element of 4, then 4 and B are called equal sets. It is denoted by 4 = B and is
read as A is equal to B.

ExAMPLE 14

(a) If 4 = {x|x is a natural number less than 7}, and B = {1, 2, 3,4, 5, 6}, then 4 = B,
because all element of 4 are elements of B and all element of B are also elements
of 4.

(b) If Q0= {x|x € Wand x <0}, R =0, then Q = R, because every element of Q is an
element of R and every element of R is an element of Q.

B. Equivalent sets

Look carefully at the two sets 4 and B given below.
A={d, e [} B=1{6,8,9}

Even though these two sets are not equal, they have the same number of elements.
So, for each member of set B we can find a partner in set 4.

A=1{d, e, f}

B=1{6,8,9!
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The double arrow shows how each element of a set is matched with an element of
another set. This matching could be done in different ways, for example:

A={d, e,

B=1{6,8,9}

No matter which way we match the sets, each element of 4 is matched with exactly
one element of B and each element of B is matched with exactly one element of 4.
We say that there is a one—to—one correspondence between 4 and B.

DEFINITION

Two sets A and B are said to be equivalent, written as 4 <> B, if there is a one to one
correspondence between them.

If any two finite sets 4 and B have equal number of elements, then 4 and B are called
equivalent sets. If n(4) = n(B), then 4 is equivalent to B and is denoted by 4 <> B.

Remember that for two finite sets to be equivalent it is not necessary that they have
same elements, or they are a subset of each other.

ExXAMPLE 15
letA=1{2,4,c},B=1{5,8,9}and C= {9, 8, 5}. Then

A< B A< C, B« C,B=C.

If any two sets A and B are equal, then they are also equivalent. However any two
equivalent sets may not necessarily be equal.

EXERCISES

1.

Which of the following sets are equal? Give reasons.

A=10,2,4,6,8};

B = The set of even natural numbers less than 10;

C=1{4,8,0,6,2};

D=1{2,4,8,6,4}.

Let4A={1,3,5,7,9} and B = the set of odd natural numbers less than 10.

(a) IsA=B?Why? (b) IsA <> B? Why?
A={xlx e Nand 2 <x<10},B={x}x e Wand 3 <x <9}
(a) IsA=B?Why? (b) IsA4 <> B? Why?
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4. Which statement is always true?

(a) Iftwo sets 4 and B are equal, then they are equivalent.
(b) Iftwo sets 4 and B are equivalent, then they are equal.

Subsets and proper subsets

DEFINITION

If A and B are sets and every element of 4 is also an element of B, then we say 4 is a
subset of B. This relation is denoted by A — B and is read as ‘4 is a subset of B’.

From the above definition, it follows that if there exists a single element of 4 that is
not an element of set B, then 4 is not a subset of B (written as 4 & B).

Note that,
The empty set is a subset of every set and any set A is a subset of itself.
That is, if 4 is any set, then @ € 4 and 4 € 4.

ExXAMPLE 16
Let A = {a, b}. List all the subsets of 4.
Solution

0, {a}, {b}, {c}, {a, b} are the subsets of A. Remember that @ and the set itself, i.e, {a, b}
are subsets. A4 has 4 subsets.

ExaMPLE 17
Let B= {1, 2, 3}. List all the subsets of B.
Solution

0, {1}, {2}, {3}, {1,2}, {1,3}, {2, 3}, {1, 2, 3} are the subsets of B. Remember that @ and
the set itself, i.e, {1, 2, 3} are subsets. B has 8 subsets.

ExAMPLE 18

Let C= {0}. List all the subsets of C.
Solution
@, {0} are the subsets of C. C has 2 subsets.
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ExAMPLE 19

Let D = @. List all the subsets of D,
Solution
@, that is, the set itself, is the only subset. D has 1 subset.

ExAMPLE 20
IfAd={x,y,z} and B={y, z,x},then 4 — B and B c 4.

Remember sets 4 and B are equal. If two sets are equal one is the subset of the other, that
is,if A=B,then4 c Band B C A.

ACTIVITY 2

1. Complete the following table

Set ‘ Subsets ‘ Number of elements (n) ‘ Number of subsets
T 0 1
{5} 1 2
{0,1}
{3,4,5}
{6,7,8,9}

How many subsets has a set with 5 elements?
How many subsets has a set with 6 elements?
How many subsets has a set with 7 elements?
How many subsets has a set with n elements?

If a given finite set has n number of elements, then it has 2" subsets.

ExAMPLE 21

How many subsets does the set {a, b, ¢, d, e} with 5 members have?

Solution
The set has 5 members, n =5

There are 2° = 32 subsets. Can you list down all the 32 subsets?
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EXAMPLE 22

Look carefully at the two sets 4 and B given below:

A={a, b,c} B={a,b,c,d, e}

Is set 4 a subset of set B? Is B a subset of 4?7 Why?

Solution

Since all elements of A are also elements of B, we say, 4 is a subset of B, i.e., 4 € B
But all elements of B are not in 4, So B is not a subset of 4. B € A

DEFINITION

If 4 and B are sets such that 4 is a subset of B, but B is not a subset of 4, then 4 is also called
a proper subset of B. It is denoted by A — B and is read as ‘A4 is a proper subset of B’

ExAMPLE 23

If4={7,8,9}. List all the proper subsets of 4.
Solution

The proper subsets of 4 are @, {7}, {8}, {9}, {7, 8}, {7, 9}, {8, 9}. There are 7 proper
subsets.

A set is not a proper subset of itself. If a set has n number of elements, then it will
have 2" — 1 proper subsets.

ExAmPLE 24
(@) IfB={1,2,3,4,5} and 4= {3, 4}, then A — B because 4 — B, but B & 4.
(b) LetR={a, b,c,d} and S = {a, b, c}.
Then, R ¢ S because R ¢ S —> (R has extra members which are not S)

EXERCISES

1. Below is given the set of the days of the week:
{Sunday, Monday, Tuesday, Wednesday, Thursday, Friday, Saturday}
Write the subset of the days of the week that
(a) begin with letter M.
(b) Dbegin with the letter S.
(c) end with the letter y.
(d) begin with the letter Z.
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2. Make three subsets from the set {x, y, z, w}
6 (111)
(ii)

3. How many subsets have the following sets?
(i) A4=1{0,1,2,3,4}
(i) B=1{5,9}
(i) C={a,b,c,d, e, f}
If4= {2, k, 3, m, 4}, how many proper subsets has set 47

5. Put the appropriate symbols C or ¢ between the sets K and L.

(a) K={xeN:xisprime}: L=1{2,3,5,7},then L K.

(b) K={l,mn, o p}:L={L o0, p, m}, then L K.

(c) K={tactic}:L={cat} thenlL K.

(d) K={x e N:xislessthan 20}: L = {x € N: x is less than 10},
then L K.

6. (a) Isthe set of female students in your class a proper subset of the set
of all students in your class? Explain.

(b) Isthe set of students in your class a proper subset of the set of all students
in your school? Explain.

1.4 VENN DIAGRAMS

In previous sections, you have learned how notations and symbols
are used to describe sets and relations between sets. In this section,
you will learn how sets, relationships between sets and operations
on sets are represented using diagrams called Venn diagrams
(named in honor of John Venn, an English philosopher, (1834 —
1923).

In a Venn diagram, the sets are represented by shapes, usually circles and ovals. The
elements of a set are labeled within the circle or oval.

EXAMPLE 25

Given the set P of odd numbers less than 9 and O = {3, 7, §, 9, 10}.

Draw a Venn diagrams to represent the sets P and Q and indicate all the elements of P
and Q in the Venn diagrams.
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Solution
P={1,3,5,7) P 3 Y
0=1{3,7,8,9,10} 9
Draw a circle or oval. Label P. Put the elements L 10

in P as shown below

There could be several ways to describe the relationships of sets using Venn diagrams.

If you know, for example, that all members of B also belong to 4 or B 4, then you
can draw B within 4 as shown below

The Venn diagram represents
A

1.5 VENN DIAGRAMS TO ILLUSTRATE INTERSECTION OF SETS

In arithmetic, you have the basic operations

of addition, subtraction, multiplication, and
division. Each operation gives a third number Consider the following two sets:
for any two arbitrary numbers. Similarly, there A={r,s,t,u, v} and

are operations on sets which give a third setfor ~ p= 14 7 5,5, c}.

any two arbitrary sets. In the following sections
you will learn about two main operations on
sets called intersection and union of sets

Are there elements which are
common to both sets?

List the elements which belong
The Intersection of Sets tobothsetsdand B?
InAd={rs tuvadB={arb,s,c Let C be the set which includes
obviously elements » and s belong to both 4 flenla)er;}tls thwlzi a;e ]c)omrqgn
and B. That is {r, s} is the set that contains the 0 00 an - escribe

) t C i listi thod
common elements of sets 4 and B. It is called 3¢ usiig - stng - metho
the intersection of sets 4 and B.

DEFINITION

The intersection of two sets 4 and B is the set of all elements that belong to both 4 and
B. It is denoted by 4 N B and is read as ‘4 intersection B’.
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ExAMPLE 26

(@ ImA={r,s,t,u,v} and B={a,r, b,s,c},AnB={r, s}.
b)) InC={1,2,3} and D={2,3,4},Cn D= {2, 3}.

(c) nd={x]xeNandO0<x<l1l}andB={0,1},AnB=1{}.

If two sets A and B have common elements, then they are called intersecting sets. If two
sets A and B have no any common elements, then they are called disjoint sets. if A N B =
O, then A and B are disjoint.

ExXAMPLE 27
Let P={1,3,57}
0=1{3,7,8,9,10} PnQO={3,7}
The shaded part of the following Venn diagram represents P N Q

?  PAO=3,T)

é 8 O\ The shaded part represents the intersection of both sets
10

ExAMPLE 28
(a) If4=1{1,2,3,4} and B= {4, 5, 6}, then represent the sets 4 and B using a Venn
diagram to show the intersection of the two sets.

Solution
A B

AN B={4}.

(b) IfC=1{2,3,4,5} and D= {1, 6, 7, 8}, then
CND=0
C D The two sets have no common members. So nothing is
shaded as an intersection
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(c) IfE={1,2,3,4,5,6,7,8} and FF'= {6, 7, 8}, then
ENF=1{6,7,8}.
E N Fisrepresented by the shaded portion of the following
Venn diagram:

Set F'is a subset and proper subset of set £
Since FcE,FNE=F
EnF=F

EXERCISES

1. Find the intersection of the following sets.
(a) A= {x e N:xisaprime number less than 10}
(b) B={y e N:yisan odd number less than 10}

ANB=

(c) A={a, b,c,d, e} B={a, e, i,o,u}
ANB=

(d) A= {lion, mongoose, hippopotamus, elephant}; B = {cat, zebra, hyena}
ANB=

2. IfA4=1{2,4,6,8},B={1,4,6},and C= {1, 6,9}, then find
(@) AnBandBNA.IsANB=BnNA?
b)) UnB)nCandAN(BNC).IsANB)NC=AnBNC)?__
3. Which of the following statement is true for any sets 4 and B?
() IfdAdcB.thendnB=4
(b) IfdcB,thendnB=4
(c) AnO=4

1.6 VENN DIAGRAMS TO ILLUSTRATE UNION OF SETS

Like the intersection, union is another basic operation on sets. As in the expressions
“workers union” or “students union”, the term union, as applied to sets, describes
“joining or uniting of elements”.

Set E in the activity 4 is the set which contains all the elements that belong to
either 4 or B or both 4 and B. Collecting or uniting all the elements of the two sets
together, we get a new set £ which includes all the English alphabets, that is £ = {a,
b,c,d,e,. .., z}
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AcTIviTY 4

Consider the following two sets:
A={a,e,i,0,u} and B = the set of all consonants in the English alphabet.

Create a new set £ that includes or unites or combines all the elements of 4 and also all
the elements of B together. So E =

DEFINITION

The union of two sets 4 and B is the set of all elements, which are in 4, or in B, or in both
A and B. It is denoted by 4 U B and is read as ‘4 union B’.

ExAMPLE 29
If A={a,e,i,o u}
B =The set of all consonants in the English alphabet
Then4 U B={a, b, c,d,e,...,z} which is the set of all the English alphabets.

ExampPLE 30
(a) If4={1,3,5,7and B={2,4,6},then4 U B=1{1,2,3,4,5,6,7}.
(b) IfC={a,b,c} and D={d, e, f, g} then CUD={a,b,c,d, e,f,g}.

1. LetA={a, b} and B={5,6,7}

(a) How many members does set 4 have? n(4) =

(b) How many members does set B have? n(B) =

(c) How many members does set A N B have? n(4 N B) =

(d) How many members does set A U B have? n(4 U B) =

(e) Is it always true that n(4 U B) = n(4) + n(B)? Why or why not?
2. LetA=1{3,4,5,6} and B= {5,6,7}

(a) How many members does set A have? n(4) =

(b) How many members does set B have? n(B) =

(c) How many members does set A N B have? n(4 N B) =

(d) How many members does set A U B have? n(4 U B) =

(e) Is it always true that n(4 U B) = n(4) + n(B)? Why or why not?

(f) What is always true for n(4 U B)?
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ExamPLE 31
(a) If4={1,2,3,4} and B= {4, 5, 6}, then represent the union of 4 and B using Venn

diagram P B
Solution
AuB=1{1,2,3,4,5,6}
In 4 U B, everything of 4 and everything of B is shaded
AUB
(b) IfC=1{2,3,4,5} and D= {1, 6, 7, 8}, then
C D CuD={1,2,3,4,5,6,7,8}

C U D is represented by the shaded portions of
the following Venn diagram:

Since the two sets have no common members,
the two circles are not intersecting

(c) IfE=1{1,2,3,4,5,6,7,8} and F = {6, 7, 8}, then
EUF=1{1,2,3,4,567,8}

E U F is represented by the shaded portions of the following
Venn diagram:

Set F'is a proper subset of set £
Since FCE,EUF=E
EUF=F

ExAMPLE 32
IfC={1,3,57,9},and D= {2, 4, 6, 8}, then
CuD={l1,2,3,4,5,6,7,8,9}. You also find that:
n(C)=5; n(D)=4; n(CuD)=9;
Thus, n(CUD)=n(C)+n(D)=5+4=9

The number of members of the union of two sets is equal to the sum of the members of
each set if the two sets are disjoint.

ExAMPLE 33
If4=1{3,4,5,6}and B=1{5,6,7} then4d UB=1{3,4,5,6,7} and 4 N B= {5, 6}
n(A)=4: n(B)=3; n(4v B)=15; That means n(4 U B) #4 + 3

If the sets 4 and B are not disjoint, the number of elements in 4 U B is n(4) + n(B) minus
the number of members in the intersection.
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For any two intersecting sets A and B; n(A W B) = n(4) + n(B) —n(4 N B).

ExaMPLE 34
Letd=1{2,4,a,b,6},and B={c,d, 2, r, 4}.

Then,A U B=1{2,4,a,b,6,c,d,r} and A N B={2, 4}
n(A)=5;nB)=5,ndVB)=n(d)+nB)—-n(ANB)=5+5-2=8

EXERCISES

1.

S W

Find the union of the following sets.

(a) A= {x e N:xisaprime number less than 10}
B ={y e N: yis an odd number less than 10}
AUB=

(b)y A={a,b,c,d, e}

B={a,e, i, o,u}
AUB=
(c) A= {lion, mongoose, hippopotamus, elephant};

B = {cat, zebra, hyena}

AUB=
If4=1{2,4,6,8},B=1{1,3,5},and C= {a, b, ¢, d}, then find
(@ AuBandBUA.IsAUB=BUA?
b)) AuB)uCand4AuBUC).Is(AuB)UC=40UBUVC)?____
If n(X) =22, n(Y) =9 and n(X N Y) = 4, then, find n(X U Y).
Givenn()=a,n(Y)=b,and n(X N Y)=c,thenn(X U Y)=
If n(4 v B) =10, n(A4) =15, n(B) = 6, then, find n(4 N B).
Which of the following statement is true for any sets 4 and B?
(a) IfANB=0,n(dv B)=n(A)+ n(B)
(b) IfANB#0Q,n(4v B)=n(A)+ n(B)
(c) IfA4uB=A4AnNB,then4=2B.
(d) Ifn(4)=n(B)then 4 =B
(e) IfA4=Bthenn(4d)=n(B)
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1.7 VENN DIAGRAM TO SHOW DISJOINT SETS AND COMPLEMENT OF A

SET

Disjoint sets

Note that if two sets 4 and B have no any common elements, then they are called
disjoint sets. if 4 N B =@, then 4 and B are disjoint.

ExXAMPLE 35

If4=1{2,3,5 7} and B= {0, 4, 6, 8}, the 4 n B = . So we say 4 and B are non-
intersecting or disjoint sets. Disjoint sets are represented in a Venn diagram like the
following:

A

Disjoint sets Not disjoint sets

Relative complement

DEFINITION

The relative complement of B with respect to 4 (or the difference between 4 and B) which
is denote as A — B or A \ B is defined as the set of all elements in A that are not in B

Thatis, A\B= {x|x € A and x ¢ B}. A\ Bisread as 4 less B

ExXAMPLE 36
If A={a,b,c,d,e}
B={c,d,e,f, g}, Find 4\ B and B\ 4 and represent them in a Venn diagram

Solution
A\B={a, b} and B\A = {f, g}
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Universal Set

Let A = the set of all grade 10 students in your school
B = the set of all girls in your school
C = the set of all grade 11 students in your school
U = the set of all students in your school

Each set 4, B and C are subsets of the bigger set U. This bigger set U which includes
all other elements of the set under our consideration is called a Universal Set.

DEFINITION

A universal set (usually denoted by U) is a set which has elements of all the related sets,
without any repetition of elements.

ExAMPLE 37

Let O = {x|x is odd natural number and x < 100}
E = {y|yis even natural number and y < 100}
Choose a universal set U for O and 7.
Solution
One possible universal set is U = the set of natural numbers less than 100.

EXAMPLE 38

A= {y:yis afemale student in your class}

B = {z:zis a female student in your class below 13 years old}

C = {w: wis a female student in your class who are 13 years old and above}
Find a possible universal set for A, B and C and represent them in a Venn diagram
Solution

One possible universal set is U = {x : x is a female student in your class} which is equal
to 4

The other possible universal set is U = {x: x is a student in your class}

The Venn diagram representation looks like the following U 1

Ac U C
CcA4and

BN C=0 (B and C are disjoint)
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ExampLE 39
LetU={a,b,c,d, e, f,g h, ik}
A={a,b,c,d, g} U y B
B={c,d, e,f, g}
C=1{b,c,d,f h,i}

Represent all the above sets in a Venn diagram 6@“
Solution

AnB={c,d, gy AnC=1{b,c,d} B C
:{C,d,f} k C

ANBNC={cd}

Complement

Let U = {All students in your class} and 4 = {All boys in your class}. Can you tell
the set which is not in 4 but in U? Of course the set which is out of 4 but in U is {All

girls in your class}. This set is called the complement A or the absolute complement
of A.

DEFINITION

Let 4 be a subset of a universal set U. The complement of 4, denoted by A’, is defined to
be the set of all elements of U that are not in 4.

Thatis, 4'= {x|x e Uand x ¢ A}. Itis U\ 4.

ExAMPLE 40

If U= {x|x e Nandx <10}
A=1{2,4,6,8}
B=1{1,2,3,4,5, 6}, Find A" and B’ and represent them in a

Venn diagram

Solution U 1
U=1{1,2,3,4,5,6,7,8,9}
A'=1{1,3,5,7,9}
3 The region colored
yellow is 4’

26
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ExAMPLE 41

In the Venn diagrams given below shade (4 U B)" and (4 N B)’

U 4 B A B

The shaded part in
orangeis 4 U B

The green shaded part The shaded part in
is (4N B) blue is (4 U B)'
The white unshaded partis 4 N B

EXERCISES

1. Let4=1{0,2,3,5,7},B=1{0,2,4,6,8} and C= {1, 2, 3, 6}, Find:
(a) A\B (¢) A\B)\C (e) AnB’
(b)y B\4 (d A4A\B\O

2. LetU={a,e,i,o0,u} A={a,e} B={o0,u}, Find
(a) A’ (c) AUB (e) (A4uB)
(b) B’ (d A'NnB () AnB)

3. From your answer in number 2 above, what relationship exists between
(i) (AuB)andAd' NnB' (i) (ANnB)andA'U B’

4. Show by shading in a Venn diagram that A\B=4 N B’

1.8 PROPERTIES OF SETS

Do you remember the commutative, associative, distributive and identity properties
you learned while dealing with operations on numbers? Just in a similar way, union,
intersection and complements of sets also satisfy these properties. Observe the
following comparisons:

For three number a, b and ¢ |For any three sets A, B and C Property
1 atb=b+a AUB=BuUA .
axb=bxa A~NB=BAA Commutative Property
9 (a+tb)tc=a+(bd+c) AuB)uC=4U(BuUO) .
(axb)xc=ax(bxc) (ANB)AC=A~BnC) Associative Property
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For three number a, b and ¢

For any three sets A, B and C ‘ Property

3 lax(bt+c)=(axb)+(ax*c) j S g i 825 SZB;; 2 8 S g; Distributive Property
4 Z 1_ (1) z Z j ﬁ [QJ zj Identity property

5 j ﬁ j: z I@J Complement property
6 j ﬁ j z j Idempotent property

ExAMPLE 42

U={a,b,c,d,e, f,g h,k mn, o}
LetA={a,b,c, d, e}
B={c,d e, f, g}
C={d, e, h, k,m}

1. Use the sets given above and show that
@ ANnBuUC)=AnNnB)UANC)
b)) AuvBNC)=(AuB) N4 )
(c) AB=ANB'

Solution

(a) BuC={cd,e,f, g hk m}
AnNnBuUCO)={cd, e}
ANnB={c,d,e} AnC=1{d, e}
MAnB)yuANC)={cd,e}

ACTIVITY 6

1. Consider the sets given above,

that is,

U={a,b,c,d, e, f, g h, k m,
n,o}

LetA=1{a,b,c,d,e}
B={c,d,ef g}

C={d, e, h, k,m}

Show that

(a) AuB)=A"NnB

(b) AnB)=A4A"UB

. Show by shading the Venn

diagrams given below that
(a) AuB)=4"NnB
(b) AnB)Y=A4A"UB

Therefore, A N (B C)=(4 N B) U (4 N C) (Intersection of sets distributed over union)

(b) BNnC={d,e} Au(BNnC)={a,b,c,d,e}

AnB={a,b,c,d,e,f,g}
AvuC={a,b,c,d, e, h,k m}
AuB)NnAAuC)={a,b,c,d, e}

Therefore, A U (BN C)=(4 U B) N (4 U C) (Union of sets distributed over intersection)
(c) AB=1{a,b} B'={a,b,h,k,m,n, 0o} AnNB ={a, b}

Therefore, AB=A4 N B’
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Shade (4 N B)' Shade 4" U B’ Are the shaded regions in the
U [ two of the figures the same?
If yes,
ANnB)Y=4UB
Shade (4 L B)' Shade 4" N B’ Are the shaded regions in the
U U two of the figures the same?
Ifyes,
(AuB)Y=A4A"NnB

HisTORICAL NOTE

De Morgan’s laws

For any two sets 4 and B

. AnB)=A"UB’ 2. (AuB)=A4A'NnB'
Augustus De Morgan (1806-1871)

Augustus De Morgan was the first professor of mathematics at London
University (University College London) and a co-founder of the
London Mathematical Society.

De Morgan formulated his laws during his study of symbolic logic. De Morgan's laws have
applications in the areas of set theory, mathematical logic and the design of electrical circuits.

EXERCISES
1. Determine whether each of the following statements is true or false:
(a) ForanysetB,BU@=B

(b) ForanysetB,BNO =8B

(c) For any set B and a universal set U, BU U =B

(d) For any set B and a universal set U, BN U=8

(e) Forany set B and a universal set U, BN B'=0
(f) For any set B and a universal set U, B B'=U
2. For any two sets P and Q, which of the following is false?

(@) (P)Y=P (d PO =FnQ)
(b) PQO=PNQ © (POUOP)=FPUIONPNO)
() PO =FvO) ® (PO N(OQP)=(FPN Q)
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1.9 VENN DIAGRAMS TO SOLVE TWO-SET AND THREE-SET PROBLEMS

So far you have learned about the concepts of a set, the relationships between sets
and operations like union, intersection, relative and absolute complements on sets
and their properties. In this sub section, you will learn how to use Venn diagrams in
solving real life application problems involving two or three sets.

ExAMPLE 43
1. Of 50 students in a class, 25 of them are members of a mathematics club and 20 are
members of a physics club. If 8 students are members of both clubs, then
(a) How many students are members of Math club only?
(b) How many students are members of Physics but not math club?
(c) How many students are members neither mathematics nor Physics club?

To solve such word problems involving sets one has to pay attention to the terminologies
used in the problem. Study the terminologies and their meaning given below:

® Mathematics only means Mathematics but not Physics; which is the same as M \ P
® Physics but not Mathematics; means P\ M

® Neither Mathematics nor Physics means; not Mathematics and also not Physics;
which is the same as M' N P'= (M U P)" (De Morgan’s Law)

® Both Mathematics and Physics means M N P
® Mathematic or Physics (either Mathematics or Physics) means M U P
Solution

Let M and P represent the group of students who are in Mathematics and Physics club
respectively.

Given:
25 of them are members of a Mathematics club, that is (M) =25
20 are members of a Physics club, that is n(M) = 20
8 students are members of both clubs, that is n(M N P) =8

The information given in the word problem can be represented in the Venn diagram like
the following:

U Put first the intersection of both in the Venn diagram, i. e,
n(MnP)=28

Then subtract the intersection from n(M) and n(P) to get
n(M\ P) and n(P \ M). The remaining which is out of the
13 union is n(M U P)' =13
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(a)

(b)

(c)

How many students are members of Math club only?

Members of Math club only = n(M \ P) = 17 from the Venn diagram

You can also calculate it as n(M \ P) =n(M) —n(M N P)=25-8=17

How many students are members of Physics but not Math club?

Members of Physics but not math club = n(P \ M) = 12 from the Venn diagram
You can also calculate it as n(P\ M) =n(P) —n(M N P)=20—-8 =12

How many students are neither Mathematics nor Physics club members?
Neither Mathematics nor Physics club members = M' N P'= (M U P)’

(M v P)'is outside of the union but in U. As seen on the Venn diagram, there are
13 students outside of the union of the two. These are students who are members
of neither of the two clubs

You can also calculate it as n (M U P)' = n(U) — n(M U P)
= n(U) — [n(M) +n(P) — n(M N P)]
= 50-[25+20- 8]
=50-37
= 13 (who are members of neither
of the two clubs )

ExAMPLE 44

40 science students were asked about their preferences of the three subjects: Chemistry,
Mathematics, and Physics. Their preferences are listed in the table below

Subject Preference of students Number of students

Chemistry 26
Math 20
Physics 17
All three 3
None of the subjects 1
Both Chemistry and Physics 11
Both Math and Physics 7
Chemistry Math and Physics 9

Draw a Venn diagram and answer the following questions

(2)
(b)

How many students prefer Chemistry or Math?
How many students prefer Chemistry or Math but not both?



- Mathematics — Grade 10 Textbook

(c) How many students prefer either Chemistry or Math or Physics?

(d) How many students prefer either Chemistry or Math or Physics but not all the three?
(e) How many students prefer Math but not Physics?

Solution

Let C, M and P represent the group of students who prefer Chemistry, Mathematics and
Physics respectively.

Given:
Subject Preference of students Number of students
U

Chemistry n(C)=26
Math n(M) =20

Physics n(P)=17 bvh
All three n(CNnMnP)=3 g
1
n(CuMuUP) =1

None of the subjects

Both Chemistry and Physics n(CnP)=11

Both Math and Physics nMnP)=17

Chemistry Math and Physics n(CNM)=9

From the above Venn diagram, it is clear to see that students who preferred

(a) Chemistry or Math =n(C U M ) =n(C) + n(M) — n(C " M) =26 +20 -9 =37.

(b) Chemistry or Math but not both =n[(C U M)\ (CNM)]=37-9=28.

(c) Either Chemistry or Math or Physics = n(C w M U P) = 39.

(d) Either Chemistry or Math or Physics but not all the three
=n[(COMUP\NCNMn P)=39-3=36.

EXERCISES

1. Suppose 4 and B are sets such that n(4) = 10, n(B) = 23 and n(4 N B) =4,
then find:

(a) n(4 U B)
(b) n(4\B)
) n(B\A)
(d) n[(4\B) U B\ 4)]
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2. The following Venn diagram shows two sets 4 {7 4 B
and B. If n(4) = 14, n(B) = 8, then find:
(a) n(AuB)
(b)  n(U)
(c) n(B\A) 2m-n
(d nAnB)

3. Ina group of 60 people, 27 like tea and 42 like coffee and each person likes
at least one of the two drinks.

(a) How many like both coffee and tea?

(b) How many like tea but not coffee?

(c) How many like coffee only?

[Hint: each person likes at least one of the two is the union of the two)

4. In a competition, a school awarded medals in different categories.36 medals
in Dance, 12 medals in Painting and 18 medals in music. 5 persons got medals
both in Dance and Painting, 9 got medals in Dance and Music, 5 got medals
in Painting and Music. If these medals went to a total of 51 persons and only
4 persons got medals in all the three categories,

(a) Draw a Venn diagram to represent the given information

(b) How many people received medals in either of the three but not in all of
the three categories?

(c) How many received medals in only Dance?

(d) How many received medals in Dance or Music but not in both?

KEY TERMS

° Disjoint sets . Proper subset

° Empty (Null) set . Set

° Equal sets . Subset

. Equivalent sets . Set - builder

° Element ° Union

° Finite set ° Verbal (word description)
. Intersection . Venn diagram

° Infinite set . Well - defined

. Member
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SUMMARY

A set is a well — defined collection of objects.

The objects in a set are called elements or members of that set. € is the symbol
for membership, and ¢ is the symbol for non — membership.

An empty set is a set with no elements; it is denoted by @ or { }.
A finite set is a set that has a limited number of elements.
An infinite set is a set which is not finite.

A set 4 is a subset of set B if every element of 4 is also an element of B. The
symbol for subset is . If 4 is not a subset of B, we write A & B.

Disjoint sets are sets that have no members in common.

A set A4 is a proper subset of set B if 4 < B but B ¢ A. The symbol for proper
subset is c.

Equal sets are sets that contain the same members. 4 =B if 4 ¢ B and B c 4.
Equivalent sets are sets which match one — to — one or sets which have equal
number of members. The symbol for equivalence is <.
The intersection of two sets 4 and B is a set which contains common members
of both 4 and B. The symbol for intersection is N

A N Bis read as “4 intersection B.”
The union of two sets 4 and B is a set which contains all members of 4 or B
or both. The symbol for union is U. 4 U B is read as “A union B.”
A Venn diagram is a pictorial representation used to visualize relationships
between sets and operations on sets.
The Relative complement of set B with respect to A4 is denoted by 4 \ B. It
includes elements which are in 4 but not in B.
A Universal set usually denoted by U is a larger set which includes all elements
of the sets under consideration.
The complement of A4 is written as 4'. It includes elements which are in a
universal set U but not in 4.
Union and Intersection of sets are commutative: A U B=BUA; AN B=BN A.
Union and Intersection of sets are associative:
AAuB)uC=4NBNCAO);
anNnByNC=4nBNAO).
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° Union is distributive over intersection of sets: 4 U (BN C)=(AuUB)N (AU C).
° Intersection is distributive over union of sets: 4 N (BU C)=(ANB)u (AN C).

EXERCISES
1. Circle the letter which represents a well-defined collection or a set.
(a) The group of handsome boys in your school.
(b) The set of the last ten letters in the English alphabet.
(c) The set of even integers.
(d) The group of pretty girls in your school.
2. Circle the letter which represents a finite set
(a) 4=1{1,3,5,7,...}.
(b) B =the set of coffee beans in a sack.
(c) C = the set of natural numbers which are greater than 9.
(d) D =the set of people in the world.
3. Which of the following pair of sets are not equivalent?
(a) {a, b} and {2,4}.
(b) {9} and Q.
(¢) {a, {b,c}} and {a, b, c}.
(d) {2,4,6} and {x|x is composite and x < 8}.
(¢) Onlybandec.
4. Which of the following is false?
(a) Theset {1, 2} is a proper subset of {1, 2, 3}.
(b) Any set is a subset of itself.
(c) Theset {1, 2,3} is a proper subset of {1, 2, 3}.
(d) The empty set is a subset of any given set A4.
(e) The empty set is a proper subset of any given set A4.
5. Which one is false about the set 4 = {O, { O}}

(a) ©c4 (d {9}c4
(b)y e A (e) None of the above
(c) {9jed
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6. Which of the following statements is true?
(a) IfxeAdandx ¢ B,thenx ¢ (4 U B).
(b) IfxeAandx ¢ B, thenx ¢ (4 U B).
(c) IfAcB,thenduB=A.
(d IfAnB=0,then4\B=0.
7. If AU B=0, then which one is false about 4 and B?
(a) A=Qand B=0. (d) n(4)=n(B)=0.
(b) AnB=0. (e) none of the above.
(c) A\B)u(B\A)=0.
8. Use the Venn diagram to answer the following
The shaded part indicates

A B v AuUB (e) AuB)\ANB)
(b) A\B ) A\B)uU(B\A)
0 (c) B\4 (g) both (e) and ()
4@ 4nB

9.  Which of the following statements is false?
(a) IfxeAdandx ¢ B,thenx € B\ 4
(by Ifxg Athenx ¢ A\B
(c) IfA\B=@,then4dcB
(d) If4AnB=0,thenn(4 w B)=n(A)+ n(B)
10. Refer to the Venn diagram given below to answer the following question

A B U
k
Which set includes elements which are neither in 4 nor in B?
(@) {d,e} (c) 1k}
(b) {a, b, c} d) g h}
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Chapter Outcomes

At the end of this chapter you will be able to:

add and subtract any given rational number;

multiply and divide any rational number;

state closure, commutative, associative, identity and inverse properties on
rational numbers;

define the set of real numbers;

solve problems involving real numbers.
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Chapter Introduction

In this chapter your knowledge of integers and fractions will be extended to the
set of rational numbers. The set of integers which includes the set of natural and
whole numbers as its subset will be revised first. Then the four operations, that
is, addition, subtraction, multiplication and division with rational numbers and the
decimal representations of rational numbers will be discussed. Finally you will be
introduced with the set of real numbers and their properties.

2.1 ADDITION AND SUBTRACTION OF RATIONAL NUMBERS

Do you remember the set of natural and whole numbers? Can you describe the set of
integers? The following activity helps you revise the sets of natural numbers, whole
numbers and integers:

AcTivity 1

1. To Which set of numbers does each of the following numbers belong? Complete the
table given below by putting a” v “ mark.

Set it belongs

Number Natural Number ‘Whole number Integer

2.555...

2. Define the sets of Natural numbers, Whole numbers and Integers and tell the
relationship that exists among them.

3. Write true if the statement is true and false if it is false
(a) Theset { —2,0, 2 } is a sub set of the set of whole numbers
(b) Theset { 0,2,4, 6} is a sub set of the set of natural numbers
(c) Theset {1,2,3 ...} describes the set of natural numbers
(d) Theset {0,1,2,3...} describes the set of whole numbers
(e) Theset {—2,—-1,0,1,2, ...} describes the set of natural numbers
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Addition and subtraction of rational numbers

Addition and Subtraction of rational numbers are carried out in the same way as
the arithmetic operations like addition and subtraction on integers and fractions.
Remember that the set of integers is defined as

Z=1 ..-5-4,-3-2-012345,. ..}

Integer Number Line

Negative integers Positive integers

Y

1

N

1

W

1

[\

1

[
—_ O 4

[u—

[\

W

N

Zero is neither
positive nor negative

From this it is evident that the set of natural and whole numbers are sub sets of
integers, that is, N ¢ Z and Wc Z.
Using the set of integers, we define the set of rational numbers as follows:

DEFINITION

A rational number is a number that can be expressed in the form 2 , where: p and ¢ are

integers, g # 0. The set of rational numbers, denoted by Q is the sét described by

Q= {E : p,q are integers and g = 0}
q

Do not confuse rational numbers with that of fractions. Fractions include only
positive numbers, while rational numbers include both positive and negative
numbers. Fractions are a part of rational numbers, while rational numbers are a broad
category that includes other types of numbers. So we say that the set of fractions is
a sub set of the set of rational numbers. The following are some examples of rational

numbers: l, _—2, 0.4 or i], —0.9 or [—2] etc.
2 5 10 10
Note that integers are included in the set of rational numbers. This is because all
50 -9
integers such as 5, 0 and -9 can be expressed as IR and ER
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0 is a special rational number.

. 0
It can be written as 0 = —,
q

Natural Whole Rational

numbers numbers numbers Where q # O
(N) (W) @

NcWcZcQ

The set of rational numbers also includes terminating and repeating decimal numbers
because terminating and repeating decimals can be expressed as fractions.

ExampPLE 1
(a) 0.3 can be written as % [0.3 is a terminating decimal number and it is rational ]

(b) 0.31 can be written as £l [0.31 is a terminating decimal number and it is rational]

(c) 0.333...=0.3 can be written as 3 [03 isa repeating decimal number since 3

repeats indefinitely; and it is rational ]

Mixed numbers are also included in the set of rational numbers because any mixed
number can be written as an improper fraction

ExAMPLE 2
3g_(3><5)—i—2_£
5 5 5°

Addition and subtraction of rational numbers

Adding and subtracting rational numbers

can be done in the same way as adding and

. . 1. Are there rational numbers
subtracting fractions.

. _ _ ‘ between 0 and 1?

Case 1) Adding or subtracting rational numbers 2. If yes, how many rational

with same denominators numbers are there between 0
and 1?

3. Can you give just five
rational numbers between 0
and 1?

To add or subtract two or more rational
numbers with same denominators, we simply
add or subtract all the numerators and write
one of the common denominator.
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ExamMPLE 3

Find the sum of

-2 3
@ —+<.

5 5
Solution

Since the denominator is the same, you can simply add the numerators and take one of
-2 3 -2 43 1

+ - = — = —.
5 5 5

the common denominator, that is,

5
(b) Find the difference of % i .

8
Solution

7 -9  7-(=9) 7+9 16

R - = = = =2

&8 8 8 8 8

If % and % are two rational numbers having the same denominator 5 (b # 0), then

a ¢ a-t+b a ¢ a—b
— —_— P =

b b b b b b
Case i1) Adding or subtracting rational numbers with different denominators.

When rational numbers have different denominators, you can use any of the
following methods to add or subtract them.

Method 1: Make their denominators the same by finding an equivalent fraction.

ExAMPLE 4

Find the sum of

=5, 2

Solution

-5 2 =25 14

N

7 5 35 35

Remember that _—5: — X 5:_—25 and 222 X 725
7 x5 35 5 5x7 35

Since they have the same denominators now, you can apply the method used in case 1)
above. That is:
=5 o Z:__25_|_ﬂ:_25 + 14:—11
7 5 35 35 35 8
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(b) Find the difference of 231 .
25 5

Solution
23 1 23 5 23-5 18

25 5 25 25 25 25

Note that lzl X Szi
5 5x5 25

Method 2: Use cross products of the numerators and denominators like in the following
examples.

ExAMPLE 5

Find the sum of

4 3
@e "7
Solution
£+§:(4 X 7) 4+ (6 x 3):284—18:&:2
6 7 6 x 7 42 42 21
(b) Find the difference 2—3
11 10
Solution
3 2 (3x10)— (11x2) 30-22 8 4x2 4
110 11 x 10 T 110 100 55 x 2 55

[2 is cancelled out by 2]

In general

a c
If — and E are any two rational numbers with » # 0 and d # 0, then

b
- (axd)+(b x ¢)

LoSreT T bxa)
, a4 ¢ :(axd)—(bxc)
N (b x d)
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ExXAMPLE 6

Find the sum and difference of the following:

- + __3 _ _[21] _|_ _[12]_
@37 © =15 37
(b __32 _ __6 _ —3}’[ 27’[ n
13 5 H 5 T35 tg=@eW
O R
27 18 243
=3 _
(=7 _—
(d) =7 + >
Solutlon
3 3 (3x5)4(4x—3) 154(—12) 3
(a) ——I——: = =—.
45 4x%5 20 20
- —32 -6 (~32x5)—(13x—6) 160-78 —238
13 5 135 65 65 °
=7 11,36 (=7x18)+Q27x11) 1264297 36 171 36
© —+ 423 =4
27 18 243 27x18 243 486 243 486 243
171 2171+ 72 243 1
486 486 486 486  2°
__(_ N34 =7, 23 _@xD-0x=7) =3 _—4-(=4) -3
(d) 7 7 1 7 7x1 7 7 7
4+ 49 -3 45 -3 45 -3 42
7 7 77 7 7
_[ 1]+_[1g]__§+_§_(—5><3)+(2><—5)_(—15)+(—10)_—15—10_—25
(©) 3 2 3 2%3 6 6 6
® —3n+2_n+z:3n+2n+n:3n+3n:9:0‘
8 8 8 8 8 8

A given rational number is in its simplest form if there is no any other number,
except 1, that divides both the numerator and denominator.

That is % (b #0) is in its simplest form if GCF (a, b) =1

20 (2 x 2 x5) 1

The simplest form of —— = — 5 [By factorization and
60 (2x2x3x5) 3

cancellation]
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Exercises

1.

2.

Add or subtract the following rational numbers with same denominators and
write your answer in simplest form

@ 2+ - 0 Z-1-Z-
g8 8 15 15
5 1 31 -5 -6

© ya ® T5TI5TIST

@ 243 w BB 2
5 5 3 3 3
2 -7 11 3 =2

@ 375" O 3T e T —
-6 —1 -3 2 -3 3 1

© To 10 10 T —— O 5T 40—

Add and subtract the following rational numbers having different denominators
and write your answer in simplest form

1 3 —4

@ 37 = H ——=7)=
-6 —-32 3 -5

b =z (@) —3fgt— =

© 42 my 02T
3 6 9 10
-3 -8 ) 5m —2m m

(d) = 9 ~ (1) ?+T+g=_(meW)

© B4 5 DeE I
-4 8 3 6 2 —

Solve the following word problems

(a) The sum of two rational numbers is —2. If one of the numbers is %,
find the other number.

(b) The sum of two rational numbers is B If one of the numbers is %,
find the other number.

(c) What number should be subtracted from -2 to get -1 ?

3 6
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Properties of addition and subtraction on rational numbers

AcTtIvity 3

Discuss and answer the following questions:

1. Take any two rational numbers and add them. Is the sum always a rational number?

2. Take any two rational numbers and subtract one from the other. Is the difference
always a rational number?

. a a ¢ _c¢  a
3. F t tional bers — d—, it al true that —+—=—+—-71
or any two rational numbers b and — ; is it always true tha PRI IR S

addition of rational numbers commutative?

. a ¢ e . .
4. For any three rational numbers —, — and — ; is it always true that

a a c e
O =t E B : ~ o
[ ] f b [ d f] ? Is subtraction of rational numbers associative’

5. What is the sum of any rational number and zero?

. . a . .
6. Given a rational number—, can you find another rational number that gives you zero

when added with % 9

Properties of addition and subtraction on rational numbers

1. Closure property
(a) The sum of any two rational numbers is a gain a rational number. That

o f ) tional b a d a ¢ ad +bc |
is, for any two rational numbers — and —, — + — = — — isa

g b a4 bd
rational number. So we say, the set of rational numbers is closed under
addition.

-3 3 -3 3
For example, 1 and 5 are rational numbers. Their sum 4—|—?:%

is also a rational number.
(b) The difference of any two rational numbers is a gain a rational number.

¢ a c¢ ad-bc .

a
; ' —and - ———=———
That is, for any two rational numbers b PR b i1sa

rational number. So we say, the set of rational numbers is closed under
subtraction.
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For example, 3 and = are rational numbers. Their difference

2 2 Y tional numb
1 5 —20 1S alSO a rational numocr.

2.  Commutative property

. a c .. . a ¢ ¢ a
For any two rational numbers — and —; it is always true that 54—3:34—5
Addition is commutative on the set of rational numbers.
4 -3 . .45 -3 -3 45
Forexample, = and —— arerationalnumbers. Theirsum —+—=—+—-=

42 7 7 7 7 T 7

- Commutative property of addition says; changing the order of addends

does not change the sum.

AcTIVITY 4

Is subtraction commutative on the set of rational numbers? Why or Why not?

Subtraction is not commutative on the set of rational numbers. This is because

for any two rational numbers% and 2;

%—% + 3—% . For example,

ﬁ_ﬁzﬁ but _—3—£:§ . Since 8 #+ _—48, subtraction is not
7 7 7 7 7 7 7

commutative.

3. Associative property

. a ¢ e . .
For any three rational numbers —,— and —; it is always true that:

[% +§] +?:%+ [24—?] [you can group the addends in any order and add
them.]

Addition is associative on the set of rational numbers. For example,
[11 36] [—7 11] 36 1

— ==t =

18 243 27 18) 243 2

Is subtraction associative on the set of rational numbers? Why or why not?
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I —_3_[_2_2] [—_3_2 _2,
4 6 3) L4 6) 3
—_3_[_;_3] l =3 (=5x3)-(6x2)] -3 (=15-(12) -3 -27
4 6 3) | 4 6x3 4 18 4 18
(=3x18)—(4x—27) (—=54)—(—108) (—54)+108) 54 6 3
- 418 - 72 T 72 712 8 4
But —_3_[_2]_2]:[(—3x6)—(4x—5)_%‘:[(—18)—(—20)_z
4 6) 3 4%6 3 24 3
(—18)+20) 2] 2 2 6-48 —42 -7
‘ 24 3} 24 3 72 72 12
Since — # _—7, Subtraction is not associative on the set of rational

numbers because the grouping will affect the result of the problem.
4. Additive Identity property
For any rational number %, % + 0:% ; When we add 0 to any rational number,

the sum is always the number itself. So we say, 0 is the additive identity
clement in Q.

5. Additive inverse property

: a : . a
For any rational number —, there is always another rational number ——, so
b

h gJr[—f]—o
t atb b .

—% is called the additive inverse of %.

For example,

. -7 1
— s — —+—=
The additive inverse of 27 27 because 7 27 )
The additive i Pl Zly Lt
e additive inverse o ) ) ecause ST =0

The additive inverse of 5 is —5 because 5 + -5 = 0.
The additive inverse of 0 is 0 because 0 + 0 = 0. [0 is its own additive inverse]

The sum of a rational number and its additive inverse is always 0.
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Exercises
1. Study the following arithmetic =~ What property of subtraction does the
4-2)-3#4—-(2-3) arithmetic in the left demonstrate?
2-3#4—-(-1) (a) That subtraction is not commutative
145 (b) That subtraction is not associative
(c) That subtraction is commutative

2.  What property of addition is demonstrated by 3 _|___5:__5 3 ?
(a) The additive inverse property > 7 73
(b) The associative property
(c) The additive identity property
(d) The commutative property
(e) The closure property 3 3
3.  What property of addition is demonstrated by g—H): 5 ?
(a) The additive inverse property
(b) The associative property
(c) The additive identity property
(d) The commutative property
(e) The closure property

4. Which equation shows the associative property of addition?

3 -3 3] —5 3 _5
_t = C —34+= — =3 —_t—
(@ $+—==0 ©) [ +5]+7 +[5+7]
3 -3 -5 3 —5_ -5
== d 0+—=—
®) 37T TS T 7

5. What property states that the sum and difference of any two rational numbers
is always a rational number?

(a) The closure property

(b) The commutative property
(c) The associative property

(d) The additive identity property
(e) The additive inverse property
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2
6. Which of the following is the additive inverse of ¢ ?
9 -2 -9
(@ > ® 9 () 5 (d 0

7. For any two rational numbers m and n, if n + m = 0, which of the following
is always true?

(a) m and n are additive inverses to each other

(b) m and n are both equal to 0

(c) One of them (either m or n) is equal to 0

(d) nis the additive inverses of m but m is not the additive inverse of 7.

2.2 MULTIPLICATION OF RATIONAL NUMBERS
Multiplication of rational numbers is similar to how we multiply fractions. To

multiply any two rational numbers, say 2 and £, we have to follow the following
three simple steps. b d

®  Multiply the numerators a and ¢
¢  Multiply the denominators b and d

e  Reduce the resulting number to its lowest term

. a c
For any two rational numbers 3 and yE

axc ac _ productof numerators

a ¢
—X—=
b d

bxd bd product of denominators

ExaMPLE 7

Find the product of the following

1.3 38
@ 3% R
—4 _ E -
® Zx-7) @ =547
2 -5 =L O
© %% O =S
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Solution
1 3 1x3 i l

@ 3%373xa 12

4
—4 -7 —4x-7 28
—X 7_— X—= e
®) &N 7 1 Tx1 7

2x=5_—10_=5

T 3x6 189
3 8 —3x8 -24 8
X [

(d) —x—= —.
5.9 5x—9 —45 15
3 -5 -3 3 -5 —-3x3x-5 45 9
() —3IX=X—=—"TXX—=—"T—"—"=
5 7 1 5 7 1x5x%x7 35 7
—2m m_ 9 —2mxmx9 —18m’ -—m
—_—  X—X—= = =—=—m, N
O 3w axexm  Ism 1 (m € N)

NOTE: The Cancellation Method

Sometimes, it would be easier to reduce or simplify first before directly multiplying
the numerators and denominators to avoid getting bigger numbers. Simplifying or
reducing the numerators and denominators using their common factors is called the
cancellation method.

1
2w e _m A _m

45 1 % 11
1
ExAaMPLE 8

Find the product using simplification method

35 100 7.3 1410 5
@ 20”7000 b) 69 © 257976
Solution
o 3,000 35 360 7 17

40 1000 y{ /96 8 10 80
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o 23pd-3
7 2 1
© B 105 M W 5 72 8 14
596 259 6 £ 9 3 27
5 3 1
Exercises

1. Find the product of the following

@ 3xc= (@)

b)) 2x(—9)=

(b) ?X(—) (e)
4 -7 —6

© 2T

2. Find the product using simplification method

9 2
(a) Exg_ (h)
4 2 3 .
(b) gxﬁxg=— (1)
6 14 15 .
(C) ;X?XZ— (_])
9 20
2 YV Kk
(d) X (k)
© —x2028_ ()
16 63 5
o 0 L29- (m)
7720 13
6 9
(g) ﬁxﬁ_ (n)
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©) 7 30 y 22 _
0 — — —

12 1 7 . .
3. Is it always true that for any three rational numbers %, gandF ,

a_c_e axcxe _ace - _
TXSGX= ——[Remember! if numbers are rational, then

bd f bxdx[f bdf "

their denominators are all non-zero]

2.3 PROPERTIES OF MULTIPLICATION OF RATIONAL NUMBERS

Do you remember the properties of addition and subtraction on rational numbers?
They are closure, commutative, associative, identity and existence of inverse
properties. In this section, you will see if multiplication of rational numbers is valid
on these properties or not. In addition you will also see one additional property
which is called the distributive property.

1. Closure property
The product of any two rational numbers is again a rational number. That is,

for any two rational numbers < and <, Z£x£=9% is a rational number. So
b d’ b d bd
we say, the set of rational numbers is closed under multiplication.
-3 5 -3 5 —15
For example, e and o are rational numbers. Their product TXEZZ

1s also a rational number.

2.  Commutative property

. a c . . a c_a
For any two rational numbers — and — ; it is always true that —x—:;xg.
Multiplication is commutative on the set of rational numbers.
-3 5 _ .
For example, 7 and 5 are rational numbers. Their product

-3 5 5 -3 —15
X X—=—
4 6 6 64 24
Changing the order of the factors does not change the product.
3. Associative property

. a ¢ e . .
For any three rational numbers 5 and 7 ; it is always true that
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a c| e a [c e
[g X g] X 7 = b X [g X 7] [you can group the factors in any order and multiply

them. ]
Multiplication is associative on the set of rational numbers.

3 2] [—1 3} 2 -6
—X—=|=|—X—=|X==—.
45 2 4) 5 40

4. Multiplicative Identity property

For example, 7><

a a a
For any rational number —, —Xx1= —; When we multiply any rational number
by one, the product is always the number itself. So we say, 1 is the multiplicative
identity element in Q.

5. Multiplicative inverse property

. a . .
For any non-zero rational number —, there is always another rational number

b
—, so that g><é= 1.é is called the additive inverse of <.
a a a b

To find the multiplicative inverse of a non-zero rational number, we
simply invert the fraction, that is, flip it over and get its reciprocal.

F |
T;)lr exa?tl'plé’ tive i f / isz7because ><27 1
e multiplicative inverse of —is— —x—=1,
HpHcative v 27" 7 2777
e 1. 2 2
The multiplicative inverse of ElsTbecause_X_ZI :

e .= -1
The multiplicative inverse of —51s?because —SX?:I [Remember!

Sl 1

5 =5 5
The multiplicative inverse of 1 is 1 because 1 x 1 =1 [1 is its own multiplicative
inverse]

What is the multiplicative inverse of 0?

0 has no multiplicative inverse because 0 multiplied by any number never
gives you 1.
The product of a rational number and its multiplicative inverse is always 1.

6. Distributive Property
For any three rational numbers ﬁ’ Cand & ;itis always true that
a [c e [a c] a _e)b
—X| =+ == X=X =]
b [d f) \b d) \b f
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Multiplication is distributive over addition in the set of rational numbers.

orexampie, H M4 Ts)T 27 20 2 720 40
[ixi]+[—_1XZ]:—_3+—_2: (=30+(=16) _—46_23
2 4 2 5 8 10 80 80 40
Therefore, —. [3 +2] [—1X3]+[—1X2]
erefore, — |~ +—=|=|——X—|+|——XZ|.
2145 2 4 2 5
7. Property of zero
The product of any rational number and zero is always zero.
If 7 s any rational number, then M 0=0x"=0.
n n n
Exercises
1. What property is demonstrated in the arithmetic %xgzl ?
(a) The commutative property (c) The distributive property
(b) The associative property (d) The inverse property
2.  What property is demonstrated in the arithmetic %xl = 2 ?
(a) The associative property (c) The inverse property
(b) The identity property (d) Property of zero
3. What property of multiplication is demonstrated by %XO =07?
(a) The inverse property (c) The identity property
(b) The associative property (d) Property of zero
4.  Which equation shows the associative property of multiplication?
3.5 -5 =5
(a) =x==1 d) Ix—=—
53 @ 7 7
(b) ix__s = -3
5 7 7 5
(©) [—3><E ><_—5 =—3x g><_—5
5) 7 5 7
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5.

What property states that the product of any two rational numbers is always
a rational number?

(a) The closure property (d) The additive identity property
(b) The commutative property (e) The additive inverse property
(c) The associative property

Which of the following is the multiplicative inverse of 7 ?

7 N o 0y o
(a) m (b) m (c) ) -
For any two rational numbers m and n, if n x m = 1, which of the following
is always true?
(a) Eithermornis1 (c) m and n are both equal to 1
(b) m and n are multiplicative (d) m and n have opposite signs

inverses to each other
Which equation shows the distributive property of multiplication over

addition?
3 (3L 25)(3,3), (3,3 3 (3,5

@ 5><[4+7] [5x4]+[5X7J © 3% [Z 7] [ ]_
33,75 (3313, -5) (@ 3x22-22.3

®) 5><[4><7] [5 4] [5+7] @ 477

Answer the following:

2 1
1. 10+2=10+T = and 10><5=_
4 1
2. 20+4=10+T=— and 20x2=7
5 1
3. 10+5=10+T=— and 10x§:7
6 2
4. 60—5_— and 6()><g:7
5. 2+l - (nrk#0)
n k

56
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To divide a rational number by another rational number, we first recall that division
is defined to be the inverse operation of multiplication. For example, dividing 60 by

3 is the same as multiplying 60 by the reciprocal of the denominator 3, that is 1 .

3 1 60 20x3 3
60+-3=60+—-=60x —=—= =20,
1 3 3 3
. a C a ¢ a d ad
For any two rational numbers —and —, —r—=—X—=—
b d b d b a bc

To divide gby£ , multiply ﬁbyi, which is the reciprocal of <
b ~d b "¢ d
Remember! If a number is rational, its denominator is non-zero number.

ExampPLE 9
Find the quotient of the following:

5 -3 5 2 10 5

(a) —_— =X — ==
6 2 —-6 -3 18 9
3.-4 3.3 9 9

=X =—=—2
(b) 13 39 13 -4 —4 4
© L. 150,

50 1550 5%)0 15
(d) 0+—==0x>==0

- 505 115
&) 2rl=2x-=2
© 7 71 7

9 -3 ..
() ==| |=—, Find the unknown number.
8 I:I 2

Solution
Let the unknown rational number be - .
9.m_-3 '
8 n 2
E
8 m 8m 2
9—n><§:_—3><§ [Multiplying both sides by the same number]
&nm 9 2 9
n_-3.8_-24
m 2 9 18
Therefore, the unknown number m_ |:| - E
n 24
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Exercises
1. Find the quotient of the following:
-8 16 26 (13,10
@ —a—=_ (_\/_]\/_:
25 -5 ® 7 20/ 9
4 12} /6 _
(b) [—\/—]\/—Z_ @ 2.2
5 2) 3 8 16
3 6 2 -5
o 8- 2423 -
(©) T — (h) If3.k 9,thenk o
75 415 3
o 2L ) 6+[3) =
@ ¥ M -6 [4] R
Syl - . 8 8
(e) H\/g—_ () Ime—p=—theam=__

Properties of division of rational numbers

1. If we divide any rational number by any other rational number, the result is always a
rational number [True or False?]

3.1 1.3
2. Is gTZ:ZT§ true? ——— Is division commutative on the set of rational
numbers?
4 12) 6 4 (12 6 L. .
3. Is |—>—|+—=—+|—+—]| true? Is division associative %
5 2/ 3 5 (2 3

4. If you divide any number by 1, the result is
5. Ifyou divide any non-zero number by itself, the result is

NOTE
1.  The set of rational numbers is not closed under division. This is true
n
only because of the rational number 0. Since — is not defined for any

number n, we cannot safely say that the quotient of any two rational
numbers is always rational.

But if we exclude 0 from the set of rational numbers, we get a set Q\
{0}. This set includes all rational numbers except 0. So Q\ {0} is closed
under division.
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The collection of non-zero rational numbers is closed under division.

2.

Division is not commutative because for any two rational numbers

gandE;

b d

a_ c¢c ¢ a
_T_i_T_
b d d

ExampLE 10

N
h

1
4

4
X_
1

2
2

ey

-1 [3 2} [—1] [3 5] -1 15 -1 8 -4
For example, —+|=+—|=|—|+|-XZ|=—+—=—"X—=—
2 45 4 2) 2 8 2 15 15

[—1.3]_2 [—1 4].2 -4 5 —10 -5
_ = — X — = X—=—=

Bl ) 571273 5 6 "2 6 3
i —4_ -5 —1,3.2] —1.3],2
1n - s T _ |7 - e T | —
“U5 730 2 laTs) 2 T4)7s
Property of 1 on Division of Rational Numbers
(a) For every rational number ﬂ, L , [Any rational number
non n

divided by 1 is the number itself]
m

(b) For every non zero rational number 7y [ ]\/ n , = 1 [Any non-
n

n \n
zero rational number divided by itself is equal to 1]
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2.5 DECIMAL REPRESENTATION OF RATIONAL NUMBERS

What are decimal numbers?

Decimals numbers are numbers lying between two integers on a number line. They
are just other ways of representing rational numbers in mathematics. With the help

of decimals, we can write more precise values of measurable quantities like length,
weight, distance, money, etc. For example, we may say

e A full marathon distance is equal to 42.195 km.
®  The body weight/mass of a person is 78.5 kg.

o Half of 1 in a decimal number = 0.5

Such numbers are called decimal numbers. The dot presented between the integer
to the left of the dot and the fractional part to the right of the dot is called the

decimal point.
For example, 42.195 is a decimal number. Here, 42 is an integer part and 195 is the
fractional part which is always less than 1. [.195 = 0.195]

(134

.’ 1s the decimal point.

Place value of decimals
Study the place values of each digit in the number 425.386

When we are going towards the left of the decimal point, each place is ten times
greater than the previous place value. So, to the right of the decimal point, we have

1 1
tenths [E] , to the right of tenths, we have hundredths [@] and to the right of

hundredths, we have thousandths [ ] and so on.

1000

Decimal Point

Units Tenths
Tens \ / Hundredth
Hundreds \ / Thousandths
N\
425!386

° 4 is in the hundreds place. Its value is 4 hundred = 400
®  2isin the tens place. Its value is 2 ten = 20
®  5isin the ones place. Its value is 5 ones = 5
° 3 is in the tenths place. Its value is 3 tenths = 0 =03
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8
° 8 1s in the hundredths place. Its value is 8 hundredths = 100 =0.08

6
® 6 1isin the thousandths place. Its value is 6 thousandths = 1000 0.006

3 8 6
S0425.386 =425+ —+—+—
10 100 1000
=425+03+0.08+0.006  425.000
0.300
; : 0.080
Reading Decimal Numbers
0.006

The decimal number 425.386 is read as 425.386
®  Four hundred twenty five point three-eight-six or
®  Four hundred twenty five and three hundred eighty six thousandths

Addition and subtraction of decimals
To add or subtract decimals:

1.  Line up the decimal points vertically. (Fill in any 0's as a place holder
where necessary)

2. Add or subtract the numbers as if they were whole numbers.

3.  Place the decimal point in the sum or difference so that it lines up
vertically with the numbers being added or subtracted

ExampLE 11

A Father and his daughter recently got weighed. He weighed 97.9 kilograms. His daughter
weighed 46. 80 kilograms

(a) How much did both weigh?
(b) How many less kilograms does the daughter weigh?



- Mathematics — Grade 10 Textbook

Solution
(a) Add the weights of the two. 97.9 + 46.80 =

11 ® Note that 97.6 = 97.60; so you can add 0 as a

97.6 97.60 place holder.
S

146.80 +46.80 o The decimal points are correctly arranged or
144.40 lined up
So both the father and the daughter weigh 144.4kg

(b) Subtract the weight of the daughter from that of the father.
97.9 —46.80 =

« 1. To add or subtract decimals just use the same
97.6 97.60 method of adding or subtracting whole numbers.

_46.80 _ 4680 Donotforgetto putthe decimal point in the answer

30.80

ExampLE 12

(a) Find the sum of the following decimals.

() 0.6+02=—— i) 1.5+04=—— (i) 24+1.04=—
Solution
0.6 15 2.40
0 Al (i) +04 (i) +1.04
0.8 1.9 3.44

(b) Find the difference of the following decimals.

(i) 09-03= () 57-12= (i) 1535-2=
Solution
0.9 5.7 15.35
(i) —03 (i) —L12 (i) —02.00
0.6 4.5 13.35

ExampPLE 13

Add the following decimals with carrying.
(i) 12.6+3.75=— (iii) 45.7+15345=——
(i) 12587 +155=—



Rational Numbers -

Solution
12.60 125.87 45.700
(i) +03.75 (i) +015.50 (i) +15.345
16.35 141.37 61.045

ExampLE 14
Subtract the following decimals with borrowing.
1 75-09=— (i) 45.25-355=—
(i) 234-1.75=—

Solution
}'g/ 2 g/”) 3 144/ 12
‘ 2340 #5.25
@ —-0.9 (i) 0175 (i) —35.50
60 2165 09.75
EXERCISES
1. Add the following decimals:
(a) 0.1+03= (g) 254+13=
(b) 0.7+02= (h) 20.05+1.5=
(c) 22+1.2= (1) 0.047+2.99 =
(d 3.05+1.50= G) 6.77+1.66=
(e) 321+1.5= (k) 5.645+1.95=
(f) 545+023= (1) 1.09 +35.963 =
2. Subtract the following decimals:
(a) 05-03= (g) 254-13=
(b) 0.7-02= (h) 20.05-1=
(c) 22-12= (1) 5.047-2.99=
(d 335-1.20= g) 633-1.66=
(e) 3.51-15= (k) 5.645-1.95=
(f) 545-023= (1) 27.02-18.963=
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3. Solve the following word problems:
(a) Three pens cost 4.50, 7.25 and 23.5 LRD respectively. How much
money do all the three cost?

(b) A man walked 4.5 km on the first day, 5.2 km on the second day, and
6.2 km on the third day. How many km did the man walk in the three
days?

(¢) Youhave 2.6 grams of yogurt in your bowl and you add another spoonful
of 1.3 grams. How much yogurt do you have in total?

Multiplication and division of decimals
A. Multiplication of decimals

The technique of multiplying decimals is simple. 1. Imagine going out with your
It has the same procedure as that of multiplication friend for lunch. You both
of whole numbers, except the placement of the order a lunch costing L$6.75
decimal point in the product. We multiply the each. How much should you
given decimal numbers just considering them as P om Siln i yron Celioulai:
whole numbers and then put the decimal point in Igilt?;}l] i%sg gg gl; 2lunch by
the appropriate place in the answer. The product ' L

. . . 2. The length and width of a
will have as many decimal places as the decimal

.. ) rectangular table is 1.25 m
places of the two original numbers combined. and 0.8 m, respectively. What

is the area of the top surface

To multiply decimals: of the table?

1. Ignore the decimal point and perform
the multiplication as usual. (Just multiply like whole numbers)

2. Count number of decimal places after the decimal point in both of the
given decimal numbers.

3. Put the decimal point in the product after counting from right to left the
same number of decimal places as in the given.

ExampLE 15
Find the product of the following
(a) 46x10=
(b) 4.65 %100 =
(c) 4.653 x 1000 =
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(d) 25x3.4=
(e) 3.12x1.5=
(f) 4.003 x 1.05 =

Solution
(a) 4.6 x 10 [Ignore the decimal point and multiply 46 by 10]
46 x 10 =460
4.6 has only one decimal place after the decimal point and 10 has no decimal place.

So count one decimal place from right to left in the product and put the decimal point.
That is, 460 will be 46.0, which is the same as 46.

Therefore 4.6 x 10 =46.0 = 46
(b) 4.65 x 100 [Ignore the decimal point and multiply 465 by 100]
465 x 100 = 46500

4.65 has two decimal places after the decimal point and 100 has no decimal place.
So count two decimal places from right to left in the product and put the decimal
point. That is, 46500 will be 465.00, which is the same as 465

Therefore 4.65 x 100 = 465.00 = 465.
(c) 4.653 x 1000 [Ignore the decimal point and multiply 4653 by 1000]
4653 x 1000 = 4653000

4.653 has three decimal places after the decimal point and 1000 has no decimal
place. So count three decimal places from right to left in the product and put the
decimal point. That is, 4653000 will be 4653.000, which is the same as 4653.

Therefore 4.653 x 1000 = 4653.000 = 4653.
(d) 2.5 x 3.4 [Ignore the decimal points and multiply 25 by 34]
25 x 34 =850
2.5 has one decimal place and 3.4 has also one decimal place after the decimal

point. So count two decimal places from right to left in the product and put the
decimal point. That is, 850 will be 8.50.

Therefore 2.5 x 3.4 = 8.50.
(e) 3.12 x 1.5 [Ignore the decimal points and multiply 312 by 15]
312 x 15=4680

3.12 has two decimal places and 1.5 has has one decimal place after the decimal
point. So count three decimal places from right to left in the product and put the
decimal point. That is, 4680 will be 4.680.

Therefore 3.12 x 1.5 = 4.680.
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(f) 4.003 x 1.05 [Ignore the decimal points and multiply 4003 by 105]
4003 x 105 =420,315

4.003 has three decimal places and 1.05 has two decimal place after the decimal
point. So count five decimal places from right to left in the product and put the
decimal point. That is, 420315 will be 4.20315.

Therefore 4.003 x 1.05 =4.20315.

EXERCISES

1. Find the product of the following decimals

(a) 0.1x03= (e) 321x15=
(b) 07x02=— () 5.45x023=
() 22x12=— (g) 2.54x13=

(d 3.05x150=— (h) 20.05x1.5=

2. Suppose you plan to gift your mother a flower bouquet on her birthday. Each
flower costs L$0.75 and you buy a total of 6 flowers. Find the total cost of the
bouquet.

3. Agirl went to the grocery store with her mother. Her mother bought 15 apples
costing L$1.25 each. Help the girl to calculate the amount her mother needs
to pay by using the concept of multiplying decimals.

4. A woman went to the grocery shop to buy flour for preparing cookies. She
bought 17.75 Ibs of flour. If price for 1 Ib is L$19.68, calculate the total amount
she paid to the shopkeeper.

B. Division of Decimals ACTIVITY 8

The process of dividing decimals is similar to
the normal division process, but we just need
to keep in mind the decimal point which should
be correctly placed in the quotient. Since we are
referring to decimals, the following steps will help
us to understand the process of dividing decimals. )

1. 15.75 kg of potatoes are needed
for making 7 batches of chips.
How much kg of potato are
needed just to make one batch
of chips?

. The weight of one marble is
0.8 grams. How many marbles

1. To divide a decimal number by a el o el @i 36 e

whole number,

®  Perform the division exactly the same way as in the whole numbers
ignoring the decimal point.
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®  Put the decimal point in the quotient in the same position as in the
dividend.

ExAamPLE 16
Divide 18.2 by 2
Solution
Ignore the decimal point and divide 182 by 2
182 +2 =091

Since the dividend 18.2 has one decimal place after the decimal point, the answer will
also have only one decimal place after decimal point. That is, 18.2 +2 =9.1

ExampLE 17

Find the quotient 78.92 + 4
Solution
Ignore the decimal point and perform the division 7892 + 4
7892 +4=1973
Since the dividend 78.92 has two decimal places after the decimal point, the answer will
also have only two decimal places after decimal point, that is, 78.92 +4 =19.73

2. To divide a decimal number by a decimal number,

®  Multiply both the divisor and the dividend by 10 or 100 or 1000
or by any multiple of these to convert both the divisor and the
dividend to a whole number.

e Divide the converted whole numbers using long division until you
get the answer.

ExamMpPLE 18
Find the quotient of 2.5 + 0.5
Solution
Divide both decimals by 10 to convert them to whole numbers
2.5x10=25
0.5x10=5
Now divide the two whole numbers, that is 25 +5=15
Therefore, 2.5 +0.5=25+5=5
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ExampPLE 19
Find the quotient of 15.75 + 3.5
Solution

15.75 x 10 =157.5 and 3.5 x 10 = 35. So multiplying both by 10 will not change 15.75 to
a whole number. Therefore we have to multiply both by 100.

If we multiply 15.75 by 100, we get 15.75 x 100 = 1575 which is a whole number.
If we multiply 3.5 by 100, we get 3.5 x 100 = 350 which is a whole number.
Now divide the two whole numbers.
4.5
350 )1575

—1400  Therefore, 15.75 +3.5=1575+350=4.5
1750

—1750
0000

ExampLE 20
Find the quotient of 7.205 + 0.05
Solution
Multiply both decimals by 1000 to change them to whole numbers
7.205 % 1000 = 7205.000 = 7205
0.05 x 1000 =50
Now divide the two whole numbers using long division: 7205 + 50 = 144.1
Therefore, 7.205 =~ 0.05 = 7205 +~ 50 = 144.1

EXERCISES

1. Find the quotient of the following decimals

(a) 042+7= (f) 77.4+0.03=
(b) 5.6+8= (g) 69.27+03=
(c) 23.95+5= (h) 18.69 = 0.005 =
(d) 1437+2= (i) 1.329+0.06 =
(e) 255+1.25=
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2. Three friends want to share equally a lunch bill of L$66.24. How much does
each person need to contribute?

3. The area of a rectangular plot of land having a length of 42.5 m is 658.75 m?.
What is the width of the land?

C. Converting fractions to decimals

a

To convert a fraction of the form b where b # 0, in to a decimal, just divide the

numerator by the denominator using long division method.

ExampPLE 21

0.375 0.333...
SJ3.000 31,0000
—24 9
60 10
—56 9
40 10
—40 2
0 1

Therefore, % =0.375 and % =0.333 ...

Observe that the process of dividing 3 by 8 terminated three digits after the decimal
point when the remainder becomes 0. Such a decimal number like 0.375 is called a
terminating decimal.

1
The fraction 3 0.333 ... The process of dividing 1 by 3 doesn’t stop or terminate

and the digit 3 after the decimal point repeats itself indefinitely. Such decimal numbers

like 0.333 .. . is called a repeating decimal.

To show a repeating digit or a block of repeating digits in a repeating decimal number,
we put a bar ““ - “above the repeating digit (or block of digits). For example 0.333 . ..
can be written as 0. 3 And 1.25 Means the two digits 2 and 5 repeat without end
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a

D. Converting decimals to fractions of the form —, where b # 0

b

To convert a terminating decimal,

decimal
° Write down the decimal divided by 1, like this: 1

e  [fthe decimal number has one or two or three etc., digits after the decimal

point, multiply the numerator and the denominator by 10 or 100 or 1000
etc, respectively.

° Simplify (or reduce) the fraction.

ExAMPLE 22

Convert the following terminating decimals to fraction

(a) 1.5 (b) 0.75 (c) 0.625 (d) 0.2319
Solution
(a) First write 1.5 as L9

(b)

(©)

(d)

Since 1.5 has one delcimal place after the decimal point, multiply both the numerator
and denominator by 10

1L5x10 15 o5 15
1x10 10 °7 10

First write 0.75 as ?

Since 0.75 has two decimal places after the decimal point, multiply both the
numerator and denominator by 100

0.75x100 75

1100 100 800.75= 199

First write 0.625 as @

1
Since 0.625 has three decimal places after the decimal point, multiply both the

numerator and denominator by 1000
0.625x1000 625 625
1x1000 1000 "% To00

First write 0.2319 as

Since 0.2319 has four decimal places after the decimal point, multiply both the
numerator and denominator by 10,000

0.2319x10,000 2319 S0 02319 = 2319

110,000 10,000 10,000
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If d is a terminating decimal having & terminating digits after the decimal point, then
the fractional form of d is given by the formula

dx10"
d= 1<10° > the right side is the fractional part of the decimal d.

ExAMPLE 23

Ifd=0.301, then k=3

dx10" 0301 = 0:30x10° _0301x1000 _ 301

Use the formula d = = =
1x10* 1x10° 1x1000 1000

EXERCISES

Concert the following terminating decimals to fraction

(a) 03 (e) 1.001 (i) 5.50502
(b) 1.4 (H) 0.010 () 90.31042
() 0.34 (g) 4.4444
(d) 3.56 (h) 0.9876

a
Decimal numbers like 0.3,1.25,0.2375 are called repeating decimals. They are all

Converting repeating decimals to fractions of the form Where b £ 0

a
rational numbers. That means they can be converted to a fraction of the form iz where

b#0

ExamPLE 24

Convert the decimal 0.3 to a fraction

Solution

Letd=0.333...=0.3

10d = 3.333... [Since only one digit, that is 3, repeats we multiply both sides by 10]
d=0.333 ... [Subtract d from 10d]

9d =3
9d 3 .. .
325 [Divide both sides by 9 to solve for d]
31 _ T
d= s 2 Therefore 0.3 = 3 [Note that 3 € Q implies 0. 3 € Q]
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ExaMPLE 25

Convert the decimal 1.25 to a fraction
Solution

Letd=1252525...=1.25
100d = 125.2525... [Since two digits, that is 2 and 5, repeat we multiply both sides by 100]

d= 12525... [Subtract d from 100d]

99d = 124

99d 124

E:E [Divide both sides by 99 to solve for d]

124 _
d= 5 Therefore 1,25:ﬁ
99 99

ExAMPLE 26

Convert the decimal 02375 to a fraction
Solution
Letd=0.2375375 ...= 02375

Note that in 02375, the digit 2 is not repeating and 3, 7 and 5 are repeating. Therefore there
is 1 non repeating and 3 repeating, totally 4 digits after the decimal point]
10,0004 = 2375.375... [Since there are 4 digits in total we multiply both sides by 10000]

10d=__ 2.375...[Subtract d from 100d]

9990d = 2373
9990d 2373

9990 = 9990 [Divide both sides by 9990 to solve for d]
d= 2By erefore 02375 = oo

= 9990 herefore 02. = 5990

If d is a repeating decimal having & terminating and p repeating digits after the
decimal point, then the fractional form of d is given by the formula

_d(10"7—-10")
(105" —10%)

, the right side is the fractional part of the repeating decimal d.
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ExamPLE 27

Convert the decimal 2.4 01 to a fraction

Solution

d=2.4 01 k=1, p=2, k+tn=1+2=3
d(1057 —10%)

Use the formula d = 1077 —10%)

2401 — 2.401(10'2—10")  2.401(10°—10") _ 2.401(1000—10)
' (102 —10") (10°—10") (1000—10)

(2401 x1000)— (2.401 x10) _ (2.401.0101..)—(24.0101...) 2377
990 990 990

Our discussion of decimals so far can be summarized as follows

° Every rational number can be expressed as either terminating or repeating
decimal

e  Every terminating or repeating decimal is a rational number

EXERCISES

Concert the following repeating decimals to fraction
(@ 05 () 043 (e) 1.303 (8) 0.2547
® 12 (d) 1.318 ® 1.251 (h)  0.16029

2.6 REAL NUMBERS

In your discussion of decimals, you observed that every rational number is either
a terminating decimal or a repeating decimal. Also, any terminating or repeating
decimal is a rational number. However there are decimal numbers which are not
terminating and which are also not repeating. That means there are decimal numbers
which are neither terminating nor repeating.

Carefully study the digits of the following decimal number: 2.03003000300003000003. ..
Which digits regularly repeat themselves?

Can we rewrite it as 2.03 2 No because 2.03 =2.030303. . . [ It is repeating ]

Can we rewrite it as 2.030? No because 2.030 = 2.030030030. . . [ It is repeating |
Can we rewrite it as 2.0300 ? No because 2.0300 = 2.03000300. . . [ It is repeating ]
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Therefore, the number 2.03003000300003000003. . . is not repeating and also not
terminating. Such a decimal number is NOT rational. It is called an irrational number.

The square roots of square numbers like \/4_, \/9_, V16, /25, /0.04, v0.09 etc are
all rational numbers since v4=2 v/9=3 V16 =4 v25=5 0.04=0.2 4/0.09=0.3

But square root of non-square numbers like \/2_, \/3—, \/5_, \/6_, \/7_, J8 etc are not
rational. They are irrational numbers

The well-known number ©t which is the ratio of the circumference of any circle to its
diameter is also an irrational number. © = 3.1415926536 . . .

In general, if n is a natural number that is not a perfect square, then Jn s an
irrational number

DEFINITION

N . . a
An irrational number is a number that cannot be expressed in the form of —, Where a
and b are integers and b # 0

Any number that is not rational is irrational

The set of irrational numbers is denoted by Q'

Remember that Q and Q' are disjoint or non-intersecting sets, that is, there is no any
number which is both rational and irrational. Q N Q' = @

Real numbers

DEFINITION

A number is called a real number, if and only if it is either a rational number or an
irrational number

The set of real numbers denoted by the symbol R is the union of the sets of rational and
irrational numbers

R = { x| x is a rational numbers or an irrational number}

R=Qu Q'

The set of real numbers is simply the set of all rational numbers combined with the
set of all irrational numbers. Therefore, all the numbers defined so far are subsets of
the set of real numbers
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In summary, the relationship
among the different sets of
numbers is seen in the Venn
diagr am below Natural Whole

number: numbers
NcWcZcQcR e
QcR
R=Qu Q'

Real numbers

Rational

Integers numbers

Irrational
numbers

EXERCISES
1. Which of the following statement is false?

(a) All integers are real numbers

(b) All irrational numbers are real numbers

(c¢) All rational numbers are real numbers

(d) All irrational numbers are rational
2. Which statement is true?

(a ZuQ=R (c) WUZuQ=R

(b) ZoQ=R (d QuUQ =R
3. Which statement is false?

(@ QNQ' =09 () R\Q =Q

(b) R\Q'=Q (d QnQ'=R
4.  Which statement is true?

(a) All natural numbers are real numbers

(b) All integers are real numbers

(c) All rational numbers are real numbers

(d) All irrational numbers are real numbers

(e) All of the above are true

2.7 THE REAL NUMBER LINE
The real number is defined as the union of a set of rational numbers and the set
of irrational numbers. The real numbers include natural numbers, whole numbers,

integer, rational and irrational numbers. We can represent all these types of numbers

in the number line.



- Mathematics — Grade 10 Textbook

A real number line simply called a number line represents real numbers with unique
points associated with each number on the line. In the number line, the number 0 is
called the origin. All the positive numbers or integers are represented on the right
side of the origin, and the negative numbers or integers are represented on the left
side of the origin.

Negative integers Positive integers

B S e e e I S e e e e
o 1 2 3 4

Y

Locating the Real Numbers on the Number Line

The idea of locating the real numbers on the number Line is based on the principle
that every decimal number, be it rational or irrational, can be associated with a
unique point on the number line and conversely that every point on the number line
can be associated with a unique number, either rational or irrational. This is usually
expressed by saying that there exists a one-to-one correspondence between the set
of points on the number line and the set of real numbers.

ExaMPLE 28

Locate the point that corresponds to the number 2.665 on the number line.
Solution
The number 2.665 lies between 2 and 3 on the number line

2 2.5

122232477726 27 28 2.9
. A B A _

In between 2 and 3, there are 10 equal parts, say 2.1, 2,2, 2.3, and so on. In order to locate the
2.665 exactly, again focus on the points between 2.6 and 2.7, as 2.665 is located in between

2 2

| 2.1 2223247426

Y

<
<

///
e
2.6
2.65
2.612.622.632.64 | 2.66 2.67 2.68 2.69
1 1 1 | I N

-
<

Y
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Since 2.665 is located between 2.66 and 2.67, again focus on these points.

2.66 e 2.67

| 2.61 2.62 2.63 2.64 | 2.66 2.67 68 2.69 |
1 1 | | 1 1§ 1

-
<

2.67 2.665
2.661 2.662 2.663 2.664 | 2.666 2.667 2.668 2.669
A I I R I I

< >
€ >

In the above example we have seen how to represent or locate a number on the number
line using the process of successive magnification. So, with the help of this method, we
can locate a number by a sufficient successive magnification process to visualize the
representation of real numbers (rational and irrational numbers) on the number line.

ExaMPLE 29

Locate \/5 on the number line
Solution

J2 is an irrational number. There must be a point on c 1
the number line that is associated with this number. To
find that exact location we do the following:

A
o_
N
S
[\)_

Draw a number line as shown in the figure. At the point corresponding to 1 on
the number line, construct a perpendicular line segment 1 unit long. Draw a line
segment from the point corresponding to 0 to the top of the 1 unit segment and label
it as c. by Pythagorean Theorem ¢ = /2 unit long. Open the compass to the length
of c.

With the tip of the compass at the point corresponding to 0, draw an arc that intersects
the number line at B. The distance from the point corresponding to 0 to B is J2
units. So the exact location of +/2 on the number line is at point B.

EXERCISES

Plot the following real numbers on the number line:
(a) 2.5 (c) 5.37 (e) 3
(b) 2.67 d 2 ® 5
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2.8 PROPERTIES OF REAL NUMBERS

Since the set of rational numbers is a sub set of the set of real numbers, all the properties
which are valid in the set of rational numbers will also be valid in the set of real
numbers

Study the following summarized properties of real numbers

For any three real numbers a, b and ¢

Closure Property atbeR,a—beR,axbeRanda+beR(H+#0)
Commutative Property atb=b+taandaxb=>bxa
Associative Property at(bt+tc)y=(@tb)+candax(bxc)=(axb)xc

ax(b+c)=(@xb)+(ax%c)

Remember! a + (b X ¢) # (a+ b) X (a + ¢)
at0=0+ta=aandax1=1xa =a

Identity property 0 is the additive identity element and 1 is the multiplicative
identity element

Distributive Property

1
at-a=0 andax — =1(a#0)
Inverse property a 1
—a is the additive inverse of @ and vice versa and — is the
multiplicative inverse of @ and vice versa a

Multiplicative property of zero |0 x ¢ =0 [0 times any number is equal to 0]

EXERCISES
Match the appropriate property from column A with the correct example in column B
Column A Column B
1. Additive identity (a) 4+5=5+4
2. Commutative property of addition (b) ax(0)=0
3. associative property of addition (c) 2x(n)=1
4. multiplicative inverse (d) (@) x(d)=() *(a)
5. multiplicative identity (e) 8+2)+4=8+(2+4)
6. commutative property of multiplication () 8x(1)=8
7. distributive property (g) 42—-6a=6(7-a)
8. associative property of multiplication (h)y a+0=a
9. multiplicative property of zero 1) Ox8)x7=9x@x7)
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2.9 APPROXIMATION OF NUMBERS

An approximation is anything that is similar, but

not exactly equal, to something else. A number . .
can be approximated by rounding. A calculation - ¥° ‘;’é“‘:h m;rg?er is 24 closer?
can be approximated by rounding the values 0 20 or to 3U¢

R . . 2. To which number is 176
within it before performing the operations. closer? To 100 or to 2007

Rounding numbers to tens, hundreds, thousands, 3. To which number is 7535
ten thousands and hundred thousands closer? To 7000 or to 8000?

ExampPLE 30

(a) To which number is 96 closer? To 90 or 100? Round it to its nearest multiple of ten
Solution

96 From the number line we can see that 96 is
: : l ., greater than 95. It is a little bit closer to 100
90 95 100 than 90.
96 % 100 So we say, If we round off 96 to its nearest ten,
* it will be 100. 96 ~ 100
Symbol for approximation

(b) To which number is 144 closer? To 100 or 200? Round it to its nearest multiple of 100.

144 From the number line we can see that 144 is
smaller than 150. It is a little bit closer to 100 than
100 150 200 200

Therefore, 144 rounded to its nearest hundred is
100. 144 ~ 100

(c¢) To which number is 8590 closer? To 8000 or 90007

8590 From the number line we can see that 8590 is
greater than 8500. It is a little bit closer to 9000

8000 3500 9000 than 8000.
Therefore, 8590 rounded to its nearest thousand is
9000. 8590 ~ 9000

Steps to round off a number to a given place value
Step1: Identify the rounding digit

e [fyou want to round it off to ten; the rounding digit is the tens place.
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° If you want to round it off to hundred; the rounding digit is the hundreds
place.

e  [fyouwant to round it off to thousand; the rounding digit is the thousands
place, etc.
Step 2: Mark the digit to the right of the rounding digit.

1. If this digit is < 5, change it to 0 and change all other digits to its right
also to 0.

2. Ifthisdigitis >S5, add 1 to the rounding digit found in the left and change
all other digits to the right of the rounding digit to 0.

ExampLE 31

(a) Round the number 125,928 to the nearest tens.
Solution

e Step 1: The rounding digit is the tens place, that is 2.
e Step 2: The digit to the right is 8.

® Since 8§ > 5, add 1 to the rounding digit. That means raise 2 to 3 and change the digit
to its right side to 0.

125,928 Therefore, 125,928 ~ 125,930 [It is just rounding the last
. . 1 . twodigits 28 to 30]
125,920 125,930 125,928 is closer to 125,930 than 125,920.

125,928 =~ 125,930
(b) Round the number 125,928 to the nearest hundreds.

Solution
e Step 1: The rounding digit is the hundreds place, that is 9.
e Step 2: The digit to its right is 2.

® Since 2 <5, keep the rounding digit 9 as it is(without raising it) and change all other
digits to its right to 0

125.928 Therefore, 125,928 ~ 125, 900 [/t is just rounding the

1 125,950 last three digits 928 to 900]
: : = 125,928 is closer to 125,900 than 126,000.
125,900 126,000 125.928 ~ 125,900
(¢) Round the number 125,928 to the nearest thousands.
Solution

e Step 1: The rounding digit is the thousands place, that is 5.
e Step 2: The digit to its right is 9.
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® Since 9 > 5, add 1 to the rounding digit. That means raise 5 to 6 and make all others
to its right 0.

Therefore, 125,928 ~ 126,000 [It is just rounding the last
Sfour digits 5,928 to 6000]

126000 125,928 is closer to 126,000 than 125,000.
125,928~ 126,000

(d) Round the number 125,928 to the nearest ten thousands.

Solution

125,928

125,000

e Step 1: The rounding digit is the ten thousands place that is 2.
e Step 2: The digit to its right is 5.

® Since 5 > 5, add 1 to the rounding digit. That means, raise 2 to 3 and make all others
to its right 0.

125.928 Therefore, 125,928 ~ 130,000 [It is just rounding the
I last five digits 25,928 to 30,000]

130,000 125,928 is closer to 130,000 than 120,000,
125,928 =~ 130,000

(¢) Round the number 125,928 to the nearest hundred thousands

Solution

120,000

e Step 1: The rounding place is the hundred thousands place that is 1.
e Step 2: The digit to its right is 2.

® Since 2 <5, keep the rounding digit 1 as it is(without raising it) and change all other
digits to its right to 0

125.928 Therefore, 125,928 ~ 100,000
1 . - 125,928 s closer to 100,000 than 200,000.
200,000 125,928 = 100,000

100,000

EXERCISES

1. Round the following numbers to the nearest tens, hundreds, thousands, ten
thousands and hundred thousands and complete the table:

Round the numbers to the nearest

Hundred

Ten

Number thousands thousands thousands hundreds tens
65 0 0 0 100 70
723 0 0 1000 700 720
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Round the numbers to the nearest

Number tIl-II(l)llllls(:ll:((lis thoE::n ds thousands | hundreds tens
8651
18,708
37,291
764,510
806,365 800,000 806,370

2.10 STANDARD FORM OF A NUMBER

Pay attention to the following two statements:

®  The Earth is about 4500000000 years old

° The Earth is about 4.5 billion years old
Which statement do you think is easier to understand?
Reading and calculation with very big or small numbers can be made easier by
converting numbers to a standard form

A standard form is a form of writing a given number in a form that follows certain
rules.

It is based on using powers of 10 to express how big or small a number is.

Standard form is written in the form of @ % 10", where a is a number bigger than or
equal to 1 and less than 10. n can be any positive or negative integer.

Example 1: The standard form of 4,500,000,000 = 4.5 x 10° [a = 4.5 and n = 9]

Scientists use standard form when working with the speed of light and distances
between galaxies, which can be very big. The size of bacteria or atoms may also be
referred to in standard form as they are so small. For example,

The distance between the Sun and Mars i1s 141,700,000 miles or 228,000,000 km.

This distance can easily be written in standard form as: 1.417 X 10® miles or 2.28
10® km.

Atoms are tiny units of matter composed of three fundamental particles —
proton, neutron, and electron. A proton and a neutron weigh equally, 1.67 x 107
kg. Many other quantities such as the size of planets, the size of microorganisms,
the size of microchips, and the country’s population are all expressed in standard
form.
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Because of this, Standard form is also sometimes referred to as scientific notation

ExaMPLE 32

Write 3890 in standard form or scientific notation.
Solution
Step 1: Write the first digit 3

Step 2: Put a decimal point after this number and write the remaining non zero numbers
like 3.89

Step 3: Now count the number of digits after the first digit 3. There are 3 digits. This 3
will be the power of ten while writing the given number in standard form

So the standard form of 3890 is 3.89 x 10?

Note: In writing a number in standard form
Numbers greater than 1 use a positive powers of 10
Numbers less than 1 use a negative power of 10.

ExAMPLE 33

Write 0.0451 in standard form
Solution
The given number is less than 1. So it will have a negative power of 10

Step 1: Start from the decimal point and go to the right until you get the first non-zero
number and write it. The first non-zero number as we go from left to right is 4.

Step 2: Put a decimal point after this number and write the remaining numbers like 4.51

Step 3: Count the number of digits that exist after the decimal point up to this non-zero
number including the non-zero number itself. There are 2 digits including the digit 4.
This 2 will be the negative power of ten while writing the given number in standard
form

So the standard form of 0.0451 is 4.51 x 10 [The exponent is negative because the given
number is less than 1]

ExampLE 34

Write the number 81 900 000 000 000 in standard form
Step 1: Write the first number 8.

Step 2: Add a decimal point after this and write the remaining non-zero numbers: 8.19
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Step 3: Now count the number of digits after 8. There are 13 digits. This 13 will be the
power of 10 while writing the given number in standard form.

Step 4: So, in standard form: 81 900 000 000 000 is 8.19 x 10*3

ExaMPLE 35

The weight of an electron is 0.000000000000000000000000000000911kilograms
Write it in standard form.

Solution

Count the number of digits after the decimal point until you reach 9. There are 30 zeros
and when you count the digit 9 to it, it will be 31.

So the standard form will be 9.11 x 107" kg.

EXERCISES

1. Convert the following numbers in standard form or scientific notation

(a) 3000 (d) 0.0305
(b) 123000000 (e) 0.00240000
(c) 537000000000 () 0.00015

2. Write the number for the following standard forms
(a) 1.5x10* (¢) 1.23x107
(b) 4.12 x 10’ (d 3.5x107

2.11 BINARY OPERATION

So far we have seen the four basic operations namely, addition, subtraction,
multiplication and division on the set of real numbers. These are the four basic binary
operations on real numbers.

Let us look at the binary operation of addition “+” on a set of real numbers. We
have seen that whenever any two real numbers are added, we still get a new real
number. In such cases, we say that the set of real numbers is closed under the binary
operation addition “+”.

Similarly if 4 = {1, 2, 3, 4} and the usual binary operation addition “+” is defined on
A, then A is not closed under addition “+” because for the two elements 3 and 4 of A4,
3+4=7and7 ¢ A.

Let us define the binary operation subtraction on the set of Natural numbers N.
Is N closed under “—"? The answer is no because for any two natural numbers m

“_ 9
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and n, m — n may not be a natural number. Example: 5 and 6 are natural numbers, but
5 —6 =—1 is not a natural number.

Binary Operation: Any operation or sign that combines any two elements of a
given set according to some clearly defined rule.

Binary operations on a given set are calculations that combine two elements of
the set to produce another element of the same set.

The word “binary” means composed of two pieces.

A binary operation is simply a rule for combining two values to create a new

value.

In addition to the four usual basic binary operations, it is normal in mathematics to
define a new binary operation with a clearly defined rule on a given set.

ExAMPLE 36

A new binary operation, using the symbol @, is defined to be a ® b = 3a + b,
where a and b are real numbers. Then

(a) Evaluates 8 ® 3?
(b) Is R closed under ® (d) Is @ associative?
Solution

Question Explanation

1

What is 8 ®@ 3?

(c) Is ® commutative?

Substitute the values of @ and b into the right-hand side of the
definition, namely 3a + b.
8DP3=3x8+3=24+3=27

Is R closed under

3ais a real number because 3 x a any real number « is a real number
b is also a real number. So 3a + b will be a real number because R is

2 o closed under addition
Therefore, R is closed under @ because for any a and b € R, a ® b =
3a+beR.
Isa ® b=b O a for all possible values a and b?
a®b =3a+b butbd®a =3b+a

3 |Is @ commutative? | 34 + b = 3b + ¢? This is not true for all real numbers.
Ifa=8andb=2; 3x8+2+#3x2+8; 26+#14.
The operation @ is not commutative for real numbers.
[sa®BDc)=(adb)dc?
a®@Bb+c)y=CBat+tb)dc?
3a+ (3b+c)=30B3a+b)+c?

4 |Is @ associative? | 3a+3b+c=9a+3b+ c? Not true for all real numbers

Ifa=2,b=3,c=4; 3x2+(B3x3+4)#3(3%x2+3)+4;
6+13+£3(9)+4; 19#31.
The operation @ is not associative for real numbers.
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ExampLE 37

A binary operation A is defined on the set of integers as a A b = (a + b) (a — b), for any a
and b € Z. Then

(a) Evaluates 2 A 5? (c) Is A commutative?
(b) Is Z closed under A? (d) Is A associative?
Question Explanation

Substitute the values of a and b into the right-hand side of the
1 What is 2 A 5? definition, namely (a + b) (a — b).
2A5=2+52-5=-21

a+ b e Z because Z is closed under addition

Is Z closed under | ¢~ b € 7Z because Z is closed under subtraction
2 s Z closed unde

A Therefore, Z is closed under A because foranya and b € Z,a A b=
(a+b) (a—b) € Z, since the product of two integers is again an
integer.

Isa A b=b A a for all possible values a and b?

aAb =(a+b)(a—b) and bAa =(b+a)(d—a)

. a+b)(a—b) =(b+a)(b—a)? This is not true for all integers.

3 IS Acommutative? %fa=)2(andb) = 5(; a A27(=(2+)5) 2-5)=-21 ¢

bAa=(b+a)(b-a)=(5+2)(5-2)=21

The operation A is not commutative for all integers. —21 # 21

IsaA(bAc)y=(aAb)Ac?

aA[(btc)(b—c)]=aA@®-c)=(a+ (- a— (b))

=(a+tb—cH)a-b+c?)

(@aAb)Ac=((@a+b)(a=b)Ac=((a’>-b*)+c) (@*—b*)—c)
=(@-bt+o(@-b)-0

4 Is A associative? [Soa A (b Ac)# (a Ab) A c. Ais not associative

Ifa=2,b=5and ¢ = 6, then

aAbAc)=2ABE+6)(5-6)=2A(11)=2+-11)(2-(-11))

=(=9)(13)=-117

(@AB)Ac=Q2+5)(2-5A6="21A6=(-21+6)(-21-6)

=(—15)-27)=405 —117+#405

EXERCISES

1. If @ is defined on the set of whole numbers as m @ n = mn + nm, then which
one is false

(a) The set of whole numbers is (c) (@ is associative
closed under @ (d 4@5=40
(b) @ is commutative (¢) None of the above



Rational Numbers -

If © is defined on the set of integers as a © b= (a + b)?, for a, b € Z, the which
one is false?

(a) The set of integers is closed under ©
(b) © is commutative (d 40©5=8l1
(c) ©isassociative (e) None of the above

If the binary operation [ on the set of natural numbers is defined as
m O n=mn, for m, n € N, the n which one is true?

(a) Nisclosed under [J (c) ©isassociative

(b) 0O is commutative (d 1002=1024

If ® is a binary operation defined as a ® b = a — 2b, find

(a) 703= (d) 1000 50=

(b) 905= () If3@d=-9,thend=___
€ —565= (f) Is ® commutative?

Key TERMS

° Approximation . Identity property
° Associative property ° Inverse property

. Binary operation . Irrational numbers
o Closure property ° Numerator

° Commutative property ° Rational numbers
° Denominator ° Real numbers

° Fractions . Standard form

° Integers

SUMMARY

a
° To convert a rational number of the form p toa decimal divide a by b
° When you divide a by b one of the following two happens:

° The division process ends or terminates when a remainder of zero is
obtained. In this case, the decimal is called a terminating decimal.

° The division process does not terminate as the remainder never becomes
zero. Such a decimal is called a repeating decimal
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Both terminating and rgpeating decimals are rational numbers. They can be
converted to the form X where a and b are integers and b # 0.

The sets of Natural numbers, Whole numbers, Integers and rational numbers
denoted by N, W, Z and Q, respectively are described by

N={1,23,..} W={0,123,..} Z=¢{.,-3,-2,-1,0,1,2,3,...}
:{%:aEZ,be Z,b 7:0},

Rational numbers are all numbers that can be written as a ratio of two integers
where the denominator is not equal to 0. The set of rational numbers is denoted

by Q

All Natural numbers are rational numbers

All whole numbers are rational numbers

All integers are rational numbers

NcWcZcQ

All rational numbers are either terminating or repeating decimals.

There are decimal numbers which are neither terminating nor repeating.
Such numbers are called irrational numbers. The set of irrational numbers is
represented by a symbol Q.

All numbers that we know so far are either rational or irrational.

The union of the sets of rational and irrational numbers gives us a new set of
numbers called the set of real numbers. The set of real numbers is represented
byR. SoOR=QuU Q".

Every real number corresponds to a unique point on the line.

Every point on the line corresponds to a unique real number.

The set of real numbers have the following basic properties.

For any three real numbers a, b and ¢

Closure Property atbeR,a-beR,axbeRanda+beR((H+#0)
Commutative Property atb=b+taandaxb=>bxa
Associative Property at(b+tc)y=(a+tb)+c and ax(bxc)=(axb)*c
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For any three real numbers a, b and ¢

ax(b+c)y=(axb)+(axc)

RE e Rgmramiha @4 (6 % 0) 2 (4 B) % (@4 @)
at0=0+ta=a and ax1=1%Xa=a
Identity property 0 is the additive identity element and 1 is the multiplicative

identity element

Inverse property

1
at—a=0 anda % a =1(@#0)

—a is the additive inverse of @ and vice versa and — is the
multiplicative inverse of @ and vice versa a

Z€1ro

multiplicative property of

0 x @ =0 [0 times any number is equal to 0]

. We can approximate a number by rounding it to the nearest 10, 100, 1000 and
SO on.

. A standard form or a scientific notation is a method or form of writing a given
number in a form that follows certain rules. The standard form of 271000000
is 2.71 x 108. Similarly the standard form of 0.0000000271 is 2.71 x 10,

. Binary Operation is any operation or sign that combines any two elements of a
given set according to some clearly defined rule. A binary operation is simply
a rule for combining two values to create a new value.

EXERCISES
1. Which one is equal to z+—3—§ ?
5 2 4
—37 —20 —16 16
a) —— b) — c) —— d —
(a) 20 (b) 3 (c) 20 (d) 3
2. The simplified form of l 30 gx 20, 1s
12 11 7 4
(a 1 by 2 (c) 3 (d) 4 (e) None
3. Which operations are not associative on the set of rational numbers?
(a) Addition and multiplication (c) Subtraction and division
(b) Subtractionandmultiplication (d) Addition and division
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4.

10.

For any two rational numbers x and y, x — y is also a rational number. This
statement refers to

(a) Commutative property (c) Associative property
(b) Closure property (d) Identity property
Which of the following statement is false?

A NNWnNnZ=Q ) ZNmnQ NnQ'=7Z
(b) WUZU@=R (d) Q/m@zR

(e) All are false
Which rational number is equal to 1.325 ?

1213 1312 1312 1213
(a) % (b) 9—0 (c) % (d) W
What is the result of 3.05 + 1.532 — 0.582 ?
(a) 04 (b) 4 (c) 0.14 (d) 041
When the number 42567 is rounder to the nearest thousands, it is equal to
(a) 42000 (b) 42500 (c) 42600 (d) 43000

The area of the African continent is about 30,000,000 km. How is this number
written in standard form?

(a) 3.0x107 (c) 3.0x107

(b) 30.0 x10° (d 30.0x10°

A binary operation € on the set of whole numbers is defined by
pQq=(pxq) (p+q),where p,q € W. Then which of the following is true?
(a) 4Q5=180 (¢) W is closed under Q

(b) €Qis commutative (d) All are true
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CHAPTER 3

ALGEBRAIC EXPRESSIONS
Chapter Contents
3.1 Numerical and Algebraic Statements
3.2 Forming Algebraic Expression Factorize

3.3 Evaluating Algebraic Expression
3.4 Expanding Algebraic Expressions {\
3.5 Factorization of Algebraic Expressions _
3.6 Algebraic Fractions UEISFTY = a2 0y
3.7 Product of Two Binomials
3.8 Perfect Squares
3.9 Difference of Two Squares
3.10 Factorizing Quadratic Expressions

3.11 Difference of Two Cubes and the Sum of

Expand

Two Cubes Perfect Square Trinomial

e Key Terms

° Summary (a+ b)? = a*+ 2ab + b

e Exercises
Square the . Square the
first term () Multiply the last term ()

two terms by 2
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Chapter Outcomes

Upon completion of this chapter, learners will be able to:

express Statements in algebraic expression;
discuss Numerical Statement;

form Algebraic Expressions;

evaluate Algebraic Expressions;

show Relations between two algebraic expressions;
demonstrate Expansion of algebraic expressions;
add and Subtract Algebraic expressions;

solve problems on factorization;

factorize quadratic expressions.
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Introduction

In your discussion of real numbers, you had been using number expressions or
numerical expressions together with the four basic operations (addition, subtraction,
multiplication and division). In this unit, you shall be introduced with algebraic
numbers and some other basic concepts of algebra like algebraic expressions, terms,
variables, constants coefficients, and the four fundamental operations on them. You
will also learn the techniques of adding and subtracting like terms and the methods
of factorizing algebraic expressions.

3.1 NUMERICAL AND ALGEBRAIC STATEMENTS

You are already familiar with real numbers like . .., -3,-2,-1,0,1, 2, 3,...., %, 0.45,
3

03, 0.23, \/Z J7 etc and operations of addition (+), subtraction (—), multiplication
(%) and division (+) on these numbers.

For example, 2 + 7 is a numerical expression formed from numbers 2 and 3 using
the operation addition. The following are few examples of numerical expressions
formed from real numbers and operations on them

14-6 7(4+2) 8+7+6
5% 10 10— (2 % 6)

Numerical expressions have numbers in them, and often operations but they don’t
include any variables:

However, sometimes in mathematics, letters called variables are also used as
symbols to represent numbers. Study the following statement:

The sum of two whole numbers is 10. What are the numbers?

Solution

° If the first whole number is 0, then the second must be 10 because
0+10=10

° If the first whole number is 1, then the second must be 9 because
1+9=10

L If the first whole number is 2, then the second must be 8 because
2+8=10

° If the first whole number is 3, then the second must be 7 because
3+7=10

° If the first whole number is 4, then the second must be 6 because

4+6=10
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° If the first whole number is m and the second is n, then m + n =10
Note: In the above explanation, expressions like 0 + 10,1 +9,2+ 8,3 +
7 and 4 + 6 are called numerical expressions. But the expression m + n
is called an expression of algebra or an algebraic expression.

An algebraic expression is a mathematical expression that can contain
numbers, variables, and operations (addition, subtraction, multiplication,
division.

Example:

° Sx—-17

° Sx+4y+10

o 2x%—3x)

®  (—4b)’+ 6ab are algebraic expressions

° In 5x — 7, the letter x is called a variable. A variable is a letter or symbol
that represents an unknown value. Any letter can be used but x, y, m, n,
z, k, p, ¢ are common.

° The number 7 is called a constant. A constant is a number that cannot
change its value.

° The number 5 in 5x is called a coefficient. A coefficient is a number by
which a variable is multiplied

® Aterm in an algebraic expression is a constant, a variable or a constant
and a variable combined by multiplication or division.

ExaMPLE 1

5x —7, 5x and —7 are two terms, but 5x — 7 is not a term. It is an algebraic expression.

AcTivity 1

Identify the variable, the constant, the coefficient and the terms in the following algebraic
expressions and complete the table

Algebraic expression Variable(s) Constant Coefficient Term(s)
y+2 y 2 1 yand 2
3m+ 6n—4 m and n —4 3and 6 3m, 6n and —4
-9+ 10x X -9 10 10x and —9
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Algebraic expression Variable(s) Constant Coefficient

8r—2x+3 rand x 3 8 and —2 8r, —2x and 3
xX2+2 X 2 1 x* and 2
x| 2or%x X - %x
2(\3x)—5x+1 X 1 2 243x, —3xand 1
3 +4x—Swyz X, W, V, Z 3 4 and 5 3, 4x and —5wyz

Note: If a variable has no coefficient written in front of it, we assume the coefficient
is 1. For example, the expression y + 2 can be thought of as 1y + 2. Similarly 3 —m
is thought of as 3 — 1m.

EXERCISES

Identify the terms, variables, coefficients and constants for the following algebraic
expressions and complete the table given below

Algebraic expression  Term(s) Variable(s) Coefficient Constant

1 12m—6n+9

2 Sx—"Ty

3 23—k

4 4x3 + 2xy — 1

5 X2+ 3%+ 3xy

7

6 —2x+y+—

T
35 2
7 Ex +x"+x+1
8 3x?—2y%z -z +5




- Mathematics — Grade 10 Textbook

3.2 FORMING ALGEBRAIC EXPRESSION

ACTIVITY 2

Think of a number n, multiply the number n by 8, divide the result by 2, add 5, and then
subtract 4 times the original number n

1. What is your result in terms of n?

2. Which ever number you take why is the final result always equal to 5?

In order to form an algebraic expression we need to translate word or verbal phrases
given in to algebraic expressions. Translating verbal or word expressions in to
mathematical or algebraic expressions is fundamental in solving many word problems.

Below is a table of common English words or verbal expressions converted into an
algebraic expression. You can use this table to assist in translating word or verbal
phrases in to algebraic expressions or mathematical expressions.

Operation Word or verbal expression Algebraic expression

A number plus three

Three more than a number

The sum of a number and three
Addition 3% 3
The total of three and a number

A number increased by three

Three added to a number

A number minus seven

Seven less than a number

The difference of a number and seven

Subtraction n—17
Seven less a number

A number decreased by seven

Seven subtracted from a number

Two times a number

The product of two and a number
Multiplication 2n
Twice a number or double a number

A number multiplied by negative two
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Operation Word or verbal expression Algebraic expression
Half of a number
The ratio of n and 2 i
2
. 1
n multiplied by —
2
The quotient of a number and seven
Division ;
A number divided by 7
EXERCISES

Write an algebraic expression for the following word or verbal phrases

Four more than m

The product of 7 and ¢

Nine less than x
A number divided by the sum of 4 and 7.

Twice the sum of a number plus 4.

The sum of % of a number and 7.

Ten times a number increased by 150.

A number x is increased by 7

A number y is decreased by 7

S % 0 N kWD -

—

A number a is multiplied by 7

3.3 EVALUATING ALGEBRAIC EXPRESSION

To evaluate an algebraic expression, just replace the variables with their number
values given. Then, find the value of the numerical expression using order of
operations.
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EXAMPLE 2

Evaluate the following algebraic expressions for the given values of the variables
(@) 10—2x; whenx =15
(b) 3x—4y*; whenx=2and y=-5
(©) 3_x; whenx=3andy =4
y+5
Solution
(a) 10—2x,whenx=5 gives 10— (2x5)=10-10=0.
(b) 3x—4y*, when x =2 and y = —5 gives (3 x 2) —4(—5)* =6 —4(25)

=6-100=-94.
(c) 3x , when x =3 and y = 4 gives IR :2:
Order of Operations

AcTIviTY 3

Evaluate 8 + 2 + 2 x 10 — 3. Three students solved this problem in the following three
ways. Which student is correct?

Student A Student B Student C
8§+2+2x10-3 8§+2+2x10-3 8§+2+2x10-3
=4+2x10-3 =8+4x10-3 =4+2x10-3
=6x10-3 =2x10-3 =4+20-3
=60-3 =20-3 =24-3

=357 =17 =21

Mathematics has rules that we all have to follow, so we will all come up with the
same (correct) solution. One of the rules or procedures we follow is the “Order of
Operations.” The “Order of Operations” is just that the order in which we perform
an operation in a math problem. It is given by the abbreviation PEDMAS

P stands for parenthesis [that we have to perform first the expression inside a
parenthesis or bracket]
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E stands for Exponents [that we have to perform next the expression having
exponents or powers]

DM or MD stands for division and multiplication [that we have to perform next
division or multiplication whichever comes first in order from left to right

AS or SA stands for addition and subtraction [that we have to perform next addition
or subtraction whichever comes first in order from left to right

Note: Multiplication and division are equal operations—we perform them left to
right, in the order they are in the problem. Similarly,

Addition and subtraction are equal operations—we perform them left to right, in the
order they are in the problem

EXAMPLE 3

Simplify the following numeric expressions
(a) 12-32+10+2 (c) 8+l><3
(b) 12—-(3*+10)+2 2
Solution
(a) 12-32+10+2
=12 -9+ 10 + 2 (the power 3? is performed first)
=12 -9+ 5 (Division is performed next)
=3 + 5 (subtraction is performed)
= 8 (Addition is performed last)
(b) 12—-(3*+10)+2
=12 —(9 + 10) + 2 (parenthesis comes first and the power 32 inside
the parenthesis is performed)
=12 — (19 + 2) (parenthesis still comes first)
=12 —9.5 (Division is performed)
= 2.5 (subtraction is performed last)

© g=1x3
2

= 8+l><3 [Since division and multiplication are equal operations—
we perform them left to right, in the order they are in the problem

=16 x 3=48.
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ExamMPLE 4

Evaluate the following algebraic expressions for the given values of the variables using
order of operations

(@) m*—(n*—4k);ifm=7,n=3and k=5

Solution
m?—(n*—4k)=7*—-(3*-4 x5)
=49 — (27 - 20)
=49 —(7)=42.
EXERCISES

Evaluate the following algebraic expressions for the given values of the variables
using order of operations

3
1. 8x—6:ifx=7 5. 2bil;ifa=11andb=1
2. ¥*—x;ifx=4 6. Sx3+3x2—4x—4; ifx=1
3. 2x—4y-5; ifx=6andy=9 71 S0 Ty ify = A
4, x(pP+8)+12;ifx=3andy=4

8. xXH3x*+3x+2; ifx=-1

3.4 ExPANDING ALGEBRAIC EXPRESSIONS

Sometimes algebraic expressions might involve brackets or parenthesis and addition
or subtraction signs inside parenthesis just like 2(x +4) + 3(x — 5). Such expressions
which involve brackets can be re written in equivalent forms without any brackets
by applying the distributive property of multiplication over addition. This process is
called ‘expanding’ or ‘removing’ brackets.

Expanding using the distributive Laws

The distributive law says, for any real numbers a, b and ¢
2a+b)y=2a+2b
3(a—b)=3a—3band
alb+c)=ab+ac

Note that the left side of the algebraic expressions involve parenthesis and the
right sides do not involve parenthesis. However both the left and the right sides

100
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are equal. The right side expression is the expanded or distributed form of the
left.

ExXAMPLE 5

Observe the following:

(a) 3(x +2) =3x + 6 [Multiply each term inside the bracket by the term outside the
bracket]

(b) 5(x+2y)=5x+ 10y

(¢) 3x(x+y)=3x*+3xy

(d) —2(a+b)=-2a-2b

() —3(a—b)=-3a+3b [3x-b=3b]
) x(p+2)-3(y+2x)=xy+2x—3y—6x

(g) a(b+c)+bla—c)=ab+ac+ ba—bc

Remember! Some addition and subtraction problems look very similar to
distributive property problems

e 3+(x+1) e (5-x)-8 and
o  (2x—4)+3 * 2nx4
*  (Bx»(=2)

BUT THEY DO NOT REQUIRE DISTRIBUTIVE PROPERTY

EXERCISES

1. Expand the following algebraic expressions using the distributive property

(a) 6(x+3) 1) 7m-—3)—2(m—4)
(b) x(x+y) g S(m—4)

(¢) 2(m+4)+3(m+6) k) —x(x+2)

(d 23x—4) O —A4x+1)+3x+2)
(e) t(3t+4) (m) y(*—2)

) 4@—-2)—-3(t+1) (n) —-3(m—n)

(g 3(x+y) (0) 5Q2t+1)+3(t+2)
(h) 4 -5)

2. Find the perimeter of an equilateral triangle if the length of one of the sides is
2x + 3(Give your answer in terms of x)

101
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Simplification of algebraic expressions

A. Like and unlike terms
Study the algebraic expression 2x + 5y + 7 + 3x + 9 + 2xy. It has 6 terms. Of these
six terms the terms 2x and 3x have the same variable, that is x. So they are called like
terms. Similarly 7 and 9 are both constants. They are also called like terms because
they do not have a variable.

5y does not have a like term because no other term has the variable y. The term 2xy
does not have a like term because no other term has the variables x and y.

Like terms
Two or more terms are called like terms if they have EXACTLY the same variables.
Example:
2x and 3x, 5y and —4y, 7xy and xy, 2x)? and 8x)”are like terms.
Note: Like terms can have different coefficients
But 2x and 2y, 5y and 5x, 7xy and 3x)?, 2x)” and 8x?y arc unlike terms.

B. Adding and subtracting algebraic expressions

To add or subtract algebraic expressions we use a similar method of adding and
subtracting numbers. However, in the case of algebraic expressions, we need to sort
and place the like terms and the unlike terms together which makes it easier to add
or subtract.

Like terms can be added or subtracted by adding or subtracting their coefficients
and taking the variable as it is.

Example:
2x and 3x are like terms. So 2x + 3x = (2 + 3) x = 5x.
7xy and xy are like terms. So 7xy —xy = (7 — 1)xy = 6xy.

ExampPLE 6
Simplify the following algebraic expressions:
(@) 9x+3y+4x+2y
Solution

Ox + 3y +4x + 2y [ldentify the like terms; 9x and 4x are like terms and 3y
and 2y are also like terms]

=Ox +4x + 3y + 2y [ Associative property of addition enables us to combine like terms
side by side. When you combine like terms, you MUST take the
sign in front of the term with it]
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=9 +4)x + (3 +2)y [Add or subtract the coefficients of the like terms]
=13x+ 5y
(b) 2(x+4)+3(x—-5)-2y
If you see an addition or subtraction problem inside a set of parenthesis, like the

one given above, remove the parenthesis using the distributive property BEFORE
simplifying the expression

Solution
=2x + 8 + 3x — 15 — 2y [parenthesis removed using distributive property of x over +]

=2x + 3x — 2y + 8 — 15 [combining like terms side by side by taking the sign in front
of the term with it]

=Q2+3)x-2y-7
=5x—-2y-17
) x(4-x)—x(3—x)
Solution
x(@4-x)—x(3B—-x)
=4x — x*> — 3x + x* [parenthesis removed using distributive property of x over +]

=4x — 3x —x* + x? [combining like terms side by side by taking the sign
in front of the term with it]

=x+0
=X

@ ~a—dpi3ats
2" 3 4

Solution

11 3
LIRS S
4T3t

=la+§a—lb +b [combining like terms side by side by taking the sign
2 4 in front of the term with it]
= [l-l-é]a—i-[—l-l-l]b
2 4 3
= &a +zb
8 3
5 2

—2a+%p
4973
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EXERCISES

Simplify the following algebraic expressions:
(a) 2st+3t—s+5t+4s
(b) 2a—4b+3ab—5a +2b
(¢) x(2x+3y—4)—x?+4dxy—12
(d) 4Q2x+1)-3x
(e) 4(p-5 +3(p+1)
() 6(p+39) - (7+4q)
(g) 4rs—2s—3(rs+1)—2s
(h) —3x+4+2x*—7x -2

2
(i)  9x?—3x-— % - [—4362 +3x+§]

3.5 FACTORIZATION OF ALGEBRAIC EXPRESSIONS

Factorizing an algebraic expression means finding all the factors of the expression
and re writing it as a product of its factors.

There are many methods of factorizing an algebraic expression. In this topic, we use
common terms, regrouping and identities to factorize an algebraic expression.

Factorization by using common terms

We know that 6 =2 x 3. 2 and 3 are the factors of 6. So the term 6 can be factorized
and re writtenas 6 =2 x 3

Similarly, 6x if factorized as 6x =2(3x) or 6x = 3(2x)

ExampLE 7
Factorize
(a) 6x+9 (b) —7a*>+2la
Solution

(a) There are two terms 6x and 9. Find the Highest Common Factor (HCF) that divides
both terms of 6x and 9. The common factor is 3.

Write 3 outside a bracket as 3(? + ? )

Find the missing terms inside the bracket by dividing each term by the common factor.
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That means 6x +~ 3 =2x and 9 +3 =3. So 2x and 3 are the missing terms. Write these
inside the bracket as 3(2x + 3)

Check your answer by expanding the bracket and see that the expanded form matches
the original equation: 3(2x +3) =3 x2x) + (3 x3)=6x+9

( )

Factorization is the reverse process of expansion of an algebraic
expression

Factorize

6x + 9 =3(2x + 3)

Expand

\ J

(b) Here, 7 is a common factor of 7 and 21 and a is a common factor of a*> and a.
Hence, -7a*> +21la="7a (3 — a).

ExAMPLE 8
Factorize
(a) 12a*>—8ac + 4a*b (b) 12x% + 3x)* — 6x3y?
Solution

(a) There are three terms 12a?%, — 8ac and 4a*b. Find the HCF that divides all the three
terms. The HCF of the three is 4a.

Write 4a outside a bracket as 4a(? +? +? )
Find the missing terms inside the bracket by dividing each term by the common factor

12a> ~4a =3a
—8ac +~4a=-2c
4a*b +4a = ab

Write these inside the bracket as 4a(3a —2¢ + ab)
Therefore 12a> — 8ac + 4a’b is factorized as 4a (3a — 2¢ + ab)
Check: 4a (3x — 2¢ + ab) = (4a % 3a) + (4a X —2c) + (4a % ab)
= 12a* + (-8ac) + 4a*b
= 12a>— 8ac + 4a°b.
(b) Clearly, 3xy is a common factor of the expression 12x%y + 3x)* — 6x°)?
Therefore 12x%y + 3x)* — 6x3)% = 3xy (4x + y* — 2x%)
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Factorization by regrouping the terms

ExAMPLE 9

Factorize
(a) 6—10xy +3x— 15x% (b) 22-22-9z+9
Solution
(a)
(1) Regroup the terms as (6 + 3x) — (10xy + 15x2y)
(i1) Factor each group 3 (2 +x) — Sxy (2 + x)
(ii1)) Take out the common factor of each group (2 + x) (3 — 5xy)
Therefore, 6 — 10xy + 3x — 15x*y = (2 + x) (3 — 5xp)
(b) The expression has four terms. Since there is no a common factor that divides all
the four, try to factorize the first two terms together and the last two terms together
Z2-22=722(z-1)
-9z2+9=-9(z-1)
Soz2—22-92+9=22(z—1)-9(z-1)
Note that z — 1 is common to both. So take it out as a common factor (z — 1) (z2 - 9)
Therefore 22 =22 - 92+ 9=(z—1) (22— 9)
=z-1)(z-3)(z+3)
[ Note: 22— 9=(z-3)(z+3)]

EXERCISES

Factorize the following algebraic expressions

(a) 3y+3z (d 47+y (g) 12x% —8xy?
(b) 3at 6y (e) x*—x (h) 2xy+2y+3x+3
(¢) 3mn-o6n? (f) 6a*b®+ 12a*b (1) xX*+x-3x*-3

3.6 ALGEBRAIC FRACTIONS

Algebraic Fractions, as the name denotes, are simply fractions with algebraic
expressions in their numerator or denominator or both. The following are examples
of algebraic fraction:

3 2 y+5 2x+10
y+3 7 x +5x

3

X x—3

b
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You know that you cannot divide a number by 0. Because division by 0 is impossible,
variables in the denominator have certain restrictions. The denominator can never
be equal 0.

For example,

In 3 , x cannot be 0, i.e., (x #0)

X
2 . x> +5x=0
In x—3’x_3 cannot be 0, i.e., (x # 3) X(x+5)=0
+5 ) x=0orx=-5
In . ¥+ 3 cannot be 0, i.e., (y # —3)
y+3
2x+1 :
n 2x+ 0 x?+ 5x cannot be 0, i.e., (x # 0, x # —5)
x +5x°

Simplifying algebraic fractions
Simplifying algebraic fractions means reducing them to their lowest term by finding
common factors and canceling out the common factors

ExampPLE 10

2
Simplify 3.

X
Solution
2 2

3x — x(3x) — @: 3x? [x in the denominator cancels out one x in the numerator]

X X 1

33X 3Xaxxxx 5 . . .
Or=—=——"=3 X x X x = 3x% [one x in the denominator cancels out one x in
X X

the numerator]

ExampLE 11

S' 1' ﬁ O
implify 35:° (x#0).
Solution

152 3x8 X 3

350t 7></5/><x><)(3/ T 7x
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ExamMPLE 12

2x* —6x
10x

Simplify (x=0).

Solution

2x° —6x_%(x—3)_x—3

= [2x is a common factor to both]

10x  254(5) 5

ExampPLE 13

.o 2—X
Simplify (x#2).
4x—8

Solution

2=x _2-x —_l(ﬂ)—_lz_l [x — 2 is common factor to both]

4x—8 4x—8 4(x~7) 4 4

ExampLE 14

. .. 12a+12b

Simplify —————(a=—2»).
mplity = sy @)
Solution

12a+12b_12(a4P) 12_,

3a+3b  3(a+b) 3

ExAMPLE 15

x+1
Simplify % (70, x#—4).
X

8y
Solution

x+1

W_x—i—l L x+4
8y 5

_xtl 89 2(x+1)
49 x+4  x+4

1

[Use reciprocal multiplication]
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EXERCISES

Simplify the following algebraic fractions

2 31.3
(a) Ax (@) 12ab — 3b° (i) —32a’b
12x 3ab 48a°h’
27y 18b> + 30b 4
(b) ) 3 Y
36y 9b G) Xy
552 2ax + 2bx x+2
(c) - e — 6
25x 6x
50 —10a 16— a’

Addition and subtraction of algebraic fractions

If you remember how to add or subtract fractions with the same or different
denominators, adding and subtracting fractional expressions would be easy.

Same denominators

If %and% are two fractions having the same denominator b (b # 0), then

. a ¢ a+c . a c a—c . .

1 4= i1 — — —=——, similarl

() b b b (1) b b b Y
dx n 3 :4x+3 and dx 3 4x-3

x+2 x+2 x+2 x—|—2_x—|—2: x+2
To add or subtract algebraic fractions having the same denominators, simply add or
subtract the numerators and then take one of the denominators

ExAMPLE 16

Add or subtract the following algebraic fractions having same denominators

5 -9 dx+7 2x—4 x—4 3
@ 2,2 b _ 3

4x 4dx ®) 6x 6x © x+1 x—+1
Solution

5 -9 5+(+-9 -4 -1 1
@) 4x 4dx 4x dx x X (x#0)

4dx+7 - 2x—4 (4x+7)—(2x—4) 4x+7-2x+4 2x+11
6x 6x 6x 6x 6x

(b) (x #0)
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3 x—443 x—1I

© )

x—4
_|_

x#—1
x+1 x+1 x+1 #-1)

Adding or subtracting algebraic fractions having different denominators

To add or subtract fractions with different denominators, we must first learn how to
find the Least Common Multiple (LCM) of two or more expressions.

The Least Common Multiple (LCM) of two or more algebraic expressions is the
smallest expression that can be divided by each of the given terms. It is found by
using the following steps:

Steps

Factorize each of the given expressions.

From the common factors, take the one with the highest power. (If
common factors have equal exponent, take any one of them)

Take all the factors that are not common

Multiply all the factors that you have considered in the above steps. The
product is the LCM

ExampLE 17
Find the LCM of )?, xyz, x*

Solution

(i) Factorize each:

y2

=y Xy

Xyz=x Xy Xz

X*=xXxXXx

(i1) Take the common factors with the highest power

v is a common factor to y*and xyz, so we take )? since it has 2 as exponent
compared to the other y with one exponent

x is a common factor to xyz and x3, so we take x* since it has 3 as exponent
compared to x with one exponent

(iii)) Though z is not a common factor we will take it.

(iv) Multiply the factors considered in the above steps, that is, y* x x* X z or x* )’z
is the LCM of the three terms )?, xyz, x°.
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ExamprLE 18
Find the LCM of ab, bc and cd
Solution

Factorize each:

ab=axb
bc=b xc
cd=cxd

® ) is a common factor to ab and bc, so we take any one b since both have
equal exponent

® (¢ is a common factor to hc and cd, so we take any one c¢ since both have
equal exponent

® Though a is not a common factor we will take it.
® Though d is not a common factor we will take it.

e Multiply the factors considered in the above steps: So abcd is the LCM of
ab, bc and cd

ExamMPLE 19

Find the LCM of 3x%yz and 4x° y?
Solution

3xyz=3 xx2Xyxz

43 )P =4 x x} %y

Of the common factors x? and x* we take x*
Of the common factors y and )* we take y?
Take all other non-common factors, that is, 3, 4 and z
Multiplying all we get 3 x 4 x x3 x 3 x z=12 x* y*z
Therefore LCM (3x%yz, 4x° y?) =12 x* )’z
] LCM of x%, x, x* is x* because x* is the least product that contains all x,
x? and x?
e LCMofab, bcand cdis abcd because it is abcd which is the least product
that contains all the three

111



- Mathematics — Grade 10 Textbook

ExampLE 20

Find the LCM of 4x?)?, 6xy and 10x)?
Solution
4x2y2 = 22 X x2 X y2

6xy=2 X3 XxXy
10x)2 =2 x5 xx xy?
LCM (4x*7?, 6xy, 10x)?) =22 x 3 x 5 x x2 x y* =60 x* *

ExampLE 21

Find the LCM of 2x?, x> + x and x* + 2x
Solution

2xr =2 x x?

X+tx=x(x+1)

X+ 2x = x(x* + 2)
LCM (2%, X +x, x>+ 2x) =2 xx* X (x + 1) x (x* + 2)
LCM =2x(x + 1) (x> +2)

Once we saw how to find the LCM of two or more expressions, next let us see how
to add or subtract algebraic fractions with different denominators

EXAMPLE 22
Add or subtract the following algebraic fractions having different denominators
2x+5 x-2
(a) =
3 4
Solution
Method 1: Make the denominators the same by finding the LCM of the denominators.

The LCM of 3 and 4 is 12. So convert each expression to another equivalent expression
having denominator 12.

2x+5xﬂ:4(2x—|—5) and x—2x§:3(x—2)
3 4 12 4 3 12
2x+5_x—2:2x+5xﬂ_x—2
3 4 3 4 4
_42x+35) 3(x—2)
1212

3
X_
3

[Now they have the same denominators]
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[since they have the same

8x+20 3x—6 8x+20—(3x—6) )
= - = denominators, subtract only

12 12 12 the numerators)
_ 8x+20-3x+6 5x+26
12 12
Method 2: Cross multiply the numerators and denominators as follows:
Solution
2645 x-2  4Q2x+5)-3(x—2) Remember
3 4 3x4 If % and 2 are any two fractions
_ 8”2(;3”6 _ 5x1+226 with b # 0 and d # 0, then
6 3 a,c (axd)x(bxc)
b - x#—2and x#2 P
(b) o) x—2( ) b d bxd
Solution

Make the denominators the same by finding the LCM of the denominators.
LCM (x*—4,x-2)=(x-2)(x+2)

6x 6x 3 3 [x+2]: 3(x+2)  [Now both have the
=4 (x=2)(x+2° x—2 x—2|x+2) (x—2)(x+2) same denominators]
6x 3 6x 3 (x+2
-4 x-2 _(x—2)(x+2)_x—2[x+2]
_ 6x . 3(xt2)
C(x=2)(x+2)  (x—2)(x+2)
_ 6x—(3x+6)  3(x-2)  3(x-2) 3
C(x=2)(x+2)  (x=2)(x+2) (x—2)(x+2) x+2
x+2 x-3
@) = =4 70
Solution

Method 1: Make the denominators the same by finding the LCM of the denominators.
LCM (3x, 6x) = 6x
x+2 o 2_2(x+2)

3x 2 6x
x+2 x-3 |x+2 2| x-3
+ = X—|+——
3x 6x 3x 2 6x

_2(x+2) n x—3 2x+4+x-3 3x+I
6x 6x 6x 6x
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Method 2: Cross multiply the numerators and denominators as follows:
Solution
_x+ 2 n x=3 _ 6x(x+2)+3x(x—3) _ 6x° +12x+3x”> —9x _ 9x” +3x _ 3x(3x+1)
3x 6x 6x(3x) 6x(3x) 6x(3x) 6x(3x)
~ 3x+1
 6x

EXERCISES

Add or subtract the following algebraic fractions

at+b a—>b 3 4 X X

a + —_ (& =+=

®) 2 2 (d) b—1 b-2 3 4
2x—3 x—4 4x+1) 5(x—2) 3x—5 2

+ _ h —

(b) x—2 x=2 (€) 3 2 ®) x>—=25 x+5
10x—5+8—4x ) L+L_L

©  r i1 e 3x 6x x°

3.7 ProbpucTt oF Two BINOMIALS

DEFINITION

A binomial is an algebraic expression having exactly two terms
Example:

3x+5
-y
3x + 3y

-7 ¥ ... are binomials

x 2

A monomial is an algebraic expression having exactly one term
Example:

3, x, xy, 3x% —Sxyz etc are monomials
A trinomial is an algebraic expression having exactly three terms
Example:

2x+3y+1, x¥*—xy+)°’, Smn—7Tm—10 are trinomials
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How do we multiply two binomials?
Suppose we want to find the product of (x + 5)(x + 10)

We imagine that the term (x + 5) is a single quantity and use it to multiply both the
x and the 10 in the second pair of brackets:

(x + 5)(x + 10) We must ensure that each term in the first bracket
= (x+ 5+ (x + 5)10 multiplies each term in the second

=x2+5x+10x+ 50

=24+ 15x + 50 (X@)x2+10x+5x+50x2+15x+50

ExAMPLE 23
Find the product of (x — 5)(2x + 3)

Solution
(x—=5)2x+3) 1.  Expand the brackets by multiplying
=x(2x +3) - 5(2x + 3) (2x +3) by x and (2x + 3) by -5
=27+ 3x—10x — 15 2. Simplify by collecting like terms:
=2x*-Tx-15 3x—10x=—-T7x

ExampPLE 24
Find the product of (x 2 — 2x* + 8)(x + 2)
Solution
(x?2=2x+8)(x +2)
XA x+2)-2x3(x+2)+8(x+2)
=x2(0)t x%(2) — 2x3(x) + (2x°)(2) + 8(x) + 8(2)
=x3+27 -2 -4 +8x + 16

=x° -4’ +2¢° —2* +8x + 16 1. Expand the brackets by multiplying

=(1-4)3+2x2 -2 +8x+ 16 (x +2) by x*, (x + 2) by —2x’ and

= 3x3+ 20— 2¢ + 8 + 16 g

S MR N, S 2. Simplify by collecting like terms
EXERCISES

Find the product of the following algebraic expressions
(@) (x+2)@x+3) (c) (at+b)(ct3)
(b) (@2p+3q) (5p—29) d G+2)@*-x-1)
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e (v=3)(+2) i Gx—-1DEBx+1)
) @p+3)Rp—qg-5) () *—2x+1)@*+4x+3)
(g (2x+1)(Bx-2) k) (Gx—1)(x-5)

() @2+3)@2z+3) ) Gx2—2x+1) (2 —dx—5)

3.8 PERFECT SQUARES
Do you remember what perfect squares are? When a number is multiplied by itself,
t

he product will be a perfect square

ExAMPLE 25

0x0=0 3x3=9 7x2=49
Ix1=1 5x5=25 8 x8=64 etc.
2x2=4 6 x6=36

So numbers 0, 1, 4, 9, 16, 25, 36, 49, 64, 81, 100 etc. are called perfect squares

Similarly you can multiply an algebraic expression by itself to get a perfect square
expression

ExampLE 26
Find the product of (@ + b) (a + b) or (a + b)?
Solution
(a+tb)(a+tb)y=ala+b)+b(a+b)=a*+ab+ba+b=a*+2ab+ b
Therefore (a + b)* = a*> + 2ab + b?

Note that @ + 2ab + b’ is a perfect square trinomial if is the square of (a+b)

ExampLE 27
Find the product of (@ — b) (a — b) or (a — b)?
Solution
(a=b)(a—b)=ala—b)—b(a—b)=da*—ab—ba+b>=a*—2ab+ b
Therefore (a — b)* = a> — 2ab + b?

Note that a® — 2ab + b’ is a perfect square trinomial
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Perfect Square Trinomial

Square of a binomial
(a + b)?=a*+2ab + b?

2 2 2
(a—b)2=a2—2ab+b2 (a+b) a’+2ab+b

When a binomial is multiplied by Square the Square the
itself it gives a trinomial which is first term (a) Multiply the last term ()
a perfect square two terms by 2

NOTE: (axby#a*+b?

ExampLE 28
Expand (3x + y)* using the property of the square of a binomial.
Solution
Bx+y)y =
e Square the first term (3x)? = 9x?
® Square the second term )?
Multiply the two terms by 2, 2(3x)(y) = 6xy
Add each result 9x* + 6xy + )?
Therefore, (3x + y)* = (3x)> + 2(3x)(y) + y* = 9x* + 6xy +)?
Note that 9x* + 6xy + y* is a trinomial which is a perfect square

ExaMPLE 29

Expand (2x* — 5y)* using the property of the square of a binomial.

® Square the first term (2x?)* = 4x*

Square the second term (—5y)* = 25)?

Multiply the two terms by 2 , 2(2x*)(—5y) = —20x?y

® Add each result 4x*—20x%y + 25y?

Therefore, (2x* — 5y)* = (2x?)* + 2(2x*)(—5y) + (—5y)* = 4x* — 20x%y + 25)?

EXERCISES

Expand the following binomial squares using the property (a £ b)* = a* &+ 2ab + b*
(@) (x—2) (d) (3m+2b)y (8) Qa*-0)
(b) (m+ny (e) (6x—3y)y (h)  [Bm*+2b)]
(¢) (2a-by B (m*+n?)y
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3.9 DIFFERENCE OF TWO SQUARES
If two terms in a binomial are perfect squares separated by subtraction, then you can
easily factor them.

For example, a? is a perfect square b? is also a perfect square

The difference of the two perfect squares, that is, a> — b* or b*> — a? is called difference
of two squares and can be factorized as follows

Difference of two squares
e &—-b =(a—b)(atb)

* Xy =@ty
e m’—n* = (m—n)(m+n)

ExampLE 30
Factorize x* — 4 using the property of difference of two squares
Solution

(1) Find the square roots of x> and 4. The square roots are x and 2 respectively.

(i1)) Write the factorization as the sum and difference of the square roots. The sum
of the roots is x + 2 and the difference between the roots is x — 2.

S0, X —4=(x)?—22=(x—2) (x +2)

ExampLE 31
Factorize 9x* — 16 using the property of difference of two squares
Solution
(1) Find the square roots of 9x? and 16. The square roots are 3x and 4 respectively.

(i1)) Write the factorization as the sum and difference of the square roots. The sum
of the roots is 3x + 4 and the difference between the roots is 3x — 4.

S0, 9% - 16=(3x)>-4>=3x—4) 3x + 4)

ExaMPLE 32

Factorize 36x> — 1 using the property of difference of two squares
Solution
36x — 1 =(6x)*—12=(6x—1) (6x + 1)
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ExamPLE 33

Factorize 4x* — 49)” using the property of difference of two squares
Solution
4x* — 49y’ = (2x)* — (Ty)* = (2x —Ty) 2x + 7y)

ExamPLE 34

Factorize x* — 3 using the property of difference of two squares
Solution

x2—3=x>—(3)? [ Note that (3 )2 =3 x +/3 =3]
=(@x—3)(x+3)

ExAMPLE 35

Factorize (2a + 3b)* — (3b + 4b)* using the property of difference of two squares
Solution
(2a +3b)*—(3b+4b ) =[(2a +3b)— (3b +4b)][(2a + 3b) + (3b + 4b)]
=2a+3b—-3b—4b)2a+3b+3b + 4b)
= (2a—4b)(2a +10b)

ExaMPLE 36

Factorize x* — y*using the property of difference of two squares
Solution

Xyt =) -0 =) (D)
= (@x—y) (x+y & +)7)

EXERCISES

Factorize each of the following using the property of difference of two squares

2 2 2
(a) x-25 © Lo s (2) @ —25b
(b) x—100 9 (h) @b 16
(c) 4x— 9y 0 64x* L (i) a*—b*
() 4x>— 49 4

(G) Ba+4b)*—(4b+5b)

119



- Mathematics — Grade 10 Textbook

3.10 FACTORIZING QUADRATIC EXPRESSIONS

Quadratic expressions are of the form ax? + bx + ¢, where a, b, ¢ are real numbers.
You can see that the quadratic algebraic expression of the form ax? + bx + ¢ has three
terms and the highest exponent of the variable is 2.

Factorizing the quadratic expression of the form ax* + bx + ¢ means re writing it as
a product of its two linear factors of the form a (x + p)(x + gq)

Case i. Whena =1
ax*+bx+c=x*+bx+c
Rewrite x> + bx + ¢ as a product of its linear factors of the form (x + p)(x + q)
byt o= (o p)rt )
Ct+bxte =x(x+q)+plx+q)
x*+bx+c=x*+gx+px+pg
X+bx+ce=x*+({p+qgx+pg
The left and right sides will be equal if b=p + ¢ and ¢ = pgq. This means, if we can

get two number p and ¢ such that their sum is equal to b and their product equal to
¢, we can easily factorize x*> + bx + ¢ as (x + p)(x + gq)

ExampLE 37
Factorize x* + 5x + 6
Solution
Think of two numbers whose sum is 5 and product 6. These numbers are 2 and 3
2+3=5=b

2x3=6=c So,x*+5x+6=(x+2)(x+3) [To easily find the unknown numbers,
first find the factors of ¢ and think of the other number that goes with the factors of ¢ to
satisfy the sum and product requirement |

ExampLE 38
Factorize x> + 7x + 10
Solution
Think of two numbers whose sum is 7 and product 10.
The factors of 10 are + 1, +2,+5,+ 10
The required numbers are 2 and 5 because 2+5=7=band2 x5=10=c¢
So,x*+7x+10=(x+2)(x+5)
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ExampLE 39
Factorize y* — 12y + 11
Solution
Find two numbers whose sum is —12 and product 11.
The factors of 11 are £ 1, £ 11.

The required numbers are —1 and —11 because —1 +—-11 =-12 = b and
-1 x-11=11=c

So,1” — 12y + 11 =(y— 1)(y— 11).

EXERCISES

Factorize the following quadratic expressions

(a) xX*+8+12 (d x*+2x-24 (g) x*-2Ix+110
(b) x¥*+x-12 (e) x*—12x+35 (h) x*—14x+40
(c) xX*+5x+6 ) x*-3x-18

Case ii. Whena # 1

How can we factorize ax* + bx + ¢ when a is any number different from 1

When a is any number other than 1, we find two numbers p and ¢ whose sum is b
and product a@ x c. Then we substitute px + gx in place of the middle term bx and
factorize the first two terms together and the last two terms together.

ExaAamPLE 40

Factorize 2x* + 7x + 3

Solution

Think of two numbers whose sum is 7 and product 2 x 3 = 6.

The required numbers are 1 and 6, because 1 +6=7=band 1 x 6=6=ac

2x* + 7x + 3 = 2x* + x + 6x + 3 [Note that the middle term 7x is
substituted by x + 6x]

Find a common factor of the first two terms and another common factor for the last two
terms and factorize

23+ Tx+3=2x*+x+6x+3
23+ Tx+3=x(2x+1)+3(2x+1)
2x*+7x +3=(2x+ 1) (x + 3) [taking out 2x + 1 as a common factor]
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ExampPLE 41

Factorize 6x*> + 5x — 6

Solution

Think of two numbers whose sum is 5 and product 6 x —6 = —36.

The required numbers are 9 and —4 because 9 + -4 =5=band 9 x 4 =-36 =ac

6x? + 5x — 6= 6x* + 9x — 4x — 6 [Note that the middle term 5x is substituted by 9x — 4x]
Factorize the first two terms and the last two terms together
6x*+5x—6=06x>+9x—4x—6

6x* +5x —6=3x (2x + 3) 2(2x + 3)

6x* + 5x — 6= (2x + 3)(3x — 2) [taking out 2x + 3 as a common factor]

ExAMPLE 42

Factorize 2x > — 5x + 2

Solution

Think of two numbers whose sum is —5 and product 2 x 2 = 4.

The required numbers are —4 and —1 because 4+ —1=-5=band -4 x—-1=4=ac
2x?—5x+2=2x?—4x— x + 2 [Note that the middle term —5x is substituted by —4x — x|
Factorize the first two terms and the last two terms together
2x2—5x+2=2x?—4x—x+2

2x2=5x+2=2x(x—2)—1(x—2)

2x?—5x+2=(x—2)(2x — 1) [taking out x — 2 as a common factor]

EXERCISES

Factorize the following quadratic expressions

(a) 3x?-8x-3 (d 2x*-7x+6 (g) 4x*—1
(b) 2x*—14x+20 () 25x2—10x+1 (h) 6x>—7x+2
(c) 7x*+18x+11 ()  9x?2+6x+1

3.11 DirreRENCE OF Two CuUBES AND THE SuM OF Two CUBES

The product (a — b) (a* +ab+b*)=a*—-b* and (a+b) (a*—ab+b*)=a’+ b’

Hence, the factors of @® — b* are a — b and a? + ab + b?* and the factors of @* + b* are
a+band a®—ab + b
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Therefore we have
a—b*=(a->b)(a*+ab+ b
a+b=(a+b)(a*>—ab+b?

ExampPLE 43

Factorize the expressions
(a) x¥*-8 (b) 64x*—125 (c) 3x*-81y°
Solution

(a) x*—8=x’—23(substitute a by x and b by 2 in the difference of cubes a* — b°)
=x—-2)(x*+2x+4)

(b) 64x* — 125 = (4x)* — 5° (substitute a by 4x and b by 5)
= (4x — 5) (1632 + 20x + 25)

(c) 3x*-81y*=3 (x*-27)°)=3(*- (3%
=3 (x —3)%) (x> + 3x)% + 9%

ExAmPLE 44

Factorize the expressions 57

(a) ¥*+1 (b) 10004° + ?zf (c) 25p° + 1.6¢°
Solution

(a) x*+1=x>+ 13 (substitute a by x and b by 1 in the sum of cubes a* + b*)
=x+D*-x+1)

3
(b) 1000a> + 2753 = (10a) + Eb] (substitute @ by 10a and b by %b)
8 2

9
=(10a + %b (10022 + 15ab + sz
(c) 25p° +1.6g° =25p* + %cf
1
=—(125p° +8¢°
S(1250° +87’)
— %(51))3 + (2q)3) (substitute a by 5p and b by 2¢)

= %(51? +2q) (25p° +10pq +44°)
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EXERCISES

Factorize the following expressions

1. x¥*-1 4, x*+87

2. a®—b° 5. 6x°+48)°

3. 7200 - 1 6. Lgoiap
8 2

KEeyYy TERMS

° Algebraic expression . Monomial

. Algebraic Statements . Numerical Statement
° Binomial ° Perfect square

. Constant . Quadratic expressions
° Coefficient . Term

. Difference of two squares . Unlike terms

. Factorization . Variable

° Like terms

SUMMARY

° Mathematical expressions can be numerical or algebraic.

° If a mathematical expression involves only numbers and operations, then it is
called a numerical expression. Example: 8 =2+ 2 x 10 -3

° If a mathematical expression involves numbers, variables and operations,
then it is called an algebraic expression.
Example: 2x? + 3xy — 2
° The letter or symbol in an algebraic expression is called a variable.
° The number that the variable is being multiplied by is called the coefficient
° Any number not joined to a variable is called a constant.

° The parts of an algebraic expression that are separated by addition or
subtraction signs are called terms.

° Two or more terms that have EXACTLY the same variables are called like
terms.
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° Like terms can be added or subtracted by adding or subtracting their coefficients

° Algebraic expressions can be evaluated by substituting the values of the variables

° An algebraic expression of the form a(x + y) can be expanded or distributed

as ax + ay using the distributive laws.

. Factorization of an algebraic expression is just the reverse Factorize

operation of expanding an expression. ax +ay is factorized

by taking the common factor of the two terms as a(x + y). 34 ) D 5 -
Factorization is the reverse process of expansion of an
algebraic expression.

Expand

. An algebraic expression having only one term is called a
monomial.

° An algebraic expression having only two terms is called a binomial.

° An algebraic expression having tree terms is called a trinomial.

° Any two binomials can be multiplied as:

(x+y)a—b)=x(a—b)+ya-Db)

° The square of a binomial is a product obtained by multiplying the binomial
with itself.

For example, (x + ) (x + y) = (x + y)? = x* + 2xy +)?
(x=)) x=y)=(x—yy=x-2xy+y

. The square of a binomial gives a trinomial which is a perfect square

. The difference of two perfect squares like m* — n? is called difference of two
squares and is expanded as m> — n?> = (m —n) (m + n)

. Quadratic expressions of the form ax? + bx + ¢ can be factorized and written
as a product of two linear factors. To factorize quadratic expressions we
usually find two numbers whose sum is the coefficient of the middle term b
and product a X ¢ = ac.

EXERCISES

1.  Which terms are like terms in the expressions 3x (3 —2y) and 2(xy + x?)?
(a) 9xand 2x? (¢) 9xand 2xy
(b) —6xy and 2xy (d) —6xy and 2x?
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2.

10.

126

The coefficient of xy in 3x°zy + 7xy — 2z°x is

(a) 3z (b)y 2 () 7yz (d 7

The value of @* + a’b + ab*+ b* ata=1and b=-21is

(a) -5 (b) 5 (c) 1 (d 0

How many scarfs of half meter length can be made from a total of y meter
cloth? 1

(a) y+2 (b) 2y © y+3 @ 2

2
The length of a side of a square is given as 2x + 3. Which expression represents

the perimeter of the square?

(a) 2x+16 (b) 6x+9 (c) 8&+3 (d 8 +12
IfA=3x*-4x+1, B=5x>+3x—-8, C=4x*>-Tx + 3, then 4 + B— Cis equal
to

(a) 4¢+6x— 10 XY
(b) 4x*—6x-10 2(x +) 2x +)
(c) —4x*+6x-10
(d) 4%+ 6x+ 10 Sx -y
Which one is the perimeter of the rectangle with length 7x and width y
(a) 14x (¢) 14x+2y
(b) l4x—2y (d 6x+2y
Which one is equal to (56 + 1)* ?
(a) 25h*+5bh+1 (c) 25h*+10b+1
(b) 25h*-5b+1 (d) 25h*—10b+1
Which one is equal to x> — 4)°?
(@) (x—4y) (x+4y) () (2x—y)(2x+y)
(b) (x=2y) (x+2y) (d) (x—16y) (x+ 16y)
2

The simplified form of % for (x #-2 and x #-5) is:

x+2 x—2 X X
(a) . (b) ; © @& —
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Chapter Outcomes

Upon completion of this chapter, learners should be able to:

o explain the relationship between different number base systems;
o convert a given base ten system to other base and vice versa;

o add and subtract in bases five and eight;

o operate with different base systems;

[

solve simple equations on bases.
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Introduction

We know that the number system that we are using is composed of ten symbols.
These symbols are 0, 1, 2, 3,4, 5, 6, 7, 8, and 9. They are called the Hindu - Arabic
numerals because they were originated in India, adopted by Arabs and then took
their current form in Europe. Our number system is called the base ten system
because its counting system is based only on the ten symbols zero to nine.

Apart from our commonly used base ten number system; other base number systems,
different from ten, are also used for different purposes. In this unit therefore, you
will also be introduced to other base number systems like base two, base five, base
eight and base sixteen number systems.

4.1 THE BASE 10 SYSTEM

People are using different number systems
with different bases for different purposes. A
base, (sometimes also called a radix) in math, 1. What is the largest number that
is defined as the total count of digits used to you can write using the basic
express numbers in a number system. The whole numbers 0, 1, 2, 3, 4, 5,
most commonly and widely used bases are 6,7, 8, and 9 without repeating
binary (Base-2) number system which uses any O_fthese? )
two symbols 0 and 1, octal (Base-8) number 2. Lmsicler o Fiemmal EEIpST

. . 265. 314. Write the value of
system which uses eight symbols 0, 1, 2, 3, cach digit
4,5, 6,7, decimal (Base-10) number system ’
which uses ten symbols 0, 1, 2, 3, 4, 5, 6, 7,
8, 9, and hexadecimal (Base-16) number system which uses sixteen symbols 0, 1,
2,3,4,5,6,7,8,9,A,B,C, D, E, F). Apart from these, any numerical system can
assume any base greater than or equal to two, like base-3 which uses three symbols
0, 1 and 2), base-4 which uses four symbols 0, 1, 2 and 3), base-5 which uses five
symbols 0, 1, 2, 3, 4 and 5).

Our number system

The number system that we are using having ten symbols 0, 1, 2, 3, 4, 5, 6, 7,
8, and 9 is called the base ten system. It is called a base ten system because its
counting system is based on the ten symbols zero to nine. Our number system is also
called the decimal number system because any real number can be represented in a
decimal form. Why ancient people used the ten symbols 0 to 9 is not clearly known;
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but there is the assumption that people might have used these ten symbols as their
base of counting just because humans have ten fingers.

The number system that we are using is also called positional number system.
This is because the position of a symbol or digit determines the value of that symbol
carries in that given position. For example the position of the symbol 2 in the number
325,497, gives it a value 20,000 which is much greater than the value 90 of the
symbol 9 in that same number. That is why our number system is called a positional
number system because position matters and determines the value.

Consider the number 5,247,056. 931. When you put this number in a place value
table, it looks like the following:

Place Value table

Il

T

3 [ S
=} 22} = I Q
g ‘g [72] 177) — — S
%) = el =] ! —

= 2 s g 3 e, o

Q o = w = S o 8(‘\1 é)— 80 —_— — 72}
=S - O = v O Lo (=) (e) o < < =
— — = =5 — o — L = — S «n 5=

= = o <= s 1) = = =

g & |F 2 E 2 3

E = = = §

T =

@]

=i

=

5 2 4 7 0 5 6 ° 9 3 1

As seen on the table above, each digit has a unique place value. Using that place
value of each digit we can expand 5,247,056. 931 as

(5% 10% 4+ (2 % 10%) + (4 x 10*) + (7 x 10*) + (0 x 10%) + (5 x 10"+ (6 x 10°) + (9 x
10+ (3 x10%)+(1x1073)

Observe that the base is always 10. That means each place is a multiple of 10. That
is why our number system is also called a base 10 system. As you move from right
to left the exponents increase by 1 and as you move from left to right the exponents
decrease by 1.

Recall that any number to the power of zero is 1 (n° =1, n # 0), and any number to
the power of one is the number itself (n! = n).
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Therefore, the place values of each digit is indicated in the table given below

Given is the number 5,247,056. 931

Expanded form Value of each digit
The value of 5is 5 x 1,000,000 =5 x 10°¢ = 5,000,000
The value of 2 is 2 x 100,000 =2 x 10° = 200,000
The value of 4 is 4 x 10,000 =4 x 10* = 40,000
The value of 7is 7 x 1,000 =7 x 103 =7,000

The value of 0 is 0 x 100 =0 x 10? =0

The value of 5is 5 x 10 =5 x 10" =50

The value of 6is 6 x 1 =6 x 10° =6

The value of 9is 9 x =9 x 10! =0.9

The value of 3 is 3 x =3 x 107 =0.03

The value of 1is 1 x =1 x 1073 =0.001

Adding all the values gives the number

5,247,056. 931

Five million, two hundred forty seven thousand, fifty six, point nine three one

Hence, in the number 5,247,056. 931, there are
5 one millions,
2 hundred thousands,
4 ten thousand,

7 one thousands,
0 hundreds,
5 tens

6 ones 9 tenths, 3 hundredths and 1 thousandth

4.2 OTHER BASE SYSTEMS

Base 10 is only just one of the many systems used. People are using different base
number systems for different purposes. The following are among the widely used
number systems in the area of science and computer science.

Binary or Base-2 number system; It uses only two symbols 0 and 1
Quinary or Base-5 number system; It uses five symbols 0, 1, 2, 3 and 4
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Octal or Base-8 number system; It uses eight symbols 0, 1, 2, 3,4, 5, 6 and 7

Decimal or Base-10 number system; It uses ten symbols 0, 1, 2, 3,4, 5,6, 7,8 and 9

Hexadecimal or Base-16 number system; It uses sixteen symbols 0, 1, 2, 3, 4, 5, 6,
7,8,9,A,B,C,D,Eand F)

Converting from other bases to base ten and vice versa
A Binary (base-2) system

Binary is the most commonly used non-baselO system. It is used for coding in
computers. The binary or base-2 number system has only two symbols 0 and 1. It is only
by repeatedly writing these two symbols at different
positions that big numbers are created. The following

are numbers zero to nine in the binary counting system. 110k of a group of society or

an ethnic group of people living
LLECRlRo |12 13 4 5 6 7 8 |9 1y in an Island somewhere in the
PO 0 |1 [10] 11100 101110 111 {1000 10011010 | \orld, They know only number
We don’t read binary numbers like 10 as “ten” and ~ Symbols 0 and 1. They don’t
11 as “eleven” and 100 as “one hundred.” This haveb elmy addltlona}i numEer
is wrong because “Ten” and “cleven” and “one >Y™°° to represent the number
. . . 2 and other bigger numbers.
hundred” are names of numbers in the decimal
b ¢ d thev d ¢ Iv to bi W However, they managed to
number system, and they do not apply to bihary. we represent bigger numbers grater
should read binary 10 as one-zero, 11 as one-one,

or equal to two using only the
and 100 as one-zero-zero. number symbols 0 and 1.

Remember! (2) , = (10), Can you guess the way they
represented the number two,
three, four and five only using
Remember that the positions in the base ten system the symbols 0 and 1? How do
are powers of 10; but positions in the binary number ~You think is the number ten
system are powers of 2. Here is a table that shows represented by this group of
the values of each digit in a binary counting system: 0723 g wilyy O emid 11

Positions in the Binary Number System

Place value table ( Base 2)

26 25 24 23 22 2! 20
(64) (32) (16) (®) 4 () )]
1 1 1 1 0 1 1 \

The lowest place value (in any base system) is 1. Each place value is equal to the
previous place value times the base. In base 2, the place values from right to left are 1,
2,4, 8, 16, 32, 64 and so on. That means, in the binary number 1101111 for example,
there is 1 sixty four, 1 thirty two, 1 sixteen, 1 eight, 0 four( no four), 1 two and 1 one.
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Now let us try to assign the values of each digit for the binary number 1101111 as it
is indicated on the table above.

The binary number 1101111 is expanded using the values of each digit seen on the
table above as (1 x 26) + (1 x 25) + (1 x 29) + (1 x 23) + (0 x 2%) + (1 x 21 + (1 x 2%)
=64+32+16+8+0+2+1=123.

As can be seen above, each digit is multiplied by the power of 2 based on its
position (the position starts from right to left) and the products are added. Then the
first digit has a weight of 1 (2°), the second digit has a weight of 2 (2!), the third a
weight of 4 (22), the fourth a weight of 8 (2*) and so on.

Remember 123(One hundred twenty three) is the number in the decimal or base 10
system. That means 1101111 in binary or base 2 system is equal to 123 in base 10
system. We usually write this as (1101111), = (123),,

The base of any number is written beside the number as a subscript. For example,

(1011), is read as 1011 base 2
(324), is read as 324 base 5
(17), 1s read as 17 base 8

(324),,is read as 324 base 10 (in base ten system the subscript is omitted,
not usually written)

1. Converting binary numbers to base ten system
To convert any binary or base-2 number in to our base ten system, we use the
following steps:
Step 1: Expand by multiply each digit of the binary number by the corresponding
power of two:
Step 2: Solve the powers:

Step 3: Add up the numbers written above: So, the sum is the decimal equivalent
of the given binary number

ExampLE 1

Convert the following binary numbers in to decimal or base 10.

(a) (101101),

Solution

(101101), = (1 x 2°) + (0 x 2 + (1 x 2%) + (1 x2%) + (0 x 2") +(1 x 2%)
=32+0+8+4+0+1=(45),

Therefore, (101101), = (45),,
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(b) (101100101,
01101

[ 1=
0x2'=0
1x22=4

1x2°=8
0x2*=0
1x25=32
SUM—45

(c) (101100101),
Solution
(101100101),= (1 x 2%) + (0 x 27) + (1 x 26) (1 x 2%) + (0 x 2%) + (0 x 2%)
+(1x 22)+(0x 25 + (1 x2%
=256+0+64+32+0+0+4+0+1=(357),
Therefore, (101100101),= (357),,

In general, ifd d , ...d, d, d, isabinary number with n digits:

The decimal number is equal to the sum of all binary digits times their power of 2
That is,

Base 10 = (d x2"")+(d  x2"%)+ ...+ (d, x2%) + (d,x 2*) +(d, x 2") + (d, x 2°)

EXERCISES

Convert the following binary numbers in to decimal or base 10.
(a) (111001), (c) (11101111),
(b) (110010), (d) (11111111),

2. Converting base ten system to binary
To convert any decimal or base 10 number to base 2, we follow the following steps:

Step1: Divide the given number by 2 and write down the remainder, which must
be O or 1.

Step2: Divide the quotient by 2 and write down the remainder to the left of the
previous remainder

Step 3: Repeat this process until the result of the division is 0.
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ExAMPLE 2

Convert the following base 10 numbers to binary:

a) (19),, b) (172),,

Division Quotient remainder Division Quotient remainder
19+2 9 1 A 172 +2 86 0 A
9+2 4 1 86 +2 43 0
4+2 2 0 43 +2 21 1
2+2 1 0 21 +2 10 1
1+2 0 1 10+2 5 0

5+2 2 1
The result of the division has become 0. ) 1 0
So we stop here and write the remainders 1-2 0 1
starti'ng from the pottom fotop to get the The result of the division has become 0. So we stop
TEGUHIEE| BAEDS? D bEe 2. here and write the remainders starting from the
So (19),,= (10011), bottom to top to get the required number in base 2.
So (172),, = (10101100),

EXERCISES

Convert the following base 10 numbers to binary:

(@) (18), (c) (190),, (e) (651),
(b) (254), (d) (B4,

Quinary (base-5) system

Just like the binary (base 2) number system, the base 5 number system is another system
of counting which is different from our base 10 or decimal system. The base-5 number
system (which is also called quinary number system) uses only five symbols 0, 1, 2, 3, and
4. It is only by repeatedly writing these five symbols at different positions that big numbers
are created. The following are numbers zero to fifteen in the base 5 counting system.

BrYem 0 | 1|2 3|4 5 6 7 8 9 |10 | 11 | 12 | 13 | 14 | 15

Base 5 o1, 2 /34|10 11 12 | 13 | 14 20 | 21 | 22 | 23 | 24 | 30

AcTIvVITY 3

Suppose you are given number symbols 0, 1, 2, 3, and 4 only. To write the number five and
more other numbers you have to repeatedly use these five symbols at different positions
exactly the way base ten and base two systems have used. So, how do you write the numbers
five, six, seven, eight, nine, ten using only 0, 1, 2, 3, and 4?
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Remember that the positions in the base five system are powers of 5; Here is a table that
shows the base 5 number 1423 and the values of each digit in a base 5 counting system:

Place value table ( Base 5)

56 53 54 53 52 5! 50
(15625) (3125) (625) (125) 25) 5) (1)
1 4 2 3

The lowest place value (in any base system) is 1. Each place value is equal to the
previous place value times the base. In base 5, the place values from right to left are
1, 5, 25, 125, 625, 3125, 15625 and so on. That means the first digit of any base 5
number has a weight of 1 (5°), the second digit has a weight of 5 (5'), the third a weight
of 25 (5?), the fourth a weight of 125 (5°), the fifth a weight of 625 (5%) and so on.

Hence in the number (1423),, there are 3 ones, 2 fives, 4 twenty fives and 1 one
hundred twenty five. That means (1423), = (1 x 5%) + (4 x 5%) + (2 x 5") + (3 x 5Y)
=125+100+ 10 + 3 =238.

Therefore, (1423), = (238) ,

A. Converting base S numbers to base ten system

To convert any base 5 number in to our base ten system, we use the same method
that we have used in converting binary to decimal.

Step 1: Expand by multiply each digit of the base 5 number by the corresponding
power of five:

Step 2: Solve the powers:

Step 3: Add up the numbers written above: So, the sum is the decimal equivalent
of the given base 5 number
ExXAMPLE 3

Convert the following base 5 numbers to base 10 203 1

(a) (2031), (b) (124234), [
3x5'=15

Solution

(@) (2031),= (2 % 5%+ (0 x 52) + (3 x 5) + (1 x 5°) 0x5:= 0
=250 +0+ 15+ 1 = (266),, 2x5°=250
SUM—266

Therefore, (2031), = (266),,
(b) (124234),=(1 x5 )+ (2 x5+ (4 x5)+(2x5)+ (3 x5)+ (4 x5
=(1%x3125)+ (2 x625)+ (4 x125)+ (2 x25)+(3 x5+ x1)
=3125+ 1250+ 500 + 50 + 15 + 4 = (4944) ,
Therefore, (124234), = (4944),,
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EXERCISES

Convert the following base 5 numbers to base 10
(@) (44), (c) (2431), (e) (120342),
(b) (444), (d) (10243),

B. Converting base ten system to base 5
To convert any decimal or base 10 number to base 5, follow the following steps:

Step1: Divide the given number by 5 and write down the remainder, which must
be 0, 1, 2, 3 or 4.

Step2: Divide the quotient by 5 and write down the remainder to the left of the
previous remainder

Step 3: Repeat this process until the result of the division is 0.

ExaMPLE 4

Convert the following base 10 numbers to base 5:

() (266),, (b) (4944) ,
Division Quotient remainder Division Quotient remainder
266 + 5 53 1 A 4944 + 5 988 4
53+5 10 3 | 988 + 5 197 3
10+5 2 o | 197 +5 39 2
B=5 2 1 39+5 7 4
7+5 1 2
The result of the division has become 0. 123 0 1
So we stop here and write the remainders

The result of the division has become 0.
So we stop here and write the remainders
starting from the bottom to top to get the
required number in base 5.

So (4944),, = (124234),

starting from the bottom to top to get the
required number in base 5.

S0 (266),, = (2031),

EXERCISES

Convert the following base 10 numbers to base 5:
(@ (99),, (c) (26206),, (e) (12560),,
(b) (321), (d) (3748),,
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Octal (base-8) number system

The octal number system uses only number symbols from 0 to 7, that is, 0, 1, 2, 3,
4,5,6 and 7.

Any number greater than 7 is written by repeatedly writing these symbols in
different positions. The octal number system has many applications and importance
in computers and digital numbering systems. The following table shows numbers up
to 16 in an octal counting system

I S(M O | 1 (23| 4 5 6 7 8 9 |10 | 11 | 12 | 13 | 14 | 15 | 16
Base 8 0O/1/(2|3|4 |5 6 | 7 | 10|11 12 13 |14 | 15|16 | 17 | 20
The positions in an octal system are powers of 8. That means the first digit of any base 8

number has a weight of 1 (8°), the second digit has a weight of 8( 8'), the third a weight
of 64 ( 8%), the fourth a weight of 512 ( 8), the fifth a weight of 4096(8* ) and so on.

Place value table ( Base 8 )

8¢ 83 8* 8 82 8! 80
(262144) | (32768) | (4096) (512) (64) 8) (1)
1 3 7 5

As we can see in the table above, in the number (1375),, there are 5 ones, 7 eights,
3 sixty fours and 1 five hundred twelve. That means (1375), = (1 x 8%) + (3 x 8%) +
(7 x8)+(5x8)=512+192+56+5="765.

Therefore, (1375), = (765),,.

A. Converting base 8 numbers to base ten system

Converting any base 8 number in to our base ten system follows the same procedure
used in binary and base 5 systems. You just expand by multiplying each digit of the
base 8 number by the corresponding power of eight and add.

ExAMPLE 5

Convert the following base 8 or octal numbers to base 10

;a) (1456), (b) Q1365), | , s L
olution

6x8'= 6

(&) (1436), 5x8'= 40

=(1x8%)+ (4 x8)+(5x8)+(6x8 4x 8 =256

=512+256+40+6=(814),, 1x8 =512

Therefore, (1456), = (814),, SUM—814
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(b) (21365),
=2 x8)+(1x8)+(3x8)+(6x8)+(5x8"
=(2%x4096) + (1 x512) + (3 x 64) + (6 x 8) + (5 x 1)
=8192 + 512+ 192 +48 + 5= (8949),,
Therefore, (21365), = (8949),,

EXERCISES

Convert the following base 8 or octal numbers to base 10
(@) (67), (c) (347), (e) (10276),
(b) (456), (d) (2054),

B. Converting base ten system to base 8
To convert any decimal or base 10 number to base 8, follow the following steps:

Step1: Divide the given number by 8 and write down the remainder, which must
be0,1,2,3,4,5,6,0r7.

Step2: Divide the quotient by 8 and write down the remainder to the left of the
previous remainder.

Step 3: Repeat this process until the result of the division is 0.

EXAMPLE 6

Convert the following base 10 numbers to base 8:

(a) (814),, (b) (8949),,
Division Quotient remainder Division Quotient remainder
814 + 8 101 6 A 8949 + 8 1118 5 )
101 =8 12 5 1118 + 8 139 6
139 + 8 17 3
12+8 ! 4 17+38 2 1
1+8 0 1 2+38 0 2
The result of the division has become 0. The result of the division has become 0.
So we stop here and write the remainders So we stop here and write the remainders
starting from the bottom to top to get the starting from the bottom to top to get the
required number in base 8. required number in base 5.
So (814),, = (1456), So (8949),, = (21365),
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EXERCISES

Convert the following base 10 numbers to base 8:

(@ (85), (c) (1234), (e) (8000),,
(b) (141), d (2189),

4.3 CONVERTING FROM ONE NUMBER SYSTEM TO ANOTHER

Having a good knowledge of converting numbers from one base to another base is
very important in mathematics.

A given number in base x can be converted to any other base y using the following
steps:

Step 1: Convert the number from base x to base 10 using expansion
method.

Step 2: Convert the number from base 10 to base y using division method.

ExaMPLE 7

Convert the number (110101), to base 5 and 8.
Solution

To convert (110101), to base 5 and 8, convert it first to base 10

That is (110101),=) (1 x 2%) + (1 x 2%) + (0 x 2%) + (1 x 2%) + (0 x 2") + (1 x 2°)
=32+16+0+4+0+1=(53),

Now convert (53),, to base 5 and base 8 by dividing and collecting the remainders.

(i) To convert (53),, to base 5 divide it by 5 and collect the remainders each time

—=10+remainder 3

S Writing the remainders starting from the
10_ 2+ remainder 0 bottom to top we get the required number
5 in base 5.

2—0+ romainder2 So (110101), = (53),, = (203),

(if) To convert (53),, to base 8 divide it by 8 and collect the remainders

33 — 6+ remainder5 Writing the remainders starting from the
8 bottom to top we get the required number

S_ 0+ remainder 6 in base 8.

8 So (110101), = (53),, = (65),
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In general, to convert any base to another base use the following method

Use Expansion Method Use Division Method

Conversion of bases

EXERCISES

1. Express each of the following numbers as binary

(a) (34); (c) (1024),

(b) (2524), (d) (332210),
2. Express each of the following numbers to base 5

(@) (1111), (c) (1011101),

(b) (2524), (d) (332210),
3. Express each of the following numbers to octal (base 8)

(a) (1111), (c) (1011101),

(b) (2043), (d) (10324),

4.4 ADDITION AND SUBTRACTION IN BASES 5 AND 8

Addition in base five

When we add numbers in base 5, we use a similar method of adding numbers in base 10.
We add digits right-to-left one column at a time. If the sum is less than 5, we simply
record it as a digit of the sum and move to the next column. If the sum of a column is 5 or
greater, then in base 5, it is a two digit number of the form 1k. The k goes at the bottom
of the column and becomes a digit of the sum. The 1 gets carried to the next column to
the left. Continue this way until every column has been added.

Remember! (5) , = (10),

ExAMPLE §

(@) 3+2=5inDbase 10, but3 +2 =10 in base 5
(b) 3+3=61inDbase 10, but3 +3 =11 in base 5,

[(6),,=(+1),=10+1),=(11),]

141



- Mathematics — Grade 10 Textbook

(c) 3+4="7inDbase 10, but3 +2 =12 in base 5
[(7=(5+2),,=(10+2),=(12),]

(d) 4+4=28inbase 10, but4 +4 =13 in base 5
[(8),=(5+3),=(10+3),=(13),]

(e) 4+5=9inbase 10;[(9),=(5+4),=(10+4),=(14),]

() 5+5=10inbase 10; [ (10),,=(5+5),,=(10+10), = (20), |

() (15),,=(5+5+5),=(0+ 10+ 10), = (30),

(h) (23),,=(+5+5+5+3),=(10+10+10+ 10+ 3), = (43),

AcTIVITY 4

Add and complete the following base 5 addition table In base five addition table, if sum is 5
and more than 5, then add 5 to it and compare your answer with the one given to the right.
Example: 2 + 6 = 8, add 5 to it and make it 13.

+ 0 1 2 3 4 = 0 1 2 3 4
0 0 0 1 2 3 4
1 1 1 2 3 4 10
2 2 2 3 4 10 11
3 3 3 4 10 11 12
4 4 4 10 11 12 13
ExAMPLE 9
Add (303), +(222),
Therefore, (303), + (222), = (1030),
1
303
+222
1030

|—>3 +2 =10 (Write down 0 and carry 1 to the 5" place)
1 +0+2 =3 (Write down 3 in the 5" place)
3 4+ 2 =10 (Write down 0 under the third column and 1 under
the next fourth column)
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ExampLE 10

Add (3314), + (1332),

111
3314
+ 1332

10201

|—>4 +2 =11 (Write down 1 and carry 1 to the 2" column)
1+1+3=10(Write down 0 and carry 1 to the 3™ column)
1 +3+ 3 =12 (Write down 2 and carry 1 to the 4™ column)

1 +3+1=10 (Write down 0 under column four and write 1
under the 5" column)

Therefore, (3014), + (1332),= (10201),

EXERCISES

Add the following base 5 numbers

(@) (203),+(132),= —— d) (1342), +(2211), = ——
(b) (314), +(141). = —— (€) (1241),+(3014), = —
(C) (444),+ (444),= —— () (4321),+(1234),= ——

Addition in base 8

When we add numbers in base 8, we use a similar method of adding numbers in
base 10. We add digits right-to-left one column at a time. If the sum is less than &,
we simply record it as a digit of the sum and move to the next column. If the sum
of a column is 8 or greater, then in base 8§, it is a two digit number of the form 1k.
The k goes at the bottom of the column and becomes a digit of the sum. The 1 gets

carried to the next column to the left. Continue this way until every column has been
added.

Remember! (8) = (10),

ExampLE 11

(a) 3+5=28inbase 10, but3 +5=10 in base 8.

(b) 3+6=9in base 10, but3 + 6 =11 in base 8.
[(9),,=@+1),,=(10+1),=(11),]

(¢) 3+7=10inbase 10, but 3 +7 =12 in base 8.
[(10),,= (8 +2),,=(10+2),=(12),]
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(d) 4+7=111in base 10, but4 + 7 =13 in base 8.
[(1D),, =8 +3),,=(10+3),=(13), ]

(e) 5+7=12inbase 10, but 5+ 7 = 14 in base 8.
[(12),,= (@ +4),,=(10+4),=(14), ]

(f) 6+7=131inDbase 10, but 6 +7 =15 in base 8.
[(13),,= (8 +5),,=(10+5), = (15),]

(g) 7+7=141inbase 10, but 7+ 7 = 16 in base 8.
[(14),,= (8 +6),=(10+6), = (16), ]

(h) 8+ 7=151in base 10;
[(15),,= (@ +7),,=(10+7),=(17),]

(i) 8+ 8=161n base 10;
[(16),,= (8 +8),,= (10 + 10), = (20)]

(0 [(16),,=(8+8),,=(10+10), = (20),]

(k) [(25),,=@+8+8+1),=(10+10+10+ 1), = (31),]

ExamMPLE 12

Add (167), + (765),

111
167
+ 765

1154

t:7 + 5 = 14 (Write down 4 and carry 1 to the 2™ column)

1 +6+6=15(Write down 5 and carry 1 to the 3™ column)
1+ 1+7=11(Write down I and carry 1 to the 4" column)
1 +0+0=1 (Write 1 under the 5 column)

Therefore, (167), + (765),= (1154),

ExamPLE 13

Add (7675), + (6574),
1111
7675
+ 6574

16471

L >s5+4=11 (Write down 1 and carry | to column 2)
1 +7+7=17 (Write down 7 and carry 1 to the 3™ column)
1 +6+5=14 (Write down 4 and carry 1 to the 4" column)

1 +7+6=16(Write down 6 and carry 1 to the 5" column)
1 +0+0=1(Write down 1 under the 5" column)

Therefore, (7675), + (6574),= (16471),.
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EXERCISES

Add the following base 8 numbers

(a) (1554) + (7364), = — (d) (7273), + (4565),= ——
(b) (7512), + (4544) = — (€) (5141),+(7651),= ——
© (7722),+ (7672),= —— (D (3043), +(5632),= ——

Subtraction in base 5

Subtraction in base five is similar to subtraction in base 10. Remember; in base
10 system we borrow 1 ten from the tens place, 1 one hundred (10 tens) from the
hundreds place or 1 one thousand (10 hundreds) from the thousands place. However
in base 5, we borrow 1 five from the fives place (column 2 from right to left) or 1
twenty five (5 fives) from the twenty fives place (column 3 from right to left) or 1
one hundred twenty five (5 twenty fives) from column 4
Let us try to subtract the following base 5 numbers:
ExampLE 14

(234),-(120),=__

Solution

234 This subtraction doesn’t need borrowing from other place values. So
—120  subtract it just as you did it in base 10 system.

114 Therefore, (234), — (120), = (114),

ExampLE 15
(231), - (114),=

Solution
231 2 éj_ Since 1 is smaller than 4, this subtraction needs borrowing. We have to
114 o borrow 1five from the 3 fives in the fives place. When we borrow 1 five,

the ones place will be 6 ones. Now rewrite it as follows and subtract.

112
—Z  Therefore, (231), - (114), = (112),

ExaMPLE 16
(2213), - (1342), =

Solution
2213 The ones place doesn’t need borrowing; so subtract 2 from 3. Column
—1342 2 (the fives place) needs borrowing. So borrow 1 twenty five (5 fives)
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from column 3; this will make column two 6 fives and column three will be reduced
to 1 (1 twenty five).

> lj( }3 ljl 2}3 To subtract numbers under column three, borrow lone hundred
twenty five (3 twenty fives); this will make column three 4 twenty

—1342 —1342 fives and column four will be reduced to 1.
21 0121
== == [Therefore, (2213), - (1342), = (121),]
EXERCISES

Find the difference of the following base 5 numbers

(@ (203),—(132),= (d) (4314),—(1402),=
(b) (314),—(14l),=__ (e) (3102),—(1103),=
(c) “0l),—(144),= () (4321),—(1234),=

Subtraction in base 8

Subtraction in base 8 is the same as subtraction in base 10 or base 5. The only difference
here is that we borrow groups of 8. That means, we borrow 1 eight from the eighth
place (column 2 from right to left) or 1 sixty four (8 eights) from the sixty fourth place
(column 3 from right to left) or 1 five hundred twelve (8 sixty fours) from column 4.

ExampLE 17
(357),— (126), =
Solution
357 This subtraction doesn’t need borrowing. Subtract as usual.

—126 So(357),—(126), = (131),

—_
—_

ExAamPLE 18
(456), — (173), =
Solution
313 This subtraction needs borrowing only in column two. Borrow 1 sixty

AB6 four (8 eights) from column three; this makes number 5 of column two
—173 13 eights and column three will be reduced to 3.

263 S0 (345), - (146), = (177),
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ExampPLE 19

(4102), - (2643), =
Solution
4102  Borrow from column four (from right to left) 1 five hundred twelves (8 sixty
fi .
_op43  lours) _ _
—  [8 sixty fours = 7 sixty fours + 7 eights + 8 ones]
38 7 10 Now, give 7 sixty fours to column three, 7 eights to column two and 8 ones to
argz column one. Column four will be reduced to 3.
—2643 S0 (4102), - (2643), = (1237),
1237

EXERCISES

Find the difference of the following base 8 numbers
(@) (367),—(154),=
(b) (374),—(165),=
(c) (500), —(247),=
(d) (5353),— (4074), =
(e) (7145),—(1361),=
(H (4715, -(1237),=

4.5 MULTIPLICATION WITH BASES 5 AND 8

Multiplication with Base 5

To multiply numbers in base 5, just multiply them in base 10 and convert to base 5.

ExampLE 20
Find the following product
(a) 2x3=6i1nbase 10, but (2), x (3), = (11),
(b) 2 x4 =28 inbase 10, but (2), x (4),= (13),
(¢) 3x3=9inbase 10, but (3), x (3), = (14),
(d) 3 x4=12inbase 10, but (3), x (4), = (22),
(e) 4x4=16inbase 10, but (4), x (4), = (31),
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ACTIVITY 5

Complete the following bases multiplication table and compare your answer the table
given below.

Now we can complete the base 5 multiplication table as follows

ExampLE 21

Find the product of the following base five numbers

(@) B2),x(3),=____

Solution
é ) 3 x 2 =11 (write 1 in one place and carry 1 five to the 2™ column
3 x 3+ 1 =20 (write 0 in the fives place under column two and write 2 under
X3 the 39 column
201

== Therefore, (32), x (3),=(201),
(b) 343);x(24),=____
Solution

% 23 Multiply 343 by 4 and then by 2. Always convert products which are 5 and
above to base 5. Note that:

x24
3032 * (4),*(3);=(22),
® 4x4+2=(18), =(33),
1241

T e 4x3+3=(15), =(30),
20442 Therefore, (343), x (24), = (20442)..
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() (441),x(323),=__

Solution

Note the following

* (3), x(4);=(22),

® 3x4+2=(14),=(24),

* (2), x(4),=(13),

Therefore, (441), x (323), = (320043)..

EXERCISES

441
%323
2423
1432
2423

320043

Find the product of the following base five numbers

(@) (203)5x(2);=

(b)  (401)5x (3);=

(©)  (Bl4);x(4);=

(d)  (24); < (41);=

(€)  (40);x(23);=

® (A0 >x(A4)=__
(g) (123);x(32);=

(h)  (304), % (123), =

(i) (4104), x (134), =

Multiplication with Base 8

To multiply numbers in base 8, just multiply them in base 10 and convert to base 8

ExAmMPLE 22

Find the following product

(a) 4x2=8inbase 10 but (4), x (2), = (10),
(b) 3x3=9inbase 10 but (3), x (3), = (11),
(c) 3x4=12inbase 10 but (3), x (4), = (14),
(d) 2x7=14inbase 10 but (2), x (7), = (16),
(e) 3x5=151nbase 10 but (3), x (5), = (17),
(f) 4x4=16inbase 10 but (4), x (4), = (20),

(g) 7% 7=49 inbase 10 but (7), % (7),=(61), [49=6x8+1=6x10+1=61]
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Complete the following bases 8 multiplication table and compare your answer the one
given below.

N SN N A W= o X

Now we can complete the base 8 multiplication table as follows

X 0 p)

0 0 0 0 0 0 0 0 0
| 0 1 2 3 4 5 6 7
2 0 2 4 6 10 12 14 16
3 0 3 6 11 14 17 22 25
4 0 4 10 14 20 24 30 34
5 0 5 12 17 24 31 36 43
6 0 6 14 22 30 36 44 52
7 0 7 16 25 34 43 52 61

ExAMPLE 23

Find the following product of the following base 8§ numbers
(466), x (2), =

Solution
11 Multiply 466 by 2
452 2x6=(12),,=(14), Write 4 and carry 1
E 2x6+1=(13),,=(15),. Write 5 and carry 1

2x4+1=(9),,= (11),. Write 1 under column3 and another 1 under column 4
Therefore, (466), * (2), = (1154),.
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ExampLE 24
(3636), x (741), =
Solution
%é1336 4 x6=(24),,= (30),. Write 0 and carry 3
s 4 x3+3=(15),,=(17),. Write 7 and carry 1
. 4x6+21=(25),,=(31),. Write 1 and carry 3

3636 4x3+3=(15),=(17),
17170 7% 6=(42),,= (52),. Write 2 and carry 5
32522

7x3=(21),,= (25),
3447736 Therefore, (3636), x (741), = (3447736),.

EXERCISES

Find the product of the following base eight numbers

@) (657)y*x(S)y=___ () (323)yx(53),=
(b) (716)yx(3)y=___ (g) (666) x (45), =
() (504), % (4),=__ (h) (647), % (201), =
d (5, x(16),=__ (i) (3250), x (142), =

() (47), % (23),=

4.6 OPERATION WITH OTHER BASES

Dear student! So far we have seen four different number systems. These are our common
decimal or base 10 system, base 2 or binary system, base 5 or quinary system and base
8 or octal system. However, this doesn’t mean that these are the only base systems that
exist. In principle, you can have any number system having any integer base which is
greater or equal to two. That means we can count numbers in base 2, 3,4, 5,6, 7, 8, 9,
10, 11, etc. What is common to any base n number system is that, the number symbols
that base system uses begin by 0 and end by n — 1. Study the following table

Number Number symbols it Counting in that base

base uses
Base3 |0,1,2 0,1,2,10,11, 12,20, 21 22,100, 101
Base4 |0,1,2,3 0,1,2,3,10, 11, 12, 13, 20, 21, 22
Base6 |0,1,2,3,4,5 0,1,2,3,4,5,10, 11, 12, 13,14, 15, 20
Base7 |0,1,2,3,4,5,6 0,1,2,3,4,5,6,10, 11, 12, 13,14,15, 16, 20
Base9 0,1,2,3,4,5,6,7,8 |0,1,2,3,4,5,6,7,8,10, 11,12, 13,14,15, 16, 17, 18, 20
BaselO0 |0,1,2,3,4,5,6,7,8,9/0,1,2,3,4,5,6,7,8,9,10, 11, 12, 13,14,15, 16, 17, 18, 19, 20
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Addition and subtraction with different bases

When we add or subtract numbers in any base n, we use a similar method of adding
or subtracting numbers in base 10. We add or subtract digits right-to-left one column
at a time. If the sum is less than n, we simply record it as a digit of the sum and move
to the next column. If the sum of a column is n or greater, then in base n, it is a two
digit number of the form 1k. The k goes at the bottom of the column and becomes a
digit of the sum. The 1 gets carried to the next column to the left. Continue this way
until every column has been added.

Similarly during subtraction, in base n, we borrow one n from the n™ place (column
2 from right to left) or one »?, from n? place (column 3 from right to left) or one »*
from column 4 etc.

ExaAMPLE 25

Find the sum and difference of the following numbers in the given base

(a) (21)3+(12)3 (b) (321),+(203),
Solution Solution
351 1+2=(3),,=(10), él 1+3=4),=(0),
1+2+1=(@4), =(11 1+2+0=3),. =@
203 4),,= (11), 112 s (_)(1;1)( )
1130 110 10 4

Therefore, (21), + (12), = (110),

Therefore, (321), +(203),= (1130),

(©) (153),+(216),

Solution

11
153

+216

402

3+6=(9),,=(12),
1+5+1=(7),=(10),
I+1+2=(5,=011),

Therefore, (321), + (203), = (1130),

(d) (121),-(22),
Solution

)

152

| \N\\A
s 2

This subtraction needs borrowing. Borrow 1 three (3 ones) from column two;
this makes number 1 of column one 4 and column two will be reduced to 1.
To subtract numbers from column 2, borrow 1 nine (3 threes) from column 3

So (121), - (22), = (22),
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EXERCISES

Find the sum and difference of the following numbers in the given base
(@) (2020), + (1111), (d) (201),—(122),
(b) (3333), +(2222), (e) (203),—(130),
(c) (4056), +(4302), () (605), —(336),

4.7 SIMPLE BASE EQUATIONS
In this sub topic, you will be introduced to the techniques of solving some basic
equations involving different bases.

AcCTIVITY 7

If 4 + 6 = 20, what is the base of this counting system?

ExAMPLE 26

If 6 + 7 =15, what is the base?
Solution
Let the base be x
(6),+(7),= (15),
(6 % x%) + (7 x x°) = (1 x x") + (5 x x) [ Changing all to base 10 ]
6+7=5+x
13=5+x
8=x so the base is octal or 8.

ExampLE 27

If (24)_ +(25)_= (52),, then find the base x.

Solution

Change them all to base 10 as follows:
(24). +(25). = (52).
CxxN+@xx)+@2xx)+(Exx") =6 xx)+ (2 xx%
2x+4+2x+5=5x+2
4x+9=5x+2
4x—-5x=2-9
—x=—7

x=17.
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ExampLE 28
If (4321), + (1234), + (x), = (12341),, find x.
Solution
(4321), + (1234), + (x), = (12341),
(5555),+ (x), = (12341), [ Note: (4321), + (1234), = (5555), ]
(x), = (12341),— (5555), [ Note: (12341),—(5555), = (3453), ]
(x),= (3453),
x =3453.

ExamPLE 29
If (231), - (143), = (44),. Find the base n.
Solution
Change them all to base 10
(231), - (143), = (44),
2xn)+@Bxn)+ (1 xn)—(1 xn?)+ @ xn")+ B xn’)=4xn")+ 4 xn’
2 +3n+t1-(n+4n+3)=4n+4
2 —n’+3n—-4n+1-3=4n+4
n—n-2=4n+4
n*-5n-6=0
(n—-6)(nt+1)=0
n=06orn=-1 [But number base is not negative]
Therefore n = 6.

EXERCISES

1. Find the base y if (ll)y =6
If (32k), = 56. Find k
If (103) = 67, find x
If (211)_ = (320),. Find x
If (123) = (102),, find x

. Base . Decimal . Quinary
° Binary ° Octal ° Radix

If (35), + (43), = (61),,
If (133)x = (57),, find x.
If (123),— (83),, =y, find y.

If (543) = (244) +(255) . Find n.

find x.

Al
o N
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SUMMARY

. Starting from ancient times people were counting with different base systems.
Our number system that uses number symbols 0 to 9 is called the decimal or
base 10 system. There are also other systems which use different bases for
counting. The most common ones are base 2(binary), base 8(octal) and base
10 (decimal) systems. They are broadly used in computer science to represent
data in a computer system.

° We can always convert numbers from one base to another either by expansion
or by division method. For example

° To convert any base n to base 10, we expand by multiply each digit of the
base n number by the corresponding power of # and find the sum.

. To convert a base 10 number to any base n, divide the given number by n and
write down the remainder. Continue dividing the quotient by » until the result
of the division is 0 and collect all remainders from bottom to top.

. To convert any base x to base y, first convert the base x number to base 10 by
expansion method and then change the base 10 number to base y by division
method

. We can also add, subtract or multiply numbers of different bases paying

attention to the counting rules of that particular base system.

EXERCISES

1.

Base of a number system is the total number of digits used in that number
system.

(@) True (b) False

Number system with base ‘n’ has its digits in the range between 0 and n — 1
[0 and 7 — 1 included]

(a) True (b) False

To convert a binary number to a decimal number, we multiply every digit in
the binary number by a power of —

(a) 2 ()

(b 3 (d)
Which number is not an octal number?

(@ 5 (©)

(b) 6 (d 8
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5. When the binary number (11001011), is converted to decimal (base 10), it is

equal to
(a) 302 (¢) 320
(b) 203 (d) 230
6. When (1000)10 is converted to base 7, itis equalto
(a) 1616 (c) 3626
(b) 2626 (d) 4646
7. What is the sum of 7 + 7 in a base 8 system?
(a) 16 (c) 14
(b) 15 (d 13
8. (32),+(43),=___
(@) (75), (c) (130);
(b)  (80); (d) (125),
9. (456),-(173),=__
(@) (33), (c) (263),
(b) (133), (d) (333),
10. (45),%(63),=_____
(a) (2421), (c) (1221),
(b) (4221), (d) (4121),
11. If(103)x =67, find x
(a) 6 (c) 8
(b) 7 (d 9
12, If (123) = (102), find x
(@) 6 (c)
(b) 5 (d 3
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Chapter Outcomes

Upon completion of this chapter, you will be able to:

draw and measure angles;

explain angle properties of parallel lines;

draw and name Triangles;

describe angle properties of triangles;

define and apply the Pythagoras theorem;

discuss the properties of polygons;

describe quadrilaterals like trapezium, Parallelograms, Rectangles, Squares,
Rhombuses and calculate their angles.
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Introduction

Geometry is a branch of mathematics that deals with the measurement, properties,
and relationships of points, lines, angles, plane and solid figures. The part of geometry
that studies about points, lines, angles, flat(plane) surfaces & their properties is called
plane geometry. The other part which studies rigid three-dimensional objects and
their properties is called solid geometry.

In this unit, you will be introduced with the basic concepts of plane geometry like
angles, parallel lines, triangles, polygons, quadrilaterals and their properties and
measurement.

5.1 MEASURING AND DRAWING ANGLE
Measuring an angle

DEFINITION

An angle is the union of two rays or line segments with a common endpoint

N
o

Vertex Ly 2

Angle

The common end point for the two rays is called the vertex of the angle.

Naming an angle

The angle formed by the union of two rays OA and
OB is named as angle AOB or angle BOA

Angle AOB is symbolically represented as any one
of the following: ZAOB or ZBOA or A0B or BOA

Note that always the middle letter is the vertex of the
angle.

)
Y

Sometimes, an angle is named simply by stating only the letter of the vertex, as ZO
or 0. [We use this method if the naming doesn’t confuse with other adjacent angles]
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Measurement of Angles

To measure an angle means to measure the size of the space or opening created
between the two rays. This is measured using a special tool called a protractor.

o Angles are measured using a unit called degree.
. A degree 1s denoted by the symbol “0” just like in 90°, 180° or 360°.
° A protractor is one of the most important geometric tools as it helps in

measuring angles in degrees.
When we look at a protractor, we can see measurements from 0 to 180 from left to
right at the outer edge and 0 to 180
from right to left on the inner edge.
The measurements in both the edges
add up to 180°. For example the
protractor on the right reads mZSTV
=50°and mZDTV=130° [Note that
50°+ 130°=180°]

The steps to measure an angle are:

Step 1: Place the center of the
protractor on the vertex of the angle.

7
D50 s
) ‘10 10 7} 20 2

IIH[IIII////////////////
)
2 o

Step 2: we rotate the protractor so that the 0° mark lines up with one side of the
angle.

Step 3: The angle is equal to the number of degrees crossed by the other side on the
protractor.

ExAMPLE 1

Measure £ AOB using a protractor

Y

160



Plane Geometry -

Place the center of the protractor on the vertex O i
. : W,
and align the protractor with the ray OB as shown NN\ 80 90 7, 7 //////;//
on the right N\ SR
gnt. /\\\\\ V) 2 o ///é
SN 2
/§\ s e

091

0T

0| ol

The number on the protractor that coincides with the second ray is the measure of the

P -
’/\\\\\\\\\\ ! \8\0 ‘90/ / / ///7////// 7

angle.
Do we start reading from the inner 0° on the <«
i o /\\(\\\\ 60 10 100 90 5 22 Wy
right or from the outer 0° on the left? A ot e /?//}
A \ s’
We al i s (i 08 e A AN et
¢ always start reading from the mar A e 22
/ 25 _Z
= 22 2
T2,

01 0L1

0

where the first ray (OB) coincides. Since the
second ray reads at 60°, m£40OB = 60°

mZAOB read as measure of the angle AOB, refers to the real number r that

corresponds to the measure of angle 4OB.

EXAMPLE 2
Measure £4OC using a protractor

'A
) ,x—f\'\’\\mHW]I/'//'/'/'///' i
> o i,
/\\\\\\ 60 010090 50 /////\
@\ ‘%\\ 20 @\i’@/f///\//\x
Place the center of the protractor on the vertex O §n§ 8 &
§\Q N |
= 78

and align the protractor with the ray OC as shown =

on the right.
The number on the protractor that coincides with ©

the second ray is the measure of the angle.
Remember! We start reading from the outer 00 on
the left because OC coincides to it. The second ray
reads 1200, therefore, mZ£A0OC = 120°

P —
\\\\\\ g\\??\\ \710 100 90 89 70//0 0
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Find the measures of the following angles using a protractor

EXERCISES
1.
A D r G
( C 7
B )
A. B. C. D.
2. Write the measures of the angles shown on the protractor given below
(a) ms AON = E
(b) mZ DON = \\\\\\\\\\\\\\\\\\\\\\\\\m llll/l///////
AN
(c) ms EON= / @&\ o I 045 oo
(d) msLEOM= N ¢
- > X N Q
(e) mL FOM= S X
H mzcomM=____ =% \
—  Fr—= =0 == N

(g) mLBOM=

Drawing angles
A protractor is used not only for measuring but also for constructing or drawing
angles. The following examples illustrate how you can draw an angle if the measure

of the angle is given.

ExXAMPLE 3
Draw an angle of 40° using a protractor
-
e Wy,
N 0\80 ‘90 Zgo z /////// Wy,
%%, 7,

60 100 90 8
pay 110

Solution
Steps:
® Draw a baseline 4B.
® Mark the point O and place the center of )
the protractor at O. J § =
D \E\ = 0 Qi =

e Align the baseline of the protractor with
<

the line OB.
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® [In the inner readings, look for 40° and mark it as point C.
® Now using a ruler, join O and C.
® m/ZCOB =40°

Remember, if you take ray OA4 as your base line and align the protractor with it, you start
reading from the outer 0° on the left and mark D at 40°. Joining O and D, you will have
mZDOA = 40°.

ExAMPLE 4
Draw an angle of 100° using a protractor
Solution
® Draw a baseline MN.

® Mark the point O and place the center
of the protractor at O.

e Align the baseline of the protractor
with the line OM.

® In the OUTER readings, look for
100° and mark it as point C.

® Now using a ruler, join O and C. i
* m/ZMOC =100°

Remember! If you align the baseline of the protractor with the line ON instead of OM,
you have to start reading from the INNER 0° on the right side. In this case the angle will
be m£ZNOD = 100°.

EXERCISES

Draw the angles with the measures given below using a protractor
(a) 45° (b) 90° (c) 135° (d) 180°

Types of angles

When you draw and measure angles, you may have come across with angles having
different sizes and measurements. Some angles have a measure which is exactly
equal to 90°, some may have a measure which is greater than 90° and still some
others may have a measure less than 90°.

Angles may be named or classified according to their measures in degrees.
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DEFINITION

An angle whose measure is 90°is called a right angle

19) B
A A [ ]
90() A
— 70

O

m £ AOB =90°
Right angle = 90°

DEFINITION

An angle whose measure is less than 90° is called an acute angle

% 7y

An angle whose measure is greater than 90° but less than 180° is called an obtuse angle.

112°
168°
[/ B

All the above angles are obtuse because their measures are greater than 90° but less than
180° 90° < obtuse angle < 180°

620

Acute angle < 90°

DEFINITION
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DEFINITION

A straight angle is an angle whose measure is exactly equal to 180°.

180°

180 ¢ 180°

180°

A straight line measures 180°

DEFINITION

A reflex angle is an angle whose measure is greater than 180° but less than 360°

248°

2449

255°

266"

180° < reflex angle < 360°

DEFINITION

Full rotation: A complete circle or one full rotation measures 360°
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90° :9% A

90°190° -

(19

360°

A Circle measures 360°
A half circle which is a straight line measures 180°

Quarter of a circle measures 90, it is a right angle

EXERCISES

1. Name the following angles as right, acute, obtuse, straight, and reflex just by
looking at them without using a protractor.

Answers:
© _— f—
&y
() A 5
(h) c D E
(1) j
@) \ ¢
(k) \ H

(M

2. The name of the angle formed by the chair shown below is

(a) Acute angle
(b) Right angle
(c) Obtuse angle
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3. Name the following angles as right, acute, obtuse, straight, and reflex

>

E.

5.2 CALCULATING ANGLES

AcTIvITY 1

Find the measures of the missing angles indicated by letters a, b, ¢ and d?

b
154 @
d

5N ¢ 400

A. B. (e D.

In order to calculate the missing angles, you need to remember the basic facts that
1. A right angle measures 90°
2. Angle of a straight line measures 180°
3. Accircle or full rotation measures 360°

EXAMPLE 5

Find the measures of the missing angles in the following figures?

(a) m / 40°
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Solution

m + 40° = 180° [Angle of a straight line measures 180°]
m + 40° —40° = 180° — 40°
m = 140°

(®) iinld

Solution

x +50°+ 30°= 180° [Angle of a straight line measures 180°]

x +80°=180°
x=100°
y+90°=180° [Angle of a straight line measures 180°]
y=90°
50
(c) X
90°[105°
Solution

x+20°+ 105°+90° = 360° [A circle measures 360°]
x+215%°=360°
x =145

EXERCISES

Find the measures of the missing angles in the following figures?

23° a 65° A

A. B. C.
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9()°

37() 50( 1350

‘_ Qz
. —

\85. 90
X130 82530

X. Y.

5.3 ANGLE PROPERTIES OF PARALLEL LINES

Complementary, supplementary and vertically opposite angles

DEFINITION

Complementary angles

If the sum of the measure of two angles is 90°, then the two angles are called
complementary, and each of them is called a complement of the other.

If mZAOB = 90°, then LZA40D & ZBOD /A
are complementary angles

Example:

A 20° angle and a 70° angle are complementary.

Similarly a 30° and a 60° angle are complementary.

DEFINITION

Supplementary angles

If the sum of the measures of two angles is equal to 180° (two right angles) then the
angles are called supplementary, and each of them is called a supplement of the other.



- Mathematics — Grade 10 Textbook

Since mZAOD + m/ZBOD =180°, the angles
AOD and BOD are called supplementary angles

Example:

A 30° and 150°angles are supplementary. Similarity :A 0 ;

a 60° and 120° angle are also supplementary.
DEFINITION

Congruent angles

Two angles that have the same degree measures are y 0 D

0 >
called congruent 40 Z
ZAOD = £ZDOC
“ =7 is the symbol for congruence B o
o

DEFINITION

Vertically opposite angles

Two angles are vertically opposite if their
sides form two pairs of opposite rays.

ZAOB and £ZDOC are vertically opposite
ZAOD and ZBOC are vertically opposite

EXAMPLE 6
Prove the following theorem
Theorem 1: If two lines intersect, the vertically opposite angles are congruent.

Solution

In the figure below; £40B and ZCOD are vertically opposite
/ZBOC and ZDOA are vertically opposite
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We want to show that LZAOB = ~COD and #BOC = «DOA

Proof:

Statement Reason

1. ZAOB is supplementary to ZBOC 1. Since their Sum = 180",
2. ZCOD is supplementary to Z/BOC 2. Since their Sum = 180"
3. ZAOB = £COD 3. Transitivity of congruence of angles

Similarly it can be proved that andistepsHiandio:

ZBOC = £ZD0OA4

EXERCISES
1. Which of the following pairs of angles are complementary?
(a) 70°,20° (b) 20°, 160° (c) 50°,130°
2. Which of the following pairs of angles are supplementary?
(a) 105°,75° (c) 10°,170°
(b) 125°, 55° (d) Al
3. The complement of 45° is
(a) 55° (b) 135° (c) 45° (d) 145°
4. The supplement of 179° is
(a) 79° () 19°
(b) 17° (d 1°
5. Find the measure of the missing angles and give your reason

z= Reason:
X = Reason:

y= Reason:
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Angles and parallel lines

ACTIVITY 2

What kinds of lines are called parallel lines?
What are perpendicular lines?

DEFINITION

Two straight lines ¢ and m on the same plane are said to be parallel, written ¢ L m, if
they do not intersect.

A
i

Y

~

A
\

Y
=

DEFINITION

Two intersecting lines / and m are said to be perpendicular, written ¢ | m, if the two
lines form 90°.

Al
e
J
[ 1Lm
- [ S el f
m
Y

DEFINITION

A transversal is a line that intersects or cuts two other lines in two different points.
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Y
~

A

[
7

Figure (1) Figure (2) Figure (3)

A

. Line / in fig(1) and fig (2) is a transversal line

° But 7 in fig (3) is not a transversal line, since it doesn’t cut the two lines at
two different points

When two parallel lines are cut by a transversal, the following angles are formed.

a Z ®  Alternate interior angles: ¢ and x;
< T, 7 > dand w
" A ° Corresponding angles: a and w;

> b and x; cand y; d and z

Properties of angles and parallel lines

Property 1: If two parallel lines are cut by a transversal, then the alternate interior
angles formed are congruent.

/ . /

o ¥
B - d
a and B are alternate interior angles 0 and vy are alternate interior angles
a=p d=y
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Property 2: If two parallel lines are cut by a transversal, then the corresponding
angles formed are congruent.

N /

0, and 6, are corresponding angles; 6, =0, o, and a, are corresponding angles; o, = v,
B, and 3, are corresponding angles; 3, and 3, +, and vy, are corresponding angles; v,= v,
EXAMPLE 7

If lines m and n are parallel and a = 65°, then find the remaining angles. Give reasons for
each of your answer.

a
Solution dA

If a = 65°, then b = 115° [since a + b = 180°] /b
If b =115 then ¢ = 65° [since ¢ + b = 180°]
If b= 115° then d = 115° [because b and d are
vertically opposite angles 180°] h/e
If ¢ = 65° then e = 65° [since ¢ and e are yf
alternate interior angles|
If b= 115° then & = 115° [since b and h are alternate interior angles]
If b= 115° then f= 115° [since b and f are corresponding angles]
If ¢ = 65°, then g = 65° [since ¢ & g are corresponding angles]
ExXAMPLE 8
Find the measures of the following angles:
1. msZPOR=—— l;\(%c +12)° . ‘
2. mALAOD=——— : o
3. mLAOB=—— 0
Solution Y (.3f()))o€3 £

1. As indicated in the figure / and /, are
parallel lines cut by a transversal
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SANE-C

0= (3x)° [corresponding angles]

0+ (9x + 12)° = 180° [Angle of a straight line]

(3x)" + (9x + 12)° = 180° [From the above two steps]
3x+9x=180-12

12x =168

x=14

If x = 14, then (9x + 12)° = (9 x 14 + 12)° = 138°. So, mZPOR = 138"
Similarly, (3x)° = (3 x 14)° =42° So, m£AOD = 42°
S=(9x + 12)° [ Vertically opposite angles]

S =(4y — 10)° [corresponding angles]

(9x + 12)° = (4y — 10)° [From the above two steps]
138° = (4y — 10)° [since (9x + 12)° = 138°]
Therefore, (4y — 10)° =m£LAOB = 138°

EXERCISES

1.

In the figure shown below 7, //62 and /, //64 and 0, = 102°.
Then find
£, ‘ SV
(i) 7,
(i) B,
(iv) 7
A2 5[5, (v) 6,
N (O

l
In the figure shown below ¢ //(, and (.//1,. 4
[fa=0Bx+15)° p=@x-5) 6=(5»)", oc/
then find the values of x and »?
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3. In the figure below, if BC // AD and ( is D B
a line, mZB =50 and mZ£C =70, then 509
» a=___
i) p=__ @ o
A C

DEFINITION

A triangle is a simple closed curve composed of three line segments that are joined end
to end.

A triangle is the union of three non- collinear points in a plane and the three segments
connecting them

A

B C
The points A4, B and C are called the vertices (singular vertex) of the triangle.
The segments 4B , BC and AC are called sides of the triangle.

A triangle is named by stating the three vertices. The above figure shows triangle ABC,
written AABC.

The three angles, i.e, ZABC, Z/BCA and ZBAC are called interior angles of AABC.

Exterior angle: When a side of a triangle is produced or extended, the angle so
formed with the adjacent side is called an exterior angle. Side BC is produced to D.
AC is adjacent to BC. ZACD is called an exterior angle.

A

Exterior angle

B C D

When you extend or produce each side in two directions, you will get six exterior
angles. Can you name them?

Types of triangles

Triangles are classified depending on
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(1) the length of their sides
(i) the size of their angles
A. Classification of triangles according to the length of their sides.

By studying the lengths of the three sides of a triangle, we can group triangles in to
the following three classifications:

Equilateral A triangle which has three AB = AC = BC
triangle equal sides

A triangle which has two AB =AC

Isosceles triangle equal sides

A triangle which has all three
. sides different in length (un AB #AC # BC
Scalene triangle equal)

Ae i /-C

B. Classification of triangles according to the size of their angles.
Triangles can also be classified by considering the measures of the three interior
angles.

A
mZc=90°
A triangle having one of its three
Right triangle angles a right angle (measures
90°
) . z
The side 4B opposite the right angle is
called the hypotenuse and Sides 4B &
BC are called legs of the right triangle
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A
mZA <90°
. A triangle having all of its three mZB < 90°
Acute triangle angles a measure of less than 90° m2C < 90°
B C
C
_ mZA4 > 90°
A triangle having one of its three
(0] THITT-R9 9 P:1 1: [l angles a measure of greater than
90°
B
—
EXERCISES
1. Name the following triangles as equilateral, isosceles or scalene triangle:
8cm 3cm
Aem 6¢cm
% 4cm Scm
dcm Scm 2cm
A. B. C. D. E.
Tecm
5 13cm
cm Tem 7cm cm
Tem
12cm Tem

H.

2. Name the following triangles as right, acute or obtuse angle triangle

=6 7N
| v

&\Q/
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3. Classify the following triangles using both their side length and angles and
complete the blank spaces

Scm cm 3em 3em  4dem &M
7 8cm
cm
Sem 2cm

A.Equilateral and acute B. — c-— D.
8cm 6cm 4
cm
2c 4cm
6cm
10cm
Scm
3cm
E. Scalene and obtuse Fo—_— G.

4. Complete the following table by putting a “v” mark if a triangle satisfying
both the left and right side attributes exists and a “%” mark if such triangle
doesn’t exist.

Obtuse

Equilateral

Isosceles

Scalene

5.5 ANGLE PROPERTIES OF TRIANGLES

ACTIVITY 3

1. Draw any triangle 4BC. Measure the interior angles at A, B and C using your protractor
carefully. What will be the sum of the three interior angles?
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2. Draw any triangle ABC. Extend or produce side BC to create an exterior angle at
C. Measure carefully the exterior angle using a protractor. Measure the two interior
angles at 4 and B which are opposite to the exterior angle and find their sum. How do
you compare the sum of the two with the measure of the exterior angle?

1. Angle sum property
The sum of the measures of the three interior angles

4 of any triangle is 180
For any triangle ABC,
msZA+msB+msC=180°
C B
ExAMPLE 9
In triangle ABC, if m£A4 = 40°, m£C = 55°, then m/B =
Solution B
mZA+msZB+ mZC = 180° [Angle sum T
property |
407+ 550+ x = 180°
=850 4 40° 550 c

2. Exterior angle property

The exterior angle of a triangle is Two
equal to the sum of the measure of opposite
the two interior angles opposite interior
to it. angles

Exterior angle
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ExamMPLE 10

In triangle ABC, if side 4B is produced to D and m£A4 = 40°, m£C = 55°, then
m/DBC =

Solution B D
mZDBC = mZA + mZC [Exterior angle property]
mZDBC = 40°+ 55°
mZDBC = 95° .l SN -
3. Interior angle and adjacent Exterior angle property
The sum of an interior angle and its adjacent exterior angle is 180°
c+e=180°
Two
opposite
interior Exterior anggle
angles
4. Largest angle longest side property
The side opposite to the largest angle of a triangle is the longest side.
B /A 1s the largest angle and the side opposite to it,
130
A 5 25 ¢ BC s the longest side of the triangle.

5. Longest side largest angle property
The angle opposite to the longest side of a triangle is the largest
angle.

AB is the longest side and the angle opposite to it, ZACB is the
largest angle of the triangle.

A6 C
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ExaMPLE 11

A In the triangle ABC given below, which angle is the
largest?
5cm 8cm Solution

Since AC is the longest side, the angle opposite to it, that

is, /B must be the largest
B C
Tcm

6. Base angles of an Isosceles triangle property
A The base angles (angles opposite to the two equal sides) of any
isosceles triangle are equal in measure

In AABC, if AB=AC,then m/B=m/ C

B C

ExXAMPLE 12
In AABC given below, if AB=AC and m£A = 40°, then m£B=——;

msC=——
Solution
If AB = AC, then mZB = mZC [Base angles of an Isosceles
triangle property] 4
mZB+m/C+msZA=180° [Angle sum property]
x+x+40=180
2x+40=180
2x =140
x=70° Hence m/B=m/C =70 B C
D

7. Angles of Equilateral Triangle property
An equilateral triangle is also equiangular (has three 500
equal angles each measuring 60°)

If ADEF is equilateral, then m/D =m/E = m/ZF = 60°

60° L 60
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8. Triangle inequality property
The sum of the length of any two sides of a triangle is greater than the length of the
third side

a at+tb>c
patc>b

c
b+tc>a

ExAMPLE 13
Is it possible to have a triangle whose sides are 5 cm, 6 cm and 4 cm?
Solution
By triangle inequality property;
5+6>4 (True)
5+4>6 (True)

4+6>5 (True), Therefore, it is possible to have a triangle with side lengths
5cm, 6 cm and 4 cm

EXERCISES

1. Find the value of x in each of the following figures

]
96° 21 (x +5)°

A x= B. x= C. x= D. x=

(x+40)° (2x-5)

2. Identify the largest and smallest angles in the figures given below

A
J 15m L
Q9
g X (
/\9])] \\:\
B — C
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4.

(a) The Largest angle is
The smallest angle is
(b) The Largest angle is
The smallest angle is
Identify the longest and shortest sides in the figures given below

M 0] U
0 0
55 40 50
850 0 0
\ 70 STV
(a) The longest side is (b) The longest side is
The shortest side is The shortest side is

Which of the following triples of numbers can be the measures of the three
sides of a triangle?

(a) 3,4,5 c) 18,12,33
(b) 6,9,3 () 10, 10,20

5.6 RIGHT ANGLED TRIANGLES

If one of the angles of a triangle is a right angle (measures A
90°), then the triangle is called a right-angled triangle or

simply, a right triangle.

Leg Hypotenuse

CT B

DEFINITION

The altitude of a triangle is the perpendicular drawn from the
vertex of the triangle to the opposite side. Also, known as the
height of the triangle.

184
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Theorems on Right Angled Triangles

A. The Altitude Theorem
The square of the altitude drawn to the hypotenuse of a right angled triangle is equal
to the product of the measures of the segments of the hypotenuse.

AABC is a right triangle; 4 is the altitude
drawn from C to the hypotenuse; n and m
are segments of the hypo tenuous. Hence,

=pxmorh=nm. )

ExamPLE 14
Suppose A4BC is a right triangle at C & DC'is its altitude. [f AD =3 cm & BD =12 cm,
then find 4.

Solution
By the altitude theorem, #* =n X m
2 —

=3cm X 12cm
h* =36 cm?

h=+/36cm*> =6 cm.

B. Euclid’s Theorem

Euclid (c. 325 BC - 265 BC) — Greek Mathematician considered
the “Father of Geometry”. His textbook ‘Elements’ remained a
M highly influential mathematics teaching book until the late 19th
< Century and is one of the most widely published books in the world.

In aright triangle with an altitude drawn to the hypotenuse, the square of the length
of each leg is equal to the product of the hypotenuse and the length of the adjacent
segment in to which the altitude divides the hypotenuse.
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(ACY=ABxAD = b*=cxn
(BCY=ABxBD = a*=cxm

EXAMPLE 15

In the figure bellow A4CB is a right triangle with CD L AB. Find the lengths of AC and
BC,if AD =4 and BD = 12 cm.

Solution
C By Euclid’s theorem (BC)>*=AB x BD
(AC) = AB x AD (BC=16 % 12
| (ACP=16x4 (BCY =192
dem — 12en\_  (ACP=64=A4C=8cm BC=13.86 cm
A [] B
D
Pythagoras theorem
ACTIVITY 4

Use the lengths of the right triangles given below to complete the following table:

a=3 ¢ c=25 rl e
T=a

b=4 b=24

How do you compare the results of the last two columns, that is, ¢* and @* + b*? What can
you conclude from the results of the above activity?
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Pythagoras was born in 570 century B.C in the island of Samos;
Greece. Hemade contribution to the field of science and mathematics.
He is recognized for presenting the well-known Pythagorean

k Theorem

In a right angled triangle the square of the length of the hypotenuse is equal to the

sum of the squares of the lengths of the two legs. y
If AABC is aright triangle, then ¢* = a* + b?
c 1s the longest side b ¢
a and b are the legs
C E B

EXAMPLE 16

Prove that If AABC is aright triangle with side lengths as shown in the above figure, then
=a*+b?
Solution

Given: AACB is aright triangle and CD 1. AB

Required:  To prove that ¢* = a® + b%.

Strategy: Use Euclid’s theorem.

Proof
1. aE=cxm 1. Euclid’s theorem.
2. b*=cxn 2. Euclid’s theorem
3. a+b=cxm+ cxn 3. Adding steps (1) & (2).
4. @ +b,=c(ntm) 4. From step 3
3. @+b=cxc 5. Since n +m=c
6. a+b=c? 6.  Fromstep 5

ExAMPLE 17

If the length of the hypotenuse of a right triangle is 3 cm and one leg is 2 cm, then what
is the length of the other leg?
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Solution
Let x be the length of the unknown leg.
By Pythagoras Theorem x?+ 22 =32
3em e =x=9-4
=x*=5
4 — ¢ ~ x=\5om

C. Converse of the Pythagorean Theorem
If in a triangle, the square of the lengths of the longest
side is equal to the sum of the squares of the lengths of

¢ b the other two sides, then the triangle is a right angled
triangle.
B c Ifa*+ b* =% then AACB is a right triangle.

ExAMPLE 18

The lengths of the sides of a triangle are 8, 15 and 17. Show that this triangle is a right
triangle.
Solution
The longest side is 17. Soletc=17,a=8 and b =15
A=a+b = 177=8+15 =298=064+225 = 289 =289.

By the converse of Pythagoras Theorem the triangle with sides 8, 15 and 17 is a right
triangle.

EXERCISES
1. Find the value of x and y in the following figures
5

12

> x+2
(b) (c) (d)

188



Plane Geometry -

2. AABC is right at 4, AD is the altitude drawn from 4 to the hypotenuse BC.
What is the value of (4C)*? A

(@) (4Cy=(CDy*(CBy
(b) (4C)*=(4D)y (CDy’
(©) (4Cy=(CD)(DB)
(d) (4C)y=(CD)(CB)

D B
3.  What the value of x in the figure given below?
L]
15 x
—
12

4.  Which triple numbers (triples) represent a right triangle?

(@) (3,5,4) (c) (5,13,12)

5.7 PYTHAGOREAN TRIPLES

ACTIVITY 5

Find any three positive integers (a, b, ¢, where c is the largest of the three) that satisfy the
pythagoras theorem ¢? = @ + b*. Can you find any formula of finding such triples?

Pythagorean triples are any three positive integers (a, b, ¢) that completely satisfy
the Pythagorean Theorem. The three sides of a right triangle form the Pythagorean
triples. ‘c’ is the ‘hypotenuse’ or the longest side of the triangle and ‘a’ and ‘b’ are
the other two legs of the right-angled triangle. The triples like (3, 4, 5) and (6, 8, 10)
are Pythagorean triples because they satisfy the Pythagoras theorem and are side
lengths of a right triangle y
If AABC is aright triangle, then 5% = 3% + 42
25=25 d
Hence, (3, 4, 5) are Pythagorean triples

C 4 B
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E If ADEF is a right triangle, then
8 10> = 6* + 8
> 100=100

D = r Hence, (6, 8, 10) are Pythagorean triples.

Next, let us learn how to generate a few Pythagorean triples.
Method 1: Scaling up the first known Pythagorean triples (3, 4, and 5)

n (3n, 4n, S5n)

3,4,5)

(6, 8, 10)

(9, 12, 15)
(12, 16, 20)
(15, 20, 25)
(18, 24, 30)
(21,28, 37)

NN | B W N~

10 . (30, 40, 50)

Method 2: Applying the formula (a, b, c) > a=m?>—n*> b=2mn c=m*+n’

a=m*—n’
b c b=2mn
c=m*+n’
C 7 B where m and n are positive integers and m > n

ExampPLE 19
Find the Pythagorean triples if
(i) m=2andn=1
Solution
m>n,thatis 2> 1
a=m*-—n*=2-1>=3

b=2mn=2x2x1=4
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c=m*+n=2*+1>=5. Hence (3, 4, 5) are Pythagorean triples
Check them using Pythagoras theorem ¢? = a* + b?
(1) m=3andn=2

Solution
m > n, thatis 3 >2
a=m*—n*=3-2"=5
b=2mn=2x3x2=12
c=m*+n*=3*+2>=13. Hence (5, 12, 13) are Pythagorean triples
Check them using Pythagoras theorem ¢* = a* + b*
(i11)) m=10andn=4

Solution
m > n, thatis 10 >4
a=10>—4=100—16=84
b=2mn=2x10x4=80
c=m*+n*=10"+4=100+16=116
Hence (84, 80, 116) are Pythagorean triples.
Check: By Pythagoras theorem,
c=a*+ b’
116* = 84*+ 802
13456 = 7056 + 6400
13456 = 13456 (True)

EXERCISES
1. Which of the following is not a Pythagorean triple?
(@ 7,24,25 by 81517 © 91215 d 10,16,19
If (25, 7, x) are Pythagorean triples, then x = ——— C

3. Is triangle ABC shown below a right triangle? Why or why
not? 3

ﬁ

A 2 B
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5.8 POLYGONS

We have seen that a triangle is a simple closed curve. A triangle has three sides. All
of the three sides are line-segments.

In plane geometry there are several shapes whose sides are /ine segments. Such
geometric shapes made up on line segments are called polygons.

DEFINITION

A polygon is a simple closed curve formed by the union of a finite number of line
segments, no two of which in succession are collinear.

The line segments are called sides of the polygon, and the end points of the sides are
called vertices of the polygon.

ExaMPLE 20

B

A D

4 C g
E
B
D F
Figure 1. Figure 2. Figure 3.

Figure 1 above shows a polygon with five sides and five vertices.

Figure 2 is not polygon because it is not a simple closed curve.

Figure 3 is a polygon with four sides and four vertices.

DEFINITION

Convex and Concave polygons

A ploygon is a convex ploygon if each of its interior angles mesures less than 180°. A
ploygon is a concave ploygon if it has at least one interior angle with a measure greater
than 180°

ExAMPLE 21

>180°

8 side convex polygon 7 side convex polygon 4 side convex polygon
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A polygon is called an equilateral polygon if all of its sides are congruent to each other.

A polygon is called equiangular polygon if all of its interior angles are congruent to each
other.

A polygon whose sides are all congruent and whose vertex angles are all congruent is
called a regular polygon.

A polygon which is both equilateral and equiangular is called a regular polygon.

EXAMPLE 22

This 6 sided polygon is a regular polygon because

AB~ BC~CD~DE >~ EF =~ FA and
fA=/B=/C=/D=/F=/F

Classification of Polygons

We have seen that polygons are simple closed curves with different number of sides.
The sides of any polygon are line segments. The number of sides of a given polygon
can be three or four or five or six or seven or any positive integer n > 3.

Therefore, polygons are classified and named by the number of their sides. The
following list shows the name given to some polygons having a given number of
sides:

S.No Name of a polygon Description
1 Triangle A three sided polygon
2 Quadrilateral A four sided polygon
3 Pentagon A five sided polygon
4 Hexagon A six sided polygon
5 Heptagon A seven sided polygon
6 Octagon An eight sided polygon
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Name of a polygon Description
7 Nonagon A nine sided polygon
8 Decagon A ten sided polygon
9 n — gon (polygone) n sided polygon

Note that a “triangle” is the simplest polygon with three sides.

R

EXERCISES

1. Name the following polygons:

@@ = O __  (©© () R
e & hy

2. Classify the following polygons as convex or concave?

@ __ ® ___ ( @ (o

3. Which of the following polygons is not regular?

(a) Square
(b) equilateral triangle

(c) rectangle
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5.9 QUADRILATERALS

ACTIVITY 6

1. How many sides has each of the following figures

2. How many interior angles has each of the following figures
3. What is common to all of them?

4. What is a common name to all of them?

5. Use your knowledge of quadrilaterals and classify the figures given above as
Quadprilateral, Trapezoid (Trapezium), Parallelogram, Rectangle, Rhombus, Square
and Kite. Complete the following table to give your answers

Quadrilateral Trapezium Parallelogram Rectangle Rhombus Square Kite

QMoo QW >

Any polygon having four sides is called a QUADRILATERAL
All the above figures have 4 sides. So they are all quadrilaterals

A quadrilateral has also 4 angles

ACTIVITY 7

Draw any quadrilateral ABCD. How can you find the sum of the four interior angles?
B

. Hint: Draw a diagonal at any one vertex to its opposite 4
angle to divide the quadrilateral in to two triangles. What
is the sum of the interior angles of each triangle?
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° Is the sum of the six angles of the two triangles equal to the sum of the angles
of the quadrilateral?
. What can you conclude about the sum of the four interior angles of a
quadrilateral?
Theorem 1

The sum of the measures of the four interior angles of any quadrilateral is 360°

C
B
/B) )

a+ p+y+o=360°

Classification of Quadrilaterals

DEFINITION

Trapezium (UK); Trapezoid (US)

A quadrilateral that has exactly one pair of parallel opposite sides is called a trapezium
(trapezoid).

>

The two parallel sides are called bases.

The two non-parallel sides are called legs.

DEFINITION

Isosceles trapezium

A trapezium is called an isosceles trapezium if its non- parallel sides (the two legs) are
equal
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w AD = BC

Theorem 2

The base angles of an isosceles trapezium are congruent.

4 B If ABCD is an isosceles trapezium with 4D =
BC, then
mZD=mZLC
E F CmsA=msB
Theorem 3

The diagonals of an isosceles trapezium are congruent.

A B

If ABCD is an isosceles trapezium with
M D = BC, then 4C = BD

D C

ExXAMPLE 23

(a) Why are all the following figures trapeziums?”
(b) Which ones do think are Isosceless trapeziums
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Solution

(a) Because each figure is a quadrilateral and has only one pair of opposite sides
parallel. The other pair of opposite sides is not parallel.

(b) All figures except the third (from left to right) are isosceles trapeziums.

EXERCISES
1. How many quadrilaterals are there in this figure?
C
(a) 10
B H D (b) 6
A © 9
(d) 8
J
b F E
G

2. What is the value of x in each of the following figures?

80°

00 1169

3. ABCD is an isosceles trapezium and mZB = 153°. Find m£A4, mZC, m£D.
Explain how you know each angle.

B C msA =
0
/ 153 \ msC =
A D msD =
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DEFINITION

Parallelogram

A Parallelogram is a quadrilateral in which both pairs of opposite sides are parallel

B
B . A B A
ALD/ i . 4 c
C
AB//CD b
AD//BC
Remember: parallelograms are not trapeziums (Why?)
Properties of a parallelogram
Propertyl
Both pairs of opposite sides of a parallelogram are congruent.
Both pairs of opposite angles of a parallelogram are congruent.
If 4 | B ABCD is a parallelogram, then
' AB=DC
AD = BC
msZA=msC
| msZD =m/B
D | C
Property 2
A p The diagonal of a parallelogram divides the

parallelogram in to two congruent triangles.

If ABCD is a parallelogram and BD is its
diagonal, then AABD = ACDB
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Property 3
The two diagonals of a parallelogram bisect each other
B C
@)
A D

If AC and BD are diagonals of a parallelogram ABCD, then AO = CO and BO = DO.

Property 4
Any two consecutive (adjacent) angles of a

B C
B parallelogram are supplementary
If ABCD is a parallelogram, then
o 3 a+0=180° o6+ y=180°
A D

B+y=180° o+ f=180°

EXERCISES
1. Find 4B and BC for the parallelogram shown. [Given: AD = 11 cm and
DC=8cm]
A B
AB =
Ilcm ¢
BC =

>

D 8Cm C

2. Consider parallelogram ABCD given above. If m ZADC = 80°, and
DB =10 cm, then

(a) m ZABC= (d m«DCB+m /ZABC=___
(b) m £LDCB = (e) BO=_ cm
(¢c) m«BAD= ) DO=__  cm
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3. For each of the following parallelograms find the measures of x, y and z?

Y

X = X = X =
y= y= y=
zZ = zZ = zZ =
DEFINITION
Rectangle

e [f each of the four angles of a parallelogram is a right angle (measures 90°), then
the parallelogram is called a rectangle.

e A rectangle is a parallelogram having each of its angles 90°.

L

| L]

H L]
[ 1 [] [ 1 [] [ 1 []

Remember: All rectangles are parallelograms (Why?)

Properties of a Rectangle

1. Has all the properties of a parallelogram, that is
®  Opposite sides are parallel
° Opposite sides are congruent
° Opposite angles are congruent
e  (Consecutive angles are supplementary

®  Diagonals bisect each other

2. Has four right angles ;’><E
3. Diagonals are congruent
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EXERCISES

Refer to the rectangle KLMN and the information given to solve the following:
If mZ1=70° and m./7 = 20°, then

K L
78 Y ms2=—— ms6=———
ms3=——— ms8=———
O ms4=——— ms9=——
9x10
msS =——— m/Z10=—
56 ) If ON =15, then If KL = 16, then
N M OM=—— KM=——
OL=—— KN=——
OK=—— NM=———
NL=—— IM=——
DEFINITION
Rhombus
A rhombus is a parallelogram all of whose sides are equal
4 5
6.5
4 4 s
4 6.5
5

Remember: Every rhombus is a parallelogram (Why?)

Properties of a rhombus

Has all the properties of a parallelogram, that is

Has four equal sides

1
2
3. Diagonals are perpendicular to each other
4

Diagonals bisect the vertex angle
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EXERCISES
1. Refer to the rhombus ABCD and answer the 4 B

following:
(a) If4aD=13,then4AB=——
(b) Ifms4=25°thenms5=—— C
(c) IfmsDAB=130°, then mZADC = —
(d Ifms4=3x—2andmsL5=2x+7,thenx=——
(e) IfmsLl=5x+18and msL5=3x—8,thenx=——
) Itms2=3y+9andmsL4=2y—4,theny=——
(g) mi3=——

DEFINITION

Square
A square is a rectangle all of whose sides are equal ] ]
Remember: All squares are parallelograms (Why?) = 5

All squares are rectangles (Why?)

All squares are rhombuses (Why?) 1 [] 1 [

Properties of a square

1. Asquare has all the properties of a rhombus
2. Asquare has all the properties of a rectangle
3. Asquare has all the properties of a parallelogram
4.  Asquare has diagonals that are both congruent and perpendicular
EXERCISES
Refer to the square MATH to answer the following M A
(a) IfMA =8, then AT = S
(b) msLHST=
(c) mLMAT =
(d) IfHS=2,then HA = MT = " !
(e) mLHMT=
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C Kite
A kite is a quadrilateral in which two pairs of adjacent sides are equal
4 5 p in length
AC=BC
AD = BD
Remember: A square is a kite (Why?)
A rhombus is a kite (Why?)

D

Properties of a kite

The two angles where the unequal sides meet
are equal. mZL =m/J

It can be viewed as a pair of congruent triangles
with a common base.

The diagonals are perpendicular. JL is
perpendicular to KM

The longer or main diagonal bisects the other
diagonal.

The main diagonal bisects a pair of opposite angles (angle K and angle M).
A kite is symmetrical about its main diagonal.

The shorter diagonal divides the kite into 2 isosceles triangles.

The longer diagonal divides the kite into 2 congruent triangles.

EXERCISES

1. Refer to the kite PORS given below; with
PO =Q0R=10, PR=16,RS=12. Then find

(a) TR=

(b) 0OT=

(¢) IfmZLQORT=40° then mZ/PQOR =
(d) Ifm«PSR=30° then m£TRS =
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2. Refer to the kite WXYZ given below and find the following

X (a) mLVYZ=
(b) mLXWZ=
W 1™ y
14 (c) msLVXY=
(d) mLWXY=
D5 (e) mLWZY=
7

The relationship among quadrilaterals is summarized as follows

Quadrilateral
Trapezoid Parallelogram :
| | K1te
Isosceles Rectangle Rhombus

Trapezoid \ /

Square
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EXERCISES

Answer the following questions. Give a reason to each of your answers.

(a)
(b)
(c)
(d)
(e)
(H
(g)
(h)
(1)
0)
(k)
Q)
(m)
(n)
(0)
()
Q)
(r)
(s)

Is a square a rhombus?

Is a square a rectangle?

Is a square a parallelogram?

Is a square a trapezium?

Is a square a kite?

Is a rhombus a square?

Is a rhombus a rectangle?

Is a rhombus a parallelogram?
Is a rhombus a trapezium?

Is a rhombus a kite?

Is kite a rhombus?

Is kite a parallelogram?

Is a kite a trapezium?

Is a rectangle a parallelogram?

Is a parallelogram a trapezium?

Is a parallelogram a kite?

Is an isosceles trapezium a parallelogram?

Is a rhombus a regular polygon?

Is a square a regular polygon?

206

Acute triangle

Angle

Alternate interior angles
Altitude Theorem
Corresponding angles
Euclids Theorem
Equilateral triangle
Iscosceless triangle

Kite

Obtuse triangle
Parallel lines
Parallelogram
Polygon

Pythagoras Theorem
Pythagorean Triples
Quadrilateral
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. Ray ° Scalene triangle

. Rectangle ° Square

. Right triangle ° Trapezium (trapezoid)
. Rhombus . Triangle

SUMMARY

This unit was all about concepts related to plane geometry. Plane Geometry mainly deals
about flat shapes like lines, angles, triangles, quadrilaterals and other polygons that can
be drawn on a piece of paper.

An angle is defined as a surface created by the union of two rays having a common end
point. Depending on their size, angles are classified as acute, right, obtuse, straight,
reflex and full rotation angles.

When two parallel lines are cut by a third transversal line, the alternate interior angles
formed are equal and the corresponding angles are also equal.

A triangle is the simplest polygon with three sides and three interior angles.

Depending on the lengths of their sides, triangles are classified as equilateral, isosceles
and scalene.

Based on the size of their angles triangles are also classified as acute, right and obtuse.
Other groups of polygons discussed in this unit are quadrilaterals.
Any four sided geometric figure is called a quadrilateral.

The well-known quadrilaterals are Trapezium, Parallelogram Rectangle, Rhombus,
Square and Kite. Each has its own specific meaning and property.

° Trapezium/Trapezoid: is a quadrilateral which has only one pair of
opposite sides parallel

o Parallelogram: is a quadrilateral which has two pair of opposite sides
parallel

° Rectangle: is a parallelogram with four right angles

. Rhombus: is a parallelogram with four equal sides

° Square: is a parallelogram with four equal sides and four right angles

. Kite is a quadrilateral with two pairs of adjacent sides equal
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EXERCISES

1.

208

An angle whose measure is less than that of a right angle is called
(a) Acute angle

(b) Right angle

(c) Obtuse angle

(d) Scalene angle

Which clock shows an obtuse angle by two of its hands?

(b)

Which of the following angles is acute?

In the figure given below, the values of x, y and z respectively are

N\ _

0 0 -

27z

NC

-« 2x X >

(a) 30,15,150 (b) 15,150,30 (c) 150,15,30
Which one is true about the triangle below?

(a) Itis an equilateral and acute angle triangle 13 9
(b) Itis scalene and acute angle triangle

(c) [Itis Isosceles and acute angle triangle

(d) It is scalene and right angle triangle 14
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10.

Given is a right triangle with side lengths as indicated in the figure below.
What is the value of x?

6
X+5 X

(@ 9 (c) 4
(b) 6 (d 5
Refer to the right triangle given below. What is the value of »?
@ 1 ,
(b) 2
© 3 y+1 3
(d) 4

What is the hypotenuse of the right angled triangles whose other sides are 9
and 12

(a) 16 (c) 13
(b) 15 (d) 20
Which triples do not represent a right triangle?

(a) (8,15,17)

(b) (9,40,41)

(c) (11,60,61)

(d) (7,24,26)

In an isosceles trapezium ABCD, if the diagonal AC is 2x — 3 and diagonal BD
is 41 — 6x, which of the following is false?

(a) x=55

(by AC=BD=38
(c) mLA=msLD
(d) mLA=msB
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I1.

Make a tick(v) mark if the quadrilateral satisfies the property and mark (%) if it doesn’t
satisfy

Property Trapezium Parallelogram Rectangle Rhombus Square Kite
pert p g

Has four equal sides x x x v v x

Has four right angles

Opposite sides are equal

Opposite sides are
parallel

Only one pair of
opposite sides is parallel

Two pair of opposite
sides are parallel

two pairs of adjacent v v
sides equal
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Chapter Outcomes

Learners are able to apply concepts and skills to discuss and solve related problems
on linear equations and inequalities

Objectives: Upon completion of this chapter, learners should be able to:

use equality and equivalence concepts;

find the solution set of a linear equation;

formulate word problems as linear equations and solve;
solve linear inequalities in one variable;

graph the solutions of linear inequalities;

formulate word problems as linear inequalities and solve.
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Introduction

One of the important tasks in mathematics is solving equations and inequalities.
An equation 1s simply a statement that two algebraic expressions are equal. For
instance, 5x + 2 and 3(x — 1) are examples of algebraic expression; and 5x +2 =7
or 5x +2 =3(x — 1) are examples of equation. The task is to find the value of x that
makes the given equation true when x is replaced by it.

Similarly, an algebraic inequality is a mathematical statement that an expression is
less than (or greater than) another expression. For instance, 5x +2 <7 or 5x + 2 >
3(x — 1) are examples of algebraic inequalities. The related task is to find possible
values of x that make the given inequality true when x is replaced by the values.
These will be discussed in this unit.

6.1 EQUALITY AND EQUIVALENCE

AcTivity 1

1. A number on a card plus 3 is equal to 5. What is the number on the card?
2. Twice of a number minus 4 is equal to the number itself. What is the number?
3.
a. Ifx represents ‘a number on the card’, write the phrase ‘a number on the card plus
3’ as an algebraic expression using x. Then, formulate (write) the sentence above in
(a) as an equation.

b. If x represents the unknown number in (b), write the phrase ‘twice of the number’
as an algebraic expression using x. Then, formulate (write) the sentence above in
(b) as an equation.

The following activity that you may work on in groups involves opening problems
that will help you to better understand the discussions that follow.

In mathematics, we represent an unknown (a certain number) by a letter, say, x.
So, in the above Group Activity, you may formulate the statement in (a) as x + 3
= 5 and the statement in (b) as 2x — 4 = x. Such a letter x that stands in place of the
unknown number is called a variable. Moreover, we formally define an equation
as follows.

DEFINITION

An equation is a mathematical statement that states two expressions are equal. Two
expressions that are required to be equal are separated by the equality symbol, ‘=’
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ExampLE 1

Each of the following are examples of equation.

@) 55=5 © 5G=1)=25+7
(b) 2x—4=x @ 3;“;2:1

() ¥»—2x=0

Looking back to the opening questions in Group Activity 6.1, the question in (a) can
be restated as ‘what is a number x so that x +3 =35 ?” and question in (b) is ‘What is
a number x so that 2x — 4 =x?’. You can observe that, for (a), x + 3 =5 is true if x =
2 since 2 + 3 =5. This value of x, (i.e., x =2 ) is called the solution of the equation.

In general, a value of the variable that makes the equation true is called a solution of the

equation. A solution is said to satisfy the equation.

A set which contains all possible solutions of an
equation is called the solution set or truth set of
the equation. For instance, the solution set (or
truth set) of x + 3 =5 1s {2}.

To solve an equation means to determine the
value of the variable that makes the equation
true (or satisfies the equation). The concept of
equivalence of equations is usually needed to
solve an equation. To get sense of equivalent
equations, consider the following Activity that
you may discuss it in a group.

In the above Activity 2, you may have observed
that they described the same number in different
words. Letting x to represent the number on the
card, Ahmed, Diana and John described x = 6

as x+1=7,2x =12, and 2= 3| respectively.
In other word, the solution of each of the three
equations is 6. Such equations that have the same
solution are called equivalent equations.

Ahmed, Diana and John have
separately seen a number written
on a card and they described it
follows.
Ahmed: The number plus 1 is
equal to 7.
Diana: Twice of the number is
equal to 12.
John: Half of the number is
equal to 3.
1. Try to identify the number
that each of them described?

Did they describe different
numbers or the same number in
different words?

2. Letting x to represent the
number on the card, write the
statement of each of them as
equations.

DEFINITION

Two equations are said to be equivalent if they have the same solution set. That is, the
solution of one of the equations is the solution of the other equation as well.
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X
For instance, x + 1 =7,2x =12, and 5 =3 are equivalent equations as discussed

above. Similarly, 4x = 20 and 2x = 10 are equivalent because x = 5 satisfies both
equations; that is, the solution set of both equations is {5}.

To solve an equation, we usually transform (change) the given equation to a simpler
equivalent equation step by step until the value of the variable is specified. This
is based on the following four basic rules of equation (rules for equivalence of
equations).

Rule 1

If equal values are added to both sides of equals, the results are equal.

Thatis,ifA=B,thenA+C=B+C

That is, addition of equal values to both sides of an equation yields its equivalent
equation.

ExXAMPLE 2
Use this rule to solve x —11 = 5.
Solution

Adding 11 to both sides of the equation we get
x—11+11=5+11

Thatis,x = 16.  (Thus, the solution set is {16}.)

Recall that adding a negative number is subtraction. That is, 4 + (-C) = 4 — C.
Therefore, this rule can also be stated as follows.

Rule 2

If equal values are subtracted from both sides of equals, the results are equal.

Thatis,if A =B,then4d —C=B - C.

That is, subtraction of equal values from sides of an equation yields its equivalent
equation.
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ExampLE 3
Use Rule 2 to solve x+ 5= 3.
Solution
Subtracting 5 from both sides of the given equation, we get
x+5-5=3-5

Thatis, x=-2.  Thus, the solution set is {-2}.

Next, we state the rule for multiplication.

Rule 3
If equals are multiplied by equals, the results are equal.

That is, if A = B, then ¢4 = ¢B.

That 1s, multiplying both sides of an equation by equal values yields its equivalent
equation.

ExaMPLE 4

X
Use Rule 3 to solve — =6,

4
Solution
Multiply both sides of the given equation by 4 to get
4xX—4x6
4

That is, x = 24. Thus, the solution set is {24}.

Recall that multiplication of a number by 1/x is division of the number by 7. That is,

1 X A= 4 . Therefore, the third rule can be stated also as follows:
n n
Rule 4

If equals are divided by the same nonzero number, the results are equal.

1.e., if A=B and c # 0, then 4 =E ﬁ ﬁ
c c
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ExamPpLE 5
Use Rule 4 to solve —2x = 5.
Solution
Dividing both sides of the given equation by —2, we get
2x 5
2 2
5

That is, x = —% . Thus, the solution set is {—5}

In general, to solve an equation, you may apply combination of these rules step by
step to get simpler equivalent equations until the value of the variable is specified.
That is, at each step use appropriate rule to collect or group the variable to the left
side and constant numbers to the right side until the variable is separated alone at
the left side.

ExampPLE 6
Solve 5x-5= 2x +10.
Solution
First, to bring 2x to the left side, subtract 2x from both sides of the given equation.
Sx —2x —5= 2x—2x + 10. (2x is subtracted from both sides of the given equation)
=3x—-5=10.
3x -5+5=10+5 (Adding 5 to both sides )
3x = 15. (Next, divide both sides by 3 to separate x.)
3x 15

—=—or x=5.

3 3
Therefore, the solution set (or truth set) is {5}.

EXERCISES
Identi:fy whether each of the following pair of equations are equivalent or not.
1. EX—1=0,3x=2. 3. 2x+t1=4,x+1=2.

2. 3(x+6)=9,x+2=3. 4. 4(0.5+2x)=1-2x, 10x=—1.
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6.2 LINEAR EQUATIONS IN ONE VARIABLE
DEFINITION

An equation in one variable, say x, that can be written in the form
ab+b=0,
Where a and b are specified numbers such that a # 0, is called linear equation.

That is, the power of the variable is exactly 1.

ExamprLE 7
l. 3x+2=0 3 %x—3:0
2. 3x+6=0
are examples of a linear equation. You can obtain the solution of such linear equation as
follows:
ax+b =0 is equivalent to ax = —b (Subtracting b from both sides of the given equation)
—b

X = a4 (Dividing both sides by a )

b
Therefore, the solution set of ax+b =0 is {_;

ExaMPLE 8

Solve the linear equations given in Example 7 above, (i) - (iii).

Solution

1. 3x+2=0 implies (=) x= —%. Therefore, S.S.= {—%}

2. 3x+6=0 = x= :—3 =2. Therefore, S.S.={2}

3. lx -3=0 = L x=3 (3 added to both sides of the given equation)
2x =6 (Both sides multiplied by 2)

Therefore, S.S.= {6}

There are various equations that are not exactly in the form of the definition of
linear equation, ax + b = c, but may be transformed to this form using the basic rules
of equation as illustrated by the following example.

218



Linear Equations and Inequalities -

ExaMPLE 9

Solve each of the following equations.

@) Ziod=z © 2F2_ ) —42=1-2
(b) 7x—-4=35-x)+1 x—4 3x X
Solutions

In each case, apply basic rules of equation to bring the variables to the left side and all
constant numbers to the right side of the equation as follows:

2x —4 =x (The given equation)
2x =x+4 (Add 4 to both sides)
2x —x =4 (Subtract x from both sides)
x= 4.
Therefore, the solution set S.S = {4}.
(@) 7x—4=3(5—x)+1 (The given equation)
7x—4=15—-3x+1 (Removing parenthesis by distribution; i.e., 3(5—x)=15—3x)
7x—4=—-3x+16 (Combining like terms; i.e., 15+ 1= 16)
7x—4+3x=16 (Adding 3x to both sides to remove —3x from the right side)
7x+3x=164+4 (Adding 4 to both sides to remove —4 from the left side)
10x =20 (Combining like terms)

ox 20

N\ 10 =2. Thatis, x=2.
Therefore, the solution set S.S = {2}.
3x+2

Y

(b)

=1 (The given equation. We should have x # 4 so that the denominator
x—4#0)

3x+2 =x—4 (Multiplying both sides by x — 4)
3x—x =-—4-2 (Subtracting x and 2 from both sides)
2x =—6. Thus, x-—6 =-3.

2
Therefore, the solution set S.S = {-=3}.

4 3
(©) 3x +2=1- T (The given equation. We should have x # 0)

3x

4 3

E™ + 2] = 3x[1 - —] (Multiplying both sides by 3x to remove denominators)
x x

4+6x=3x—-9

6x—3x=-9—-4 (Subtracting 3x and 4 from both sides)
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3x=-13. Thus, x= —%.

13
Therefore, the solution set S.S = {—?} .

Linear equations involving fractions: In some linear equations, the coefficients

: 1 3 4x-3 5. . . .
can be fractions. For example, §x+§ = PR is a linear equation involving

fractions whose denominators are 5, 3 and 6. Though such equations can be solved

directly as discussed in the previous section, it would be better to first simplify the
equations as follows:

Compute the LCM (Least Common Multiple) of all the denominators that appear
in the equation; and multiply both sides of the equation by the LCM.

This clears the denominators from the equation.

ExampLE 10

Find the solution set of lx +§ = 4x—3 5

5 3 6

Solution

The denominators in this equation are 5, 3 and 6; and their LCM is 30. Thus, first multiply
both sides of the equation by 30 to clear the denominators:

30[1x+§]=30[4x_3—§]
575

3 6
= 6x+18=40x—-30—-25
= 6x—40x=—-55—-18 (Collecting like terms)

W |
AW
S —)

= —34x=-73 or y—_13_73  Therefore, s.s={
34 34

ExamprLE 11

2 3 5
Find the solution set of g(x — )| — 7(2 —5x)= E(zx +1)—2x
Solution

The denominators in this equation are 3, 7 and 2; and their LCM is 42. Thus, first multiply
every term of both sides by 42 to clear the denominators:
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42[%@—2)] —42|%(2—5x)] — 4 %(Zx—i—l) _42(2x)

= 28(x—2)—18(2—5x)=105(2x +1)—84x
= 28x—56—-36+90x=210x+105—84x
= 118x—92=126x+105 (Combining like terms in each side)

= 118x—126x=105492 (Collecting like terms- variables to the left and
numbers to the right side)

197 197 —197
—8x =197 or x:_—S: et Therefore, S.S =

8

EXERCISES

Find the solution set for each of the following equations.
3

—x—1=0

i %—3:%’%1
2. 3x—2(x=3)+1=x+7

3 1 2 7
3. 2x+1=4 10, =x—2x+—=="x+—

2 2 5 5
4, 32x+1)=2(1 —5x) +6x + 11 04
: +6) = 11. —1=3
5. 3x+6)=9 P
6. 4(05+2x)=1-2x 1 3 ) 3

12. —(x43)——2—=x)==(x+1

- x-|—3_4:3 6( ) 4( 3 ) 2( )
8. 8x+3—5(x+2):—3[x+%]

6.3 WoRD PrROBLEMS INVOLVING LINEAR EQUATIONS

The solution of a word problem is the solution of the equation that represents
the problem. Thus, to solve a word problem you need to represent an unknown
whose value is to be determined by a variable, say x, and express the problem as a
mathematical equation. The following table presents algebraic expressions for some
verbal phrases that frequently appear in word problems.
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Verbal Phrases Algebraic expression of the phrases

1. Five more than certain number
Or a number increased by 5
Or a number plus 5

Let x be the number (certain number). Then, we write
%4 3

2. Three less than certain number

O i e (smieesel iy 9 Let x be the number. Then, we write

Or a number minus 3 .
3. Twice of a number 2x (Let x represent the unknown)
4. Four more than twice a number 2x +4

5. Five less than twice a number
or five below twice a number 2x -5
or twice a number decreased by 5

6. Two consecutive natural numbers x and x+1 (xbeing the initial natural number)

ExaMPLE 12

Three less than twice a certain number is 5. Find the number.
Solution

Let x = the number. Then, twice of the number = 2x and three less than it = 2x — 3 Thus,
the problem is: 2x —3 =5.

Solving this you can get x = 4. Thus, the number is 4.

ExAMPLE 13

The sum of two consecutive natural numbers is 15. Find the numbers.
Solution

Let x = the first number (the smaller number).

Then, the next natural number is x +1.

So, the sum of these two numbers is 15 means

x+((x+1)=15.

Thus, 2x+1=15.

Solving this, you can get x = 7. And, the next natural number is 7+1 = 8.

Therefore, 7 and 8 are the two consecutive numbers whose sum is 15.

ExamrLE 14

The age of a woman is 5 years more than twice the age of her daughter. If the woman is
43 years old, what is the age of her daughter?
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Solution

Let x = the age of the daughter. Then, the age of the woman, which is 5 more than twice
of x,is 43 means

2x+5=43
2x =38
x=19.
Therefore, the age of the daughter is 19 years.

ExaMPLE 15

The cost, L$C, of maintaining and operating a machine is given by C = 50 + 3¢, where
t is the number of hours operated. How many hours may the machine be operated when
the cost is L$65?

Solution

When the cost C = 65, the given formula for the cost becomes
50+ 3¢t=65
3t=15
t=5

Therefore, the machine is operated for 5 years.

EXERCISES

1. Five less than twice a certain number is 13. Find the number.
If half of a number increased by 1 is 15 , what is the number?

2
3. The sum of three consecutive integers is 102. Find the integers.
4

A shop-keeper buys 20 kg of sugar at L$ p per kg. He sells 16 kg at L$ (P + %)
per kg and the rest at L$ (p + 1) per kg. How much is his profit?

5. Five years ago the age of a boy was half as old as he is now. How old is he
now?

6. Peter is now five times as old as John. In ten years time, Peter will be three
times as old as John. How old are they now?

7. The length of a rectangle is three times its width. If the perimeter of the
rectangle is 42 cm, then what is the area of the rectangle?
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6.4 LINEAR INEQUALITIES IN ONE VARIABLE

Learners are expected to recall the interpretation of the inequality symbols <, <, > and
>, If the equality symbol (=) in a linear equation ax 4+ b = 0 is replaced by any one of
the inequality symbols (<, <, >, >), then we get a linear inequality as defined below.

DEFINITION

An inequality in one variable, say say x, that can be written in the form
ax+ b <0 (or with any one of <,>or > at the place of <)

where a and b are specified numbers such that a # 0, is called linear inequality.

For instance, 3x+2 <0, -3x +6 >0, -2 x < 0 are examples of a linear inequality.

Note that while an equality such as x = 5 represents exactly one value, an inequality, say
x <5, represents (satisfied by) several numbers such as 4.99, 4, 3.5, 1, 0, —2, etc. The
solution of an inequality is the set of all values of the variable that satisfy the inequality,
that 1s, the set of all values of the variable for which the inequality is true. This set is
called the truth set (or solution set) of the inequality. For instance, the truth set of x <
5 1s {xeR | x <5}. That is, every real number below 5 satisfies the inequality.

Similar to the process of solving a linear equation, a given linear inequality may
be solved by transforming it to a simpler equivalent inequality (that has the same
solution set) step by step until the values of the variable is specified. The steps use
the following basic rules of inequality. To get sense of the next rule, observe the
following. Given an inequality, say,

5 <8, the inequality remains true if you add any equal values to both sides, say,
5+4 <8 +4; or it remains true if you subtract any equal values from both sides, say,

5-6<8-6.
You may practice this with various examples of your own; and do this also for
>, <>

Rule 1

When equal values are added to (or subtracted from) both sides of a given inequality,
the result is the same inequality. That is,

e
If A<B , then A+c<B+c: ﬁ w

or A—c<B—c
The rule is valid if any of the other inequalities, <, > or >, is taken in place of <.
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ExaMPLE 16

Use the above rule to solve

(a) x—3<0 (b) x+4 > 10.
Solution
(a) Given x—3<0,add 3 to both sides to get
x—-3+3<0+3
=>x<3

Therefore, the solution set (or truth set) is {xeR | x<3}.
(b) Given x +4 > 10, subtract 4 from both sides to get

x+4-4>10-4.

=>x26

Therefore, the solution set (or truth set) is {xeR |x>6}.

Next, we state the rule for multiplication and division. Note that given an inequality,
say,
8 <12, it remains true if you multiply both sides by any equal positive values, say,

2 x 8 <2 x 12; or it remains true if you divide both sides by any equal positive

8 12
values, say, 1 <—.

4
Here, notice that the multiplier should be positive for the inequality to remain
true.
Rule 2

When both sides of a given inequality are multiplied (or divided) by the same positive
number, the result is the same inequality, i.e., when C > 0.

If A < B, then c4 = ¢B,

or —<—
C C

The rule is valid if any of the other inequalities, <, > or >, is taken in place of <.
ExampLE 17
Use this rule to solve

(a) %SS (b) 6x> -3
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Solution

(a) Given X < 5, multiply both sides by 2, to get
5 S

35
That is, x <10 . So, the truth set T.S. = {xe]R |x < 10}.
(b) Given 6x > -3, divide both sides by 6, to get
6x -3

—1 1
Z>? or X>7. So, the truth set, T.S = {xeR | x>—5}

<2x5

The above rules of inequality are the same as the rules for equation. However, the
property of inequality is different when the multiplier is negative. For instance, for
each of the following inequalities, observe that multiplication of both sides by —1
changes the inequality.

1<5 but —1>-5 10>2 but —10<-2

And so on. In general, multiplying (or dividing) both sides of an inequality by a
negative value changes the inequality. Thus, we have the following rule.

Rule 3

Multiplying (or dividing) both sides of a given inequality by the same negative
number changes (reverses) the inequality. That is,

‘ B
if A<B andc<0,thenA>BOf£>£ ﬁ i I i
c c

The rule is valid if any of the other inequalities <, > or >, is taken in place of <.

ExampLE 18

Use Rule 3 to solve

(a) _f<l (b) —6x>3
4 2
Solution
x 1
(a) Given 7 < 5 multiply both sides by —4 to get the following.
x> —4[1]
2

so that x> 2.
Therefore, the truth set T.S. = {xeR | x >-2}.
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(b) Given —6x > 3, divide both sides by —6, to get

—6x _ 3
-6 -6

1
= x<——

1
That is, the truth set, T.S = {X eR|x< _5}

In general, linear inequalities are solved in much the same way as linear equations.
However, when both sides of an inequality are multiplied (or divided) by a negative
number, the inequality sign is reversed. The following example helps you to make
more practice.

ExaAampPLE 19

Find the truth set of each of the following inequalities.

(@) 3x-5>10 () x—4(x+1)>—-13—(x—2)
(b) 3x—1<7(x +1) (d) 4x+3<5x+4<2x+3
Solution

(a) 3x-5>10 (The given inequality)
3x > 15 (Adding 5 to both sides)

3x _15
3 > 3 (Divide both sides by 3, which is positive).
x2>5.
Therefore, T.S = {xeR | x > 5}.
(b) 3x—1<7(x + 1) (The given inequality)
3x —1<7x +7 (You can state the reason)
3x —7x <7+ 1 (Subtracting 7x from both sides, and adding 1 to both sides)

—4x <2
2 . . . .
x> _—4 (Dividing both sides by —4 reversed the inequality as —4 < 0.)
1
Therefore, T.S = {xeR | x> _E}

(¢) x—4(x+1)>—-13—(x—2) (The given inequality)
x—4x—4>—-13—x+2 (Removing parentheses by distribution)
—3x—4>—11—x (Combining like terms; i.e., x —4x = —3x and —13+2=—11)
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—3x+x2>-11+4 (Adding x to both sides; and also add 4 to both sides)
—2x>—7 (Next, division of the inequality by —2 reverses the inequality)

- 7
<—or x<—;

5

Therefore, T.S = |¥ € R |x < Dk
(d) To solve 4x +3 <5x +4 <2x + 10, let us recall that

a<b<cmeansa<bandb<c.

Consequently, 4x + 3 < 5x +4 <2x + 10 means 4x + 3 < 5x + 4 and 5x + 4 <2x + 10. So,
we solve these inequalities and get two solution set. Then, the intersection of these
solution sets will give the solution set of the given inequality. This is because the
solution of the given inequality must satisfy each of the two inequalities.

To solve 4x+ 3 <5x+4 subtract 5x and 3 from both sides to get
—x<1 or x>-I.
Hence, the solution set of the first inequality is S, ={x € R |x>—1}; and to solve
S5x +4 <2x+ 10, subtract 2x and 4 from both sides to get
3x<6 or x<2.
Hence, the solution set of the second inequality is S, ={x € R |x < 2}.
Therefore, the solution set of 4x +3 <5x +4<2x+101s
SNS,={xeR|-1<x<2}.

EXERCISES
1. Identify whether each of the following pair of inequalities are equivalent or not.
(@) Ex—lgo, 3r <2, (¢) 2x+1<-5 x<3.
2 (d) 3(1-2x)>-9x, x<-1.
(b) 3(x+6)>9, x+2>3.
2. Find the truth ser (solution set) for each of the following inequalities.

Ex—1<0 (c) IT-2x<3x+1
@ (d) 2x<10-3x<3x+22
x—3 (e) 3(1-6)=-5x
—4<
(b) 4<3+x ) 6-3x2x+6>1-x
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6.5 GRAPH OF SOLUTIONS OF LINEAR INEQUALITIES

You recall that the real numbers can be represented graphically (geometrically) by
points on a horizontal straight line called a number line as follows.

A

1 >
T T T T T T T T >

Figure 1. The number line
The solutions of a linear inequality can be presented graphically on the number line.
For instance, the following figures, Figure 2(a) and 2(b) show the solutions of x > 0
and x > 0 by a ray along the number line toward the right starting at 0. The solid dot
‘e’ at the beginning of the ray indicates that the end point (here 0) is included; while
the hollow dot ‘o’ indicates that the end point is excluded.

® (e} -
Il Il Il Il 1 Il Il 1
€ T T T T T T T > € t . - - }

2 -1 0 1 2 3 2 -1 0 1 2 3

| | 3
T T >

Figure 2. (a) x>0 (b) x>0
You can similarly show the graph of x < 0 and x < 0 on a number line by a ray toward
the left starting at 0. Likewise, the graph of any other inequality such as x < a, x >
a, etc., for some real number a, can be presented on a number line as shown on the
following table. In this presentation, a and b are any fixed real numbers such that a < b.

The given The inequality The graph representation of the inequality
inequality as a set on the number line
o>

< t t —+—> Oor —< Ly : : ==
x>a {xeR|x>a} a b a b

R S ; — > - M >
x>a {xeR|x>a} o -, o = .
= = a b a b

-0

~—— : : >  Or € 3 =
x<b {xeR|x<b} . b a b

-

< - - —+—>  Or = ] >
x<b {xeR|x<b} e b a b

S S o—— > or —< ¢ ) >
a<x<b {xeR|a<x<b} @ b 2 A

P e S ‘ ) ~

e — > < \ 3 >
a<x<bh {xeR|a<x<b} @ b P

<t n L 1 > or - L hY -

— — > < F 3 >
as<x<b {xeR|a<x<b} @ b 7

P ~ G = y ] ~

— — > < ¢ ] >
a<x<bh {xeR|a<x<b} @ b o
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Now you can represent solution of a linear inequality graphically. For instance, let
us represent the solutions of the inequalities given in Example 17 graphically.

(i) The solution set of 3x =5 > 10 is {xeR | x > 5}.

Graphical representation:

o1 3 5 7
Similarly, you can graphically represent the solution of (ii) and (iii).
(1))  You have seen that the solution set 4x + 3 < 5x + 4 < 2x + 10 is the
intersection of the solution sets of two inequalities 4x + 3 < 5x + 4 and
5x +4 <2x + 10. The Graphs of the two solutions on the same number
line makes identification of the intersection easier. You have seen that
the solution of
4x+3<5x+4and 5x +4<2x+10

are x > —1 and x < 2, respectively. Let us put their graphs (rays) on the same line:

< I
< T

>
>

x<2 o) x>-1

- 1 1 ? | | | 1
N 1 1 1 1 1 1 1

2 -1 0 1 2 3

Y

Now, you can see that the common solutions for both inequalities are where the two
rays overlap; which is between —1 and 2 (including —1 but excluding 2). Therefore,
the solution set of the inequality 4x + 3 <5x+4 <2x+ 10is {xeR|-1<x<2}.

Graphical representation of this solution:

A
Y

EXERCISES

Solve each of the following inequalities and represent the solution graphically.

- +
. %x—1<0 4. 3(3-2x)<2(3 +x)
3(x—6) > —5x
x—3
2. —4<3+4x 6. 2x>10—-3x<3x+221 -7x >x+3
3. 1=2x<3x-9 7. 6-3x>x+6>1-x
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6.6 WORD PROBLEMS INVOLVING LINEAR INEQUALITIES

Problems involving linear inequalities are very common in everyday life. You
have observed in the previous sections that while a linear equation gives us exactly
one value when solved, a linear inequality gives us multiply values. For instance,
describe or express the following statements as linear inequalities and think about
their possible solutions.

1. TIttakes at least 30 minutes to get there. (What are the possible amount of
times needed to get there? )
2. The trip will cost at most L$ 250. (How much will the possible cost of
the trip?)
3. The speed of the car exceeded the 30 km/h limit. (What was the possible
speed of the car?)
The table below shows the inequalities representing the above statements and some
of their possible solutions.

Statement Inequality Some possible solutions

It takes at least 30 minutes
= Not less than 30 minutes
= 30 minutes or more

Let x be the time it takes. |30 minutes, 35 minutes,
x>30 40 minutes, ...

It costs at most L$250.

= It costs not more than L$250. LLetar 152 it Gosis

L$250, L$248, L$245, ...

= It costs L$250 or below. x< 250
Eheltsiezgozcggdlfri/}? i Let x be the speed 31 km/h, 35 km/h
= It is greater than 30 km/h x> 30 40 km/h...

ExamPLE 20

A worker receives L$240 for his weekly wage plus L$12 per hour for overtime. How
much overtime must he work to be sure of at least L$300 for a week’s work?
Solution
Let x be the number of hours he worked overtime.
Then, his weekly pay is 12x (for overtime) plus 250 (wage). Thus, he wants to have
12x +240 > 300
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= 12x =260

=>x> @.i.e., x>5.
12

Therefore, he has to work at least 5 hours overtime in order to earn at least L$300 for a week.

ExampLE 21

Chan wants to order DVDs over the internet. Each DVD costs L$21.5 and shipping for
the entire order is L$19.3. Chan has no more than L$230 to spend. How many DVDs can
Chan order without exceeding his L$230 limit?

Solution
Let x be the number of DVDs he orders.

The cost of these DVDs plus the shipping cost is 21.50x + 19.30. This should not exceed 230.
That is, 21.5x + 19.30 < 230.
=21.5x<230-19.3

> 210.7

X >
21.5
= x<9.8.

Since Chan cannot order 0.8 of a DVD, we round 9.8 down to 9.

Therefore, Chan can order 9 DVDs (or less) without exceeding his limit of L$230.

ExaMPLE 22

Yellow Cab Taxi charges a L$1.50 flat rate (fixed rate to start) in addition to L$0.25 per
km. Lucy can spend at most L$5 on the ride. How many kilo meters can Lucy travel
without exceeding her budget?

Solution

The problem is to determine the number of km that Lucy can travel. So, let

x = the number of km that she travels on the ride.

For this, she will pay 0.50x+1.50 and this must be at most (less than or equal to) 5. That is,
0.50x +1.50<5

0.50x <3.50 ( 1.50 subtracted from both sides)
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< 3.50
0.50
Therefore, x < 7.

X

That is, she can travel at most 7 km on the ride without exceeding her budget.

EXERCISES

1. Five less than the product of —3 and a number is greater than —23. Write and
solve an inequality to represent this relationship. Also graph the solution set .

2. The sum of two consecutive integers is at least —17. What are the smallest
values of consecutive integers that will make this true?

3. Connor went to the carnival with L$22.50. He bought a sandwich and a drink
for L$3.75, and he wanted to spend the rest of his money on ride tickets which
cost L$1.25 each. What is the maximum number of ride tickets that he can buy?

4. The area of a rectangular plot of land is less than 2541 ft>. If one of the
dimensions of the plot is 42 ft, what may the other dimension be?

5. The cost of obtaining a machine is L$50 and the cost of operating the machine
is L$4 per hour. How many hours may the machine be operated without the

cost exceeding L$80?
KEey TERMS
° basic rules of equation . linear equations
° basic rules of inequality . linear inequality
° equation . solution of linear equations
° equivalent equations ° solution of linear inequalities
° graph of solutions of inequality . solution set
° inequality . truth set
SUMMARY
° An equation is a mathematical statement that states two expressions are equal.
° Solution of an equation is the value of the unknown (variable) that makes

the equation true or satisfies the equation. A solution set (or truth set) of an
equation is the set containing all solutions of the equation.
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° Two equations are said to be equivalent if they have the same solution set.
° Basic Rule of Equation:
IfA=B,then(1)4+c=B+c;A—c=B—c foranyc
(2) cA = ¢B; ézgforanyc;ﬁo
° An equation that can be writtgn inc‘;he form

ax+b= OB where a # 0, is called linear equation. The solution of this equation

1S x=——.
a

. An inequality is a mathematical statement that involves <, <, > or >.

° A solution of an inequality is the value of the unknown (variable) that makes
the inequality true or satisfies the inequality. The truth set (solution set) of an
inequality is a set that contains all solutions of the inequality.

° Two inequalities are said to be equivalent if they have the same truth set.
° Basic Rules of Inequality:

IfA<B,then(1)A+c<B-+c, foranyc,A—c<B—c, foranyc
. A4_B .
2)cA<cBifc>0; —<— ifc>0
c ¢
BledzeR ety Lol e
c ¢
. An inequality that can be written as

ax—b<0orax—b<0,where a #0, is called linear inequality.

b
. The truth set (solution set) of the inequality ax + 5 <0is (X €ER[x < —;}

ifa> 0; and it is x€R|X>—; ifa<o0.

EXERCISES

1. Determine whether each of the following pair of equations (or inequalities) is
equivalent or not.

1 2 I 1
a) —x+1=1——x;3x=-4x. d —-<-: 3.
@ 3 3 @ <3<
(b) 1-x<2;x<-1 (e) x—1=32x+1);x—1=2x+1;
x 1 H —-x>1;x>1
_ — . —|— = - -
(c) 12 3 2 =3x.
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2. Find the solution set of each of the following equations.

(a)
(b)
(©)
(d)

(e)

(H
(2
(h)
1)
(),
1t.

(a)
(b)

(c)

(d)

(e)
Q)

(2

(h)

2x —3=-1

2(1-5x) = 42 —3(6+7x)

3x+2 =5x-6
3.2+ 1.8x =2.6x
1 1

—x——(2—}—x):x+%

3 5

2 5 -7 17
X+ +x _
2 3 6
1 2

2——2x—-D==x
3( ) 3

1 3ex 1

2x  3x 12

1. x-4_ 23

2 5 10
2 o, X

x+2 x+2

S5x =6 < 3x+ 2
4x +3>3(2x-1)

7x+4<%(4x+3)

<
4 3 12
3(x-3) <x-3
x—8<1-2x<x+4
S5—x x—2

+2>
3 2

3(x+1)2%x+2>

Find the number.

Find the truth set (solution set) of each of the following inequalities and graph

6x +1
2

The sum of two-third of a number and four-fifth of the same number is 22.
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5.

10.
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When the sum of two consecutive even integers decreased by 5 the result is
29. Find the integers.

At present, Maria is three times as old as John. In ten years time, Maria will
be twice as old as John. How old are they now?

The length of a rectangular field is 1 meter more than twice the width. If the
perimeter is 302 meters, determine the length and width of the field.

The sum of twice a number and 7 is greater than or equal to the sum of 3 times
the same number and 1. Find the range of the values for the number.

Khan earned L$7.55 per hour plus an additional L$100 in tips waiting tables
on Saturday evening. He earned L$160 in all. To the nearest hour, what is the
least number of hours Khan would have to work to earn this much money?
Eva has L$500 in her bank account. Every week, she withdraws L$40 for
expenses. Without making any deposits, how many weeks can she withdraw
this money if she wants to maintain a balance of at least L$200?
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Chapter Outcomes

Learners are able to apply concepts to solve problems on relations, functions, graph
relations and functions; and determine the gradient of straight lines and calculate
distance between two points.

Upon completion of this chapter, learners should be able to:

discuss Relations;

distinguish between various types of relations;
identify functions;

change the subject of a relation;

graph linear functions;

find the gradient of a straight line;

calculate the distance between two points;
graph quadratic functions.
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Introduction

This unit has two main topics: relations and functions. In our daily life, we come
across many patterns that characterize certain relations such as mother and son,
teacher and student, country and continent, etc. Similarly, in mathematics, we come
across different relations such as 5 > 2, 5 is a factor of 20 and formulas that relate
two quantities. In this section, we will focus on mathematical relations and special
type of relation which is called function.

A relation describes certain relationship between two things. For example, we say
someone is the father of another person, Monrovia is the capital city of Liberia, 10 is
a multiple of 2, etc. In mathematics, we usually look for a relation between elements
of two sets and use ordered pair to describe related elements. For example, let

A = {Monrovia, Paris, Abuja, Addis Ababa} and
B = {China, Ethiopia, Liberia, Nigeria}.
Forx € A and y € B, if x and y in the ordered pair (x, y) are related by the phrase

“x is the capital city of y”,
then the relation can be described by the following set of ordered pairs:
{(Monrovia, Liberia), (Abuja, Nigeria), (Addis Ababa, Ethiopia)}.
Each pair is ordered so as to fit to the phrases (the statement) that describe the relation
and should make the statement true. For example, according to the statement of the

given relation, the pair (Monrovia, Liberia) means “Monrovia is the capital city of
Liberia” which is true.

In general, relation is the set of ordered pairs. Thus, as ordered pairs are elements
of the Cartesian product of two sets, it is important to recall the notion of Cartesian
product. The following activity is helpful for this purpose.

AcTtivity 1

Recall that the Cartesian product of two sets 4 and B is given by
AxB={(x,y)|xe4 and yeB}.
1. Suppose 4 = {0, 1}, and B = {2, 3, 4}.
(a) Find 4 x Band B x A
(b) Plot 4 x B and B x 4 on the Cartesian coordinate plane.
(c) Is 4 x B=B x A? (Explain).
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2. LetA=1{2,3,4,6,7} and B= {3, 5, 8, 7,9 12}. List all ordered pairs (x, y) which
satisfy each of the following sentences where x € 4,y € B.
(@) x>y (c) The sum of x and y is odd
(b) yis a multiple of x (d)x+l=y.

DEFINITION

Let 4 and B be non-empty sets. A relation R from 4 to B is any subset of 4 x B.
In other words, R is a relation from 4 to B if and only if R = 4 x B.

ExampLE 1

LetdA=1{1,2,3,4} and B= {1, 3, 5}

(1) R, ={(1,3),(1,5),(23),(2,5),(3,5), (4, 5)} is a relation from 4 to B because
R, c A4 x B.1Is R, arelation from B to A? Explain your answer.
Notice that we can represent R, by the set builder method as
R = {(x, V)| x€d, yeB, x <y}.

(ii) R,={(2,3),(4,5)} is also a relation from 4 to B because R, = Ax B.
In the set builder method, R, is represented by
R,={(x,y) | x€d, yeB, y=x+1}.

Note that, even though 2 < 3 and 4 <5, R, # {(x, y) | x€4, yeB, x <y} (Explain
the reason)

Alternatively, we may use Venn diagram with arrows to express a relation. In this
case, an arrow from a to b represents the ordered pair (a, b). For instance, the above
two relations R and R, in Example 1(i) and (ii), can be represented by then Venn
diagrams as follows.

R R
A ! B A 1 B
) ) R )
1
\\ 1 1 .
2 L, 22—
3\
I ’ -5
[ //
4— 4
N -/ N N

Figure 1.
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Remark

The above discussion illustrates that a relation R may be represented either by

e the roster (listing) method; i.e., listing elements of R;

° the set builder method; i.e., stating a rule or formula that describes
elements of R; or

® Dby a Venn diagram in which an arrow from a to b shows (a, b)eR.

Next, we will discuss some basic terminologies and notions that frequently appear
in the topics of relations.

1. Image and pre-image of elements of a relation

If (x, y)eR for a relation R, we say x is related (paired) to y. If so, y is called the
image of x and x is called the pre-image of y. In a relation, x may have more
than one image.

2.  The domain and range of a relation

DEFINITION

Let R be a relation from a 4 to B. Then
(i) Domain of R, denoted by dom(R), is {x | (x, y) € R for some y}.
i.e., dom(R) is the set of all first coordinates (first components) of its elements.
(ii) Range of R, denoted by rang(R) is {y | (x, y) € R for some x}
i.e., rang(R) is the set of all second coordinates (second components) of its elements.
Therefore, dom(R) < 4; and rang(R)  B.

ExXAMPLE 2

IfR={(1,3),(2,3),(2,5), (4, 3),(7, 1)}, then
dom(R) = {1, 2, 4, 7}; and rang(R) = {3, 5, 1}.

ExAamPLE 3
LetA={1,2,4,6,7},B={3,5,7,8,9} and R= {(x, y) | xed, yeB, x > y}.
Find the domain and range of R.

Solution
Note that R = {(4, 3), (6, 3), (6, 5), (7, 3), (7, 5)}.
Therefore, dom(R) = {4, 6, 7} and rang(R) = {3, 5}.
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3. Relation on a given set.

A relation R can be from a set 4 to A4 itself. In this case, we say R is a relation
on A. Thatis, Risarelationon A if R A x A.

ExaMPLE 4

Let4=1{0,1,2,3,4,5, 6}. Suppose R is a relation on 4 defined by
R={(a,b)|a,b e A, b=2a}.Find the domain and range of R.
Solution

Observe that R= {(0, 0), (1, 2), (2, 4), (3, 6)}.

Therefore, dom(R) = {0, 1, 2, 3} and rang(R) = {0, 2, 4, 6}.

4. Inverse of a relation
Consider the following two relations represented by the respective Venn

diagrams.
R R
A ! ~ B A ! ~ B
— S — S
L L >1 L —1
———+ 2
4 4~
7 7
6~ 645
N N N N

Figure 2.
From the diagram, R = {(2, 1), (4, 1), (6, 1), (6, 5)} and

R,= {(1,2),(1,4),(1,6),(5,6)}.
There is a close relationship between the two relations: if (a, b)eR , then (b, a)eR,
and vice versa. Such relations are called inverse of one another.

DEFINITION

Let R be a relation from A4 to B.
The inverse of R, which is denoted by R, is a relation from B to 4 defined by

R =10, |(x.y) € R}.
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Hence, the inverse of a relation is the set of ordered pairs obtained by interchanging
the coordinates of elements of R. From the definition, observe that

dom(R) = rang(R™"). and rang (R) = dom(R™").

ExAMPLE 5
IfR={(2,1),(6,3),(10,5),(14,7) }, then
R'=1{(1,2),(3,6),(5,10), (7, 14) }.
Moreover, dom(R).= {2, 6, 10, 14} = ran(R™") and rang(R) = {1, 3, 5, 7}= dom(R™") .

EXERCISES
1. LetA=1{2,4,6} and B= {1, 3,5}
(a) IsR={(2,1),(2,3),(2,5),(1,2),(3,4), (5, 6)} arelation from 4 to B?
Give the reason for your answer
(b) LetR=1{(2,2),(4,4),(6,6)} is arelation on 4.
Express R using the set builder method.
(c) IfRisarelation from 4 to B given by R = {(x, y): y=x— 1}, then
(1)  list the elements of R
(i1)  list the elements of R,
(i)  Express R'. using the set builder method.
2. IfR={(x,y): y=2x+1} is arelation on 4, where 4 = {1, 2, 3, 4, 5, 6}, then
find the domain and range of R.
3. Letd=1{1,2,3,4} and R={(x,y): y=>x+1;x, ye 4}.
(a) List all elements of R; and determine the domain and the range of R.
(b) List all elements of R™! and express R™' using the set builder method.

7.2 TyPES OF RELATIONS
In this section, we will describe some types of relations whose elements have some
special properties.

Recall that a relation from A to B is a subset of 4 x B. A subset can be empty or can
be the entire set. Likewise, it is possible for a relation to be & (empty set) or the
entire 4 x B.
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Let R be a relation R from 4 to B.

(i) R is said to be an empty relation or void if R = &.
(i) R is said to be the universal relation if R = 4 x B.

ExamPLE 6
Given 4 ={1,2},B={4,5, 6},
let R, R, and R, be relations from 4 to B defined as follows:
() R,= {(xy)|xed, yeB, x>y}
(i) R,={(x, y)|xed,yeB,x <y}
(iii) R,= {(x, y)|x€4, yeB, x is a prime factor of y}.
Identify whether each of these relations is void, universal or neither.
Solution
(1) There is no element of 4 which is greater than any of the elements of B.
Hence, R, = J; i.e., R, is void.

(i1) Every element of 4 is less than every element of B; i.e., (x, y)eR, for every xe4,
yeB.

Hence, R, = 4 x B; i.e., R, is the universal relation from 4 to 5.

(iii) 2 is the only prime number in 4 and it is a factor of 4 and 6. Hence, R, ={(2, 4),
2, 6);.

So, R,# & and R, # A x B. Therefore, R, is neither void nor universal relation.

DEFINITION

Let R be a relation from 4 to B. R is said to be:

(1) One-to-many if there is an element of 4 which is paired with more than one
elements of B; i.e., there are two or more ordered pairs that have the same first
component.

(i1) Many-to-one if there are two or more elements of 4 which are paired with one
element of B. i.e., two or more ordered pairs have the same second component.

ExaMPLE 7

Let R, R, and R, be relations defined by the following Venn diagram. Identify whether
each of these relations is one-to-many, many-to-one or neither.
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R

E 2 F
2 4
4 1
6 0

R={(x,y)| xeA, yeB, R={(x,y) |y =x',
x is a prime factor of y}

R, ={(x,y) | y =2x,
xeC,yeD} xeE, yeF}

Solution
R, is one-to-many because, for instance, (2, 6) and (2, 8) are in R,.
® R,is many-to-one because, for instance, (-2, 4) and (2, 4) are in R,.

® R, is neither one-to-many nor many-to one. Such relation is called one-to-one.

Let R be a relation on a set 4. R is said to be:

(1) Reflexive if (x, x) € R for every x € A. i.e. every element of 4 is related with itself.
(i) Symmetric if (x, y) € R implies (v, x) € R
(iii)) Transitive if (x, y) € R and (y, z) € R implies (x, z) € R

ExAMPLE 8

Let R be a relation on N (the set of natural numbers) given by
R={(x,»)|x<y,x,y € N}. Then,
(1) Risreflexive. i.e., (x, x) € R for all x € N because x <x for all x € N.
(i) R is not symmetric because x < y does not imply y < x.
For instance, (2,3)e R but (3,2) ¢ R.
(iii) R is transitive because if x <y and y <z, then x < z.
re.,if (x,y) € Rand (), z) € R, then (x, z) € R.

ExAMPLE 9

Let R be a relation on Z (the set of integers) given by

R = {(x,y) | y — x is an integral multiple of 3}.
Show that R is reflexive, symmetric and transitive.
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Solution
Note that the integral multiples of 3 are 0, 3, £6, £9, £12, etc, i.e., 3k for k € Z.
That is, (x, y) € R if y —x = 3k for some k € Z.

1.

To show R is reflexive: For any x € Z, x —x =0 which is a multiple of 3.
Hence, (x, x) € R for all x € Z. Therefore, R is reflexive.

To show R is symmetric: Let (x, y) € R

= y —x =3k, for some k € Z.

= x —y = -3k, which is a multiple of 3.

= (¥, x) € R.

Thus, if (x, y) € R then (3, x) € R. Therefore, R is symmetric.
To show R is transitive: Let (x, y) € R and (), z) € R.

= y—x=3kand z— y =3m for some k, m € Z.
=>W-x)+(z-y)=3k+3m

= z —x = 3(k +m), which is a multiple of 3.

= (¥, z) € R.

Hence, if (x, y) € R and (), z) € R, then (x, z) € R. Therefore, R is transitive.

EXERCISES

1.
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Determine whether each of the following relations definedon 4 = {0, 1, 2, 3,4}

is void, universal or neither.

(@ R, ={(xy)|xed, yed, xy =0}

() R,={(x,y)|xed,yed, xX’=y}

() R=1{(x,y)|xeA,yed, xX’=y +17}

Let A={xeZ| -9 < x £ 9}. Determine whether the following relation is one-to

many, many-to-one or neither of these.
@ R ={(xy)|x,yed,y=x*}
(b) R, ={(x,y)|x,yed,y*=x}
(©) R,={(x.»)|x,yed, y=x7}

Determine whether each of the following relation defined on 4 ={1, 2, 3, 4} is

reflexive, symmetric, transitive or neither of these.
(@ R ={(11),(Z2),33),44),(2,4),42)}
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(b) R,=1{(1,1),(22),3,3), (4 4.1, 4), (4 3);
() R,={(11),(22),G3),4dj

4. Determine whether each of the following relation is reflexive, symmetric,
transitive or neither of these.

(@ R ={0 ) |x,yeR, y>x}

®) R,={(xy)|x,yeR, y<x’}

(¢) R,={(x,»)|x,y€Z,y—xis an integral multiple of 4.}
(d R,={(x »)|x,yeZ,y=x+ 5m,for some m € Z}

You have seen different types of relations in the previous section. A relation which is
not one-to-many is a function. That is, a function is a special type of relation where
no element of its domain is paired with more than one element of its range. Thus,
function is defined as follows.

DEFINITION

A function f from A4 to B is a relation from A4 to B in which each element of 4 is related
(paired) to only one of the elements of B.

That is, for every xeA there is only one yeB such that (x, y) € f-

So, a relation fails to bet a function if it has two ordered pairs (x, y) and (x, z) such
that y # z.

ExamprLE 10

Consider the relation R = {(1, 2), (7, 8), (4, 3), (7, 6)}
R is not a function because (7, 8) and (7, 6) are in R but 8 # 6,

ExampLE 11

Let R = {(1, 2), (7, 8), (4, 3)}. This relation is a function because no first-coordinate is
paired (related) with more than one element of the second-coordinate.
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ExamMPLE 12

Consider the following arrow diagrams.

A L . B A Z B A S B
) ) ) ) ) )
| > ad -4
1 1= ! 4
5
3\\ 33— 3 b
6
= 5 5 e
™7
-/ -/ N J N J \ J \ J

Which of these relations are functions?

Solution

R, is a function. (Why?)

R, is not a function because 1 and 3 are both mapped to (paired with) two numbers.
R, is a function. (Why?)

ExamPLE 13

The relation R = {(x, y): y is the father of x} is a function because no child has more than
one father.

ExampPLE 14

Consider the relation R = {(x, y): y is a grandmother of x}.
This relation is not a function since everybody (x) has two grandmothers.

Notations and terminologies :

1. A function from A4 to B is usually denoted by f'and written as f: 4 — B.
(So, the notation /: 4 — B is read as ‘ f'is a function from A4 to B’)

2. Givenf: A4 — B,if (x,y) € f, we write f(x) = y. (Read f(x) as ‘fof x")
Thatis, /= {(x,y) | y =/ (x)}.

3. Various terminologies are used to express f(x) =y, such as,
e  the value of fat x is y.
® fmapsxtoy,
®  fassigns ytox, and
®  yisthe image of x under /'
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ExaAamPLE 15
LetA={1,2,3,4}, B={3,5,7,9, 11} and suppose
f:4— Bsuchthat f={(1, 3),(2,5),(3,7),(4,9)}.
Then, this can be written as f(1)=3, f(2)=35, f(3)=7, and f(4)=09.

A function from 4 to B is usually defined by a rule (or formula) that assigns to each
x € A certain y € B uniquely. For instance, the function f'in Example 15 above can
be defined by the rule: f (x) = 2x + 1, for each x € A. Thus, a function can also be
defined as follows:

A function f from 4 to B is a rule (or a formula) that assigns to each xe4 exactly one

element, denoted by f'(x) in B.

Note: The following directly follows from the definition of a function f: 4 — B:

dom( f) =4 ; and rang( /) = { yeB | y is the image of some x € 4 under f'}
={yeB|y=f(x),oreachx € 4}

ExAMPLE 16
Letf: R — R given by f'(x) = x%

1.  Describe R as a set of ordered pairs using the set builder method.
2. Determine domain and range of /.
Solution

.  f={(x»)|y=f(),foranyx eR}.
= {(x,y) |y =x% for any xeR}.
= {(x, x*) | xeR}.
2. dom () = R (the set of all real numbers);
rang (f) = {y | y =x%, forxeR}

= {y |y >0} since x>> 0 for every xeR.
That is, rang (f') is the set of all non-negative real numbers.

In general, when a function f'is specified by a rule, its domain is the set of all possible
numbers on which the rule is defined (or valid); and the range of the function is

rang(f) = {y|y=/(x), xe dom (f) }

249



- Mathematics — Grade 10 Textbook

ExampLE 17

Consider f'(x) = —2x . Find the domain and range of f.
Solution
Since f'(x) = —2x is defined for all xe R, dom( 1) is the set of all real numbers.

The range is also R since for every yeR, there is a real number x |say, x = — 2| such
_ _ 2
that y = f(x) = —2x.

ExampLE 18

Let f(x) =+/x —3 . Find the domain and range of 1.

Solution
Since the expression in the radical must be non-negative, x — 3 > 0.
This implies x > 3. So dom(f) = {x |x >3 }.

Since the value of x —3 is always non-negative, rang(f) = {v | y > 0}.

ExampLE 19
Let f(x) = x*+5. Find the domain and range of 1.
Solution
Since x*+5 is defined (valid) for every real number, dom () = R.

On the other hand, rang(f) = { y | y = x*t5, xe dom (f) }. To find this, note that x>> 0
implies x*+5 > 5, for every xeR. Thus, y = x*+5 > 5 for every xeR.

Therefore, rang(f) = {y |y =5 }.

ExampLE 20
LetA=1{1,2,3,4} and B={3,4,5,7,9}
Iff: A — B is given by f(x) = 2x + 1, then find the domain and the range of .
Solution
Since f(1)=3 € B,f(2)=5€B,f(3)=7e Bandf(4)=9 € B,
dom( /)= {1, 2, 3,4} and rang(f') = {3, 5, 7, 9}.

Remark: Iff: 4 — B is a function, then, for any xe 4 the image of x under f, f(x), is
also called the functional value of fatx. For example, if f{x) = x — 3, then the functional
valueof fatx=51sf(5)=5-3=2.

Finding the functional value of fat x is also called evaluating f"at x.
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ExampLE 21

Take f(x) =+/x —3 and evaluate:

(@) 1)

Solution

(b) F(12)

(@) f(3)=3-3=0=0.
) fO=v12-3=9=3.

ExAMPLE 22

For the function f'(x) = 1— x?
(a) Find the domain and the range of -
(b) Evaluate f(2) and f(-1).

Solution

(a) dom (f) = {x| xeR}, the set of all real numbers, since 1- x?is defined for all xe R.
On the other hand, rang(f) = { y | y = 1- x%, xe R }. To find this, note that
—x?< 0 implies 1-x*< 1, for every xeR. Thus, y = 1— x* <1 for every xeR.
Therefore, rang(f) = {yeR |y <1 }.

®) f2)=1-QpP=1-4=3andf(-1)=1—-(-1)>=1-1=0.

EXERCISES

1. Determine whether each of the following relations is a function or not, and

give reasons for those that are not functions.

(a)
(b)
(c)
(d)
(e)
(0
(8
(h)

R= {(_17 2)5 (17 3)5 (_19 3)}

R = {(x, y): y is a multiple of x}

R= {(19 1)5 (19 3)’ (_19 3)’ (29 1)}
R={(x,y):y=x+3}

R = {(x, y): y is the area of triangle x}
R={(x, )y <x}

R = {(x, y): x is the area of triangle y}
R = {(x, y): x is the son of y}
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2. Find the domain and the range of each of the following functions:

@ (=3 |
(b) f(x)=1-3x @ JW=—7
(© f)=x2-3 -
@ f)=Vxr4 (0 J=3=2
3. Iff(x)=2x++x+4, evaluate each of the following:
(@) f(4) (b) £
4. Match each of the functions in column A with its corresponding domain in
column B:
A B
(i) f)= J2—x (a) {x:x>3}
(i) fix)=2x-1 (b) {x:x<2}
(1) fix)=+x-3 (¢) {x:xeR}
5. Match each of the functions in column A with its corresponding range in
column B.
A B
(D) Ax)=v2—x (@) {y:y=20;
(i) fx)=2x-1 (b) {y:yeR}
(i) fix)=+x-3 (c) {y:y=210}

7.4 CoOMBINATION OF FUNCTIONS /OPTIONAL PART

A functions whose range is a subset of the set of real numbers is called a real valued
function. Two real valued functions f'and g can be combined to form new functions

f+e f—g feg and E in a manner similar to the way we add, subtract, multiply and

divide real numbers. These are formally defined next.

DEFINITION

Suppose f'and g are two real valued functions. Let S = dom (f) N dom (g).
(1) Sum of functions: The sum of fand g, f+ g, is a function given by

(f+ 2)(x) =f(x) + g(x), for every xe S.
(i1) Difference of functions: The difference of fand g, f— g, is a function given by

(f— 2)(x) =1 (x) — g(x), for each x €S8.

YRY)



Relations and Functions -

(ii1)) Product of functions: The product of fand g, fg, is a function given by
(f@)x) =f (x)g(x), for each x & S. (Here, f (x)g(x) =f (x) x g(x).)

(iv) Quotient of functions: The quotient of fand g, E , is a function given by

[g](x):%, foreachx € S\ {x | g(x)=0}.

Remark

f
The domain of f+g, f— g and f g is dom (f) N dom (g); and the domain of E is
dom (f) N dom (g) excluding those x where g(x) = 0.

ExAMPLE 23
Let /' (x) = 3x and g(x) = x — 1 . Note that dom(f) N dom(g) = R.
(1) The sumof fand gis (f+ g)(x) =3x+(x—1)=4x— 1, dom(f+g) = R.
(i1) The difference of fand g is (f— g)(x) =3x — (x— 1) =2x + 1, dom(f—g) = R.
(iii) The product of fand g is (fg)(x) = 3x (x — 1) = 3x*— 3x, dom(f'g) = R.

S 3x S
(iv) The quotient of fand g is [—](x) =, dom[_]= R\ {x|x-1=0 } =R\ {1}.
g x—1 g
ExampLE 24
Let f(x) =2x and g(x) = Vx—5.
(@) f+g (b) f-g (c) fg @ &

and determine the domain of each function.

Solution

mod(f) = R and dom(g )= {x >5} since Vx—5 is defined only when x—5 > 0.

So, dom (f) ndom (g) =R N {x|x>5} = {x|x>5} which is domain of f+ g, f— g, and fg.
Moreover,

@) (f+ox)=f(x)+gx)=2x+ Vx—5,dom(f+g)={x|x>5}.
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(b) (f-&)x) =f(x)—gkx) =2x - Vx -5, dom(f—g) ={ x| x5}
(©) (F@)x) =f(0gl) =2xvx =5, dom(fg) ={x|x=5}.

@ [ﬁ](x) — \/ijs , dom[ﬁ] = (dom(f) n dom(g) ) \ { x| g(x) =0 }

={x|x=25}\{x|vx=5=0}
={x|x>5}\{x|x=5}
={x|x>5}.

Therefore, dom[é] ={x|x>5}.
EXAMPLE 25

Let f{x) =2 — 3x and g(x) = x — 3. Evaluate [i] (4) and (f+ 2)(4)
g

Solution
L =@ _273x o, [1](4)= 230 _ g
g g(x) x-3 g 4-3

(f+g)(x) =/ (x) +g(x) =—2x — 1. So, (f+ g)(4) =-2(4) — 1 =-9.

ExXAMPLE 26

Let f(x) =x — 1 and g(x) = 3x. Determine:

(a) (r+3g)(1) ®) 520
Solution
(@) (2f+3g)(1)=2(1—1)+3(3(1))=9.
— 2 1
() i@) a 2?3)(;) 18 9
EXERCISES
1. Iff=1{(1,2),(-3,2),(2,5)} and g = {(2, 4), (1, 5), (3, 2)}. Find:
(a) f+gandf-g (b)  the domain of (f+ g)
2. Letf=1{(2,3),(4,9),(3,—8)} andg={(1,2),(2,5),(3,10),(4,0)}. Determine:
(a) -2f (c) /f5(2) J
(b) f+g @ g ©
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3. Letf(x)= —— and g(v) = =2 Find
. = — an = ——_. ria:
T TR

(@) f+g (b) fg
(c) domain of (f+ g) and fg

2
4. Letf(x)=3x—-3and g(x)= 1 Evaluate:
x J—

f
@ 2/22) (b) [g‘” ]<3) © (-9®)

7.5 CHANGE OF SUBJECT

In an equation, if a variable (symbol) is expressed in terms of others, the variable is
called the subject of the equation. For instance, in the equation y = 4x — 8, y is the

subject of the equation. Similarly, in the formula (equation) 7 = 14 , I is the subject
of the formula. R

14 . .
Note that / = > can be rearranged to express V in terms of / and R. That is, V= IR

for which V'is the subject. Similarly, y = 2x — 6 can be rearranged to an equivalent
. 1 . . :
equation x = > v+ 3 for which x is the subject.

Given an equation, when a variable other than the current subject is required to be
a subject, then we have to rearrange the equation to get the new subject. The task of
making a new subject by rearranging a given equation is called change of subject.

In other words, making a given variable the subject of an equation means expressing
that variable in terms of the others.

ExamMPLE 27

. 1
Make x the subject of y = Ex —1.
Solution

We need to express x in terms y by rearranging the equation. To do this, first adding 1 to
both sides of the given equation, we get

1
y+l= Ex ( Multiply this by 2)
= 2(y+1) = x (Now, rearrange to get x on left hand side ( LHS))

That is, x =2(y +1) (This is an equivalent equation in which x is the subject).
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In general, a change of subject is simply an aspect that isolates a desired variable on
one side of the equation. There are no new rules to do this. The same rules as were
used for simple equations in Unit 6 are used; i.e., the balance of an equation must be
maintained at each step: whatever is done to one side of an equation must be done
to the other side.

We illustrate this using various examples below.

ExampLE 28
Given that 3x + 5y = 30,
(a) make y the subject and find y when x = 5.

(b) make x the subject and find x when y = -3.
Solution

(a) To make y the subject, we should express y in terms of x. That is, isolate y to the left
side by rearranging the equation step by step using suitable rules of equation. Thus,

given 3x + 5y = 30, (subtract 3x from both sides)
S5y =-3x + 30, (divide both sides by 5)
= Y= —%x +6
So, y is the subject of the last equation.
Now, when x = 5, y:—%(5)+6:—3+6:3,

(b) To make x the subject, we should now express x in terms of y. That is, isolate x to
the left side of the equation by taking every other terms to the right. Thus,

given 3x + 5y = 30, (Subtracting Sy from both sides to get);
3x =-5y + 30, (dividing both sides by 3 to get);

5
x=—=y+10
3)’

Thus, x is the subject of the last equation.

5
Now, when y = -3, x:—g(—3)—|—10:5+10:15,

ExamPLE 29
Make x the subject of the following relations(equations).

X
1. b=5y+x 2. ng—a 3. ytax=bx+c
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Solution
In each, we rearrange the given equation to isolate x to the left hand side (LHS)
1.  Given b =5y + x (Subtract 5y from both sides )

= b — 5y = x (rearrange to get x on LHS)

Therefore, x = b — 5y .

2. Given ¢ = g —a (add a to both sides)

x
= cta= 5 (multiply both sides by 5)

= 5(c + a) = x (rearrange to get x on LHS)
Therefore, x = 5(c + a)
3.  Given y + ax = bx + ¢ (take bx to the left and y to the right - you can specify the
reason)
=ax—bx=c-y
= (a — b)x = ¢ — y (divide both sides by a — b)
c—y
a—>b

= X=

ExampLE 30

Make ¢ the subject of the relation x = it .

C

Solution
Multiplying both sides of the given equation by ¢, we get
cx—b=at

=cx_b=at

cx—b

= t

a
cx—>b

Therefore, ¢ =

ExampLE 31

m
If p= J , express ¢ in terms of p.
1+ mgq
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Solution
Multiplying both sides of the given equation by 1+ mgq, we get
p(l+mq)=q—m
—=ptmpg=q—m
—ptm=q—mpq
=>p+tm=(1—mp)g
Therefore, g = pEm
1—mp

ExaMPLE 32

2 1
Ifa= P find an expression for ¢ in terms of a and b.

Solution
Multiplying both sides of the given equation by bc, we get

abc =2c—b (because, at the right side, %(bc) — l(bc) =2c—b)
= b =2c — abc (Give the reason) ¢
= b=c(2— ab)

Therefore, ¢ =

2—ab

ExamPLE 33

Make z the subject of 7 = m\/2 .
n

Solution
Dividing both sides of the given equation by m, we get

= \/E (square both sides)
n

r
m

nr

Therefore, z = —

m
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EXERCISES

1. Make z the subject of the following relations (equations).

@ rTE e oTsn @ mEg
2. Make x the subject of the following relations
(@) m3+x)=n(x+1) 1,11
x—1 © % y a

Y
+==1
by — 77
3. Make x the subject of the following relations

(@) mB+x) =nkx+1) © 1,11
x—1+1_ Xy a
by — 7
4. If t= 10_x,then
10+ x

(a) find x in terms of z.

(b) find the value of x when ¢ = 3.

5. For alens, the focal length f, the object distance « and the image distance v are

related by the formula: — = Sy

(a) Make fthe subject of the equation
(b) Find fwhen u =30 cm and v =20 cm.

7.6 GRAPH OF LINEAR FuUNCTION

A graph of function is a visual representation of elements of the function on the
coordinate system. In this section, we will consider plotting elements (ordered pairs)
of a special relation, called linear function.

ACTIVITY 2

1. Suppose a relation R is the set of ordered pairs of the AV
points shown by the dots on the adjacent xy-coordinate 4 o
system. 3 °
(a) List the elements of R by the roster (complete 2 e
listing) method. o1
(b) Describe the elements of R by the set builder A2 d B =
method. o
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2. Plot the following relations (set of ordered pairs) in the xy-coordinate plane.
(1.e., show the points corresponding to the ordered pairs by dots (e) or crosses(x).)
(a) Rl = {(_la _2)9 (Oa O)a (la 2), (2a4)7 (3: 6)}
(®) R,={(x, y) | y=2x+1,xeA} where 4 ={-2,-1, ..., 2}

3. LetR=A4 x B,where A= {x|x e R,0<x<2 } and B={2}.i.e.,R={(x,2) | x € 4}.

(a) List as many elements of R as you can (at least five) and plot them on the xy-
coordinate system.

(b) Observe that R has infinitely many elements. What do you get if you try to plot all
elements of R?
4. Let Rbe arelationon 4 = {x|xeR,0<x<2 } given by R= {(x,y) | y =x}.

(a) List as many elements of R as you can (at least five) and plot them on the Cartesian
coordinate plane.

(b) What do you get if you try to plot all elements of R?

As you have seen in the above activity, the graph of a function (relation) on the
xy- coordinate plane is the set of points on the plane whose coordinate pairs are the
ordered pairs of the functions. In this section, we will focus on the graph a linear
function defined below.

DEFINITION

If @ and b are fixed real numbers, a # 0, then fix) = ax + b for xeR is called a linear
function.

Sometimes linear functions are written as y = ax + b because, as a set of ordered pairs,
the linear function can be written as

* f={(.y)|y=ax+b,xeR}.
e Ifa=0, fix)=bis called a constant function.

Graphing f (x) = ax + b means plotting, on the xy- y
coordinate plane, all coordinate pairs who are the
ordered pairs of /= {(x, y) | y=ax + b, xeR}.

— 0 W A=
°

For instance, suppose f(x) =x. In order to graph f, we need

to find some ordered pairs in f'= {(x,y) | y=x, xeR} = 4 3 2 -] 5
{(x,x) | xeR} . ol 1271
Some of these are (-1, —1), (-2, -2), (0, 0), (1, 1), (2, 2),

and (3, 3). We plot these points (ordered pairs) as shown next.

=
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But this is not the graph of fas, for example, [l , l] , [% , %] ,
44
[é , 3 , etc., are in fbut missed on the above graph. In fact,
2°2
as the elements of f are infinitely many, it is impossible

to list and plot all elements of /. However, the points that
are missed on the graph can be covered by drawing a line

I
4 =x
3
2
1
4 3 2 -] X
1 2 3 47

segment through the plotted points. Then, use your imagination to extend the line
segment straight in both directions. This is shown on the next graph.

In general, to graph a function £, we plot some sample points of {(x, y)| y = fix)}
and then join the plotted points by a smooth curve which suggests the shape of the

graph. This is a straight line when f'is a linear function.

ExampLE 34
Draw the graph of f(x)=2x+ 1
Solution

To get sample points, we first form table of ordered pairs (x, ),
where y = f(x) = 2x + 1 for some x, say, when x = -2,—1,
0,1, 2.

X
y=2x+1

-2
=3

-1 0 1
-1 1 3

2
5

A

5
Y y=ox+1

1
-4-3-2-1/ X
| 1 2 3 4

Thus, (-2,-3), (-1, -1), (0, 1), (1, 3), and (2, 5) are samples points of the graph. That is,
the straight line through these points is the graph fas shown in the figure below.

ExaMPLE 35

Sketch the graph of f(x)=—2x—3

Solution

First construct a table of values from the domain to get

sample points:

X -3

)

This table is pairing the values of x and f(x). i.e., it gives us

the sample points:

(_39 9)’ (_23 7)3 (_la 5)’ (0’ 3)a (1’ 1)7 (23 _1)7 (33 _3)}
Now you can plot these points in a coordinate system and the
straight line through these points as shown in the figure below.

=2
7

=l
5

0 1
3 1

2 3
-1 | 3

4 3 2 -]
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ExaMPLE 36

Draw the graph of the constant function f'(x) = 2.

Solution

Construct a table of values of the function, plot the ordered
pair and draw a line through the points to get the required
graph as shown below.

Ml 2 o123 3 y=2
e e e e e o o
Il 2 | 2 2 2 2| 2| 2 1
Indeed,, the graph of f{x) =2 is the set of all points of (x, 2), e SR >
for every x eR. This is the horizontal line through (0, 2) as -1

shown on the adjacent graph.

Note: The graph of a constant function f (x) = b is a horizontal line (parallel to
x-axis) that intersects the y-axis at (0, b).

EXERCISES
Draw the graph of the following functions
=3 1
(@ f() (g) [f(x)==x
(b) f(x)=3x-2 2

(© flx)=2x+3 (h) f(x):%x—|—3

(d) f(x)=-2
() fx)=—x+2 | g
6 f(x)=4x-3 6) f(x)——5x+4

7.7 GRADIENT OF A STRAIGHT LINE

In the previous section, we have seen that the graph of a linear function f(x) = ax+b
is a straight line which is inclined with certain sort of steepness. A measure of this
steepness is the property called gradient or slope. In this section, we will discuss a
way of finding the gradient of a line.

Note: In the sequel, we may use the term ‘slope’ for gradient, a’ line’ for straight
line, and the symbol A (read ‘delta’) means “the change in”. For instance, ‘Ax’
means ‘the change in x’.
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From geometry, you know that two distinct points in a plane determine a unique
line. So, any two distinct points (x,, y,) and (x,, y,) that lies on a line can be used to
describe the line and to define the slope of the line.

For any two distinct points (x,, y,) and (x,, y,) on a line, we define
' Ax = x, — x, (change in the values (coordinates) of x)
Ay =y, -y, (change in the values (coordinates) of y)

iAy The slope, denoted by m, of a line L that passes
Yt ¥ oo ¢(x,y) through point (x,, y,) and (x,, y,) is defined by

N
Y=

_ Ay =y

m
X X
/ ! 2 Ax  x,—x

ExampPLE 37

Find the slope of the line that passes through each of the following pair of points, and
draw the line.

(a) (1,3)and (2,5) (¢) (-1,3)and (2, 3)
(b) (0,3)and (2, 1) (d) (2,1)and (2,4)
Solution

. . . . : A =
The slope of the line through a given pair of points (x, y,) and (x,, y,). is m = Ey . Bbily
X, — X
You can draw the line that passes through (x,, y,) and (x,, ,) using a ?

1

ruler or a straight edge. So, yy  Slope, M=2
(a) The slope of the line through 5t
(1,3) and (2, 5) is :
4 3 - -] X
The adjacent graph shows the line . / J 1234 .

(b) The slope of the line through

(0,3)and (2, 1) v
,3)and (2, 1) s
Ay 1-3 -2 M:'\i
m="X_""°_"2__ ©,3)
Ax 2-0 2 >
The adjacent graph shows the line . 1 2,1
432 -1 X
1 2 3\4
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(c) The slope of the line through

V4
(-1,3)and (2, 3) is 5
4
oAy 3-3 0 L3) . el y-3
Ax 2—(-1) 3 ,  Horizontal line, y =3
Slope, m =0
The line is horizontal (parallel to the x-axis) 4 32 ! X
In general, the slope of a horizontal line is 0 4 12314
because Ay = 0.
(d) The slope of the line through Ay Vertical line, x = 2
(2,1) and (2,4) is undefined because 5 (jlige -tndefined
4 o4,
m= Ly = 4-1 = 3 (undefined) 3
Ax 2-2 0 2
The line is vertical (parallel to the y-axis) L b 1 o2 D
In general, the slope of a vertical line is 13 4
undefined, because Ax= 0. = x=2

Note

1. The slope of any horizontal line is 0; because its Dy is 0.
2. The slope of any vertical line is undefined; because its Dx is 0.

3. The slope of an inclined line is either a positive number or a negative
number

e Ifits slope m > 0, the line is rising up (from 3 quadrant tol*
quadrant),

e Ifits slope m <0, the line is falling (from 2" quadrant toward 4%
quadrant).

Equation of straight lines

In the previous section, you have seen that the graph of a linear function f(x) =ax + b
is a straight line L. The ordered pairs satisfying the equation of this linear function
(i.e., ordered pairs of points on L) are (x, y) such that y = ax + b for every xeR.

Thus, y = ax + b 1s called equation of the line L.

What is the slope of this line? To answer this, we choose any two points (x,, y,) and
(x,, y,) on L and compute its slope. For instance,

Whenx =0,y =/f(0)=5b=(0,b)ison L. So, let (x,y,) = (0, b)
Whenx=1,y=f(1)=a+bc(0,a+b)isonL.So,let(x,y,)=(1,a+b)
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A — a+b)—b
Therefore, the slope of the line is M = y_Y=h _{ ) =a
Ax  x,—x 1-0

Consequently, the equation of the line is usually written as

y =mx + b, where m is the slope of the line.

The line intersects with the y-axis at (0, b) because (0, b) is on the y-axis and also on
the line. We say that (0, b) is the y-intercept of the line.

Note also that, when y =0, mx + b = 0 implies x = —2 ,form#0. So, [—E,O] i1s on
m

m
b

the line and it is also on the x-axis. We say that [ m ’0] is the x-intercept of the

line.

Summary

y — mx + b is an equation of the line with

b
slope m, y-intercept (0, b) and x-intercept [ " ’OJ.
®  To draw this line, you can use the following two points of the line:

1. (0, b)and (1, m+b). ( 1.e., y-intercept and point obtained using the

slope m) or
2. (0, b) and —E,OJ, if b # 0. (i.e., y- and x-intercepts if they are not
(0, 0)) "

ExampLE 38
Draw the line given by y = —-3x + 1 (i.e., graph
of f(x)=-3x+1) y
Solution
® The y-intercept of the line, when x = 0, is
(0, 1).
® And using the slope of the line, m = -3, the L bk _2(0_’11) X
second point on the line is (1, -3+1) = (1, -2). 1 2 3 4 5
So, the line passes through (0, 1) and (1, -2). (] x_;)z
The line is shown on the adjacent figure. '

N W B~ W

L=
=

fx)=-3x+1

[ N
DB W N =
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ExamMPLE 39

Draw the line given by y = 4x — 4.
(i.e., graph of ' (x) = 4x — 4)

Solution

Here let us use the two intercepts.

fo)=4x- 4

— N W B W

® The y-intercept, when x = 0, is (0, —4). 5 4 3 2 -] (1,0) X
® The x-intercept, when y = 0, is (1, 0). I

So, the line passes through (0, —4) and (1, 0).
The line is shown on the adjacent figure.

(07 _4)

S T S

The general form of equation of a line

We have seen that an equation in two variables x and y given by y = mx+ ¢ is an
equation of a line. The equation y = mx+ c is called slope-intercept from of equation
of the line. This equation may appear in other equivalent forms, such as, —mx+y=c
or mx—y + ¢ =0. In general, equation of a line can be written as

ax+by=c,

where a and b are not both 0. This is called the general form of equation of a line.

Equation of any type of a line can be obtained from this general form. In particular,
note the followings.

266

(1)

(ii)

(iii)

Ifa=0,thenby=c=>y= € This is equation of a horizontal line with
. c b

y-1ntercept [O,Z].

If b = 0, then ax = ¢ = x=—. This is equation of a vertical line with

c ] a

—,01.

a

Suppose a # 0 and b # 0. Then, we can change ax + by = ¢ to the slope-
intercept form by making y the subject of the equation. Thatis, ax+ by =c

x-intercept

a c
is equivalent to ¥ = _Zx +E which is equation of a line with slope
m= = and y-intercept | Y Ik
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ExampLE 40

Suppose the lines L, and L, are given by the equations x +y =5 and —2x + y = —1

respectively.

(a) Find the slope and y-intercept of each line.

(b) Draw both lines on the same coordinate plane.
(c) Find the intersection point of the lines.

Solution

(a) Changing the equations into the slope-intercept
form, we get that

L;:y=-x+35,slope m=—1, y-intercept (0, 5)
L,:y=2x—1,. slope m,= 2, y-intercept (0, —1)
(b) So, L, passes through (0, 5) and (1, 4), and
L, passes through (0, —1) and (1, 1).
The lines are shown on the adjacent figure.
(c) Observe that, (2, 3) is the intersection of L and L.

ExamPLE 41

N

5 4 3 2 ]

VT 1z
4 2x+ty=-1
3
2 x+y=35
1

X

]

/12345;

Suppose the lines L and L, are given by the equations —x+y =1 and x — y = 1 respectively.

(a) Find the slope and y-intercept of each line.
(b) Draw both lines on the same coordinate plane.
(c) Find the intersection point of the lines, if any.

Solution

(a) Changing the equations into the slope-intercept
form, we get that

L:y=x+1,slope m =1, y-intercept (0, 1)
L,:y=x—1,slope m =1, y-intercept (0, —1)
(b) So, L, passes through (0, 1) and (1, 2), and

) 1/

L, passes through (0, —1) and (1, 0).
The lines are shown on the adjacent figure.

(c) L, and L, have the same steepness (have equal
slope). Hence, L, and L, are parallel.

Therefore, the lines have no intersection point.

g

4
-5
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Remark :

1.  Two lines with equal slopes are parallel. Distinct parallel lines never
intersect. Therefore, two distinct lines with equal slopes have no
intersection point.

2. Two lines with different slopes intersect at one and only one point.

EXERCISES

1. Find the gradient (slope) of the line that passes through each of the following
pair of points and draw the line.

(@) (0,2)and (3,2) (d (2,0)and (2,3)
(b) The origin and (1, 2) (e) The origin and (1, -3)
(¢) (=1,3)and (1, 6) (H (-3,-2)and (2,-2)

2. Determine the slope, y-intercept and x-intercept of the line determined by each
of the following equations. Also draw the lines.

@ x+ty-1=0 (c) 3x—-2=2 (e) y—-5=3x
(b) y=3x-4 (d y-3=x H y-2x+5=1

3. Determine whether the lines given by each of the following pair of equations
are parallel or not.

(@) 3y-3x-5=4;,—~x+y=4 () x+59+3=0;5x+3y+2=0
(b) y=4x+2;8x-2y+5=0 ) £+Z:1;2x+3y—4=0
() y-3x-5=0;3x+y=5 3 2

(d) 3y=-2x+3;4x+6y+3=0

7.8 DISTANCE BETWEEN Two POINTS

The distance between two points P(x,, y,) and Q(x,, y,) is the length of the line
segment PQ. In this section, we will develop a formula for the distance between any
two points in the coordinate system. Before considering this for arbitrary points, we
will do it for particular points in the following example.

ExaAamMPLE 42
Find the distance between O(0, 0) and B(3, 4).
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Solution
A
5
4
; Bp4,3)
? 0 }AB3
5 4 3 - Iy
1 2 3 4 5°x
04=4

bbb b O

Let us plot O(0, 0), B(4, 3) and form the right angled
triangle OAB where A4 is at (4, 0), as shown in the
adjacent figure.

Consequently, OB is the hypotenuse of AOAB while
0OA and AB are the lengths of the horizontal and
vertical sides of the triangle such that O4 = 4 and
AB=3.

Hence, by Pythagoras’ theorem, OB = /4* +3* =5.
That is, the distance between (0, 0) and (4, 3) is 5.

We will follow the same approach as discussed in the above example and use the
Pythagoras’ theorem to develop a formula for the distance between any two points.
This is described below

Suppose two points P and Q have coordinates (x, y,) and (x,, y,), respectively.

(V4
Vs

y

0(x,, y,)

To find the distance PQ between the two
points, we plot the two points and form
the right angled triangle PRQ, where the
coordinates of R is (x,, y,), as shown in the
adjacent figure. Then we can see that the
lengths of the sides of the triangle are

PR = Ax=x,—x,and
RO=Ay=y,~y,.

_yl

Then, using Pythagoras’ theorem,

= PQ:\/AXZ+Ay2 :\/(xz_x1)2+(Y2_y1)2

Therefore, the distance d between points (x,, y,) and (x,, y,) is given by

d =\, — %)+, —n)

This is known as the distance formula. Although we have derived the formula for
points in the quadrant I, the formula is true for any location of the points.
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ExampLE 43
Find the distance between (-5, —4) and (3, 2).
Solution.
Ax=x,—x =3-(-5)=8 andAy=y,—y =2 - (-4)=6.
Hence, the distance between the two points is d = /8> + 6> = V100 =10

ExampLE 44
Suppose the vertices of AABC are at 4 (-2, —1), B(1, 4) and C(4, —1). Show that the
triangle is isosceles.

Solution
To show A4BC is isosceles, we need to show that two of its sides are equal.
So, to find side 4B, its y
Ax=1-— (_2) =3, and 1 B(1,4)
Ay=4—(-1)=5. 4
Thus, AB = \/sz + Ay = \/32 +52 =./34

Next, to find side BC, its 4B BC
Ax=4—1=3,and 2/ 1 N Ik
po R ATy 1)

Thus, BC =AY +Ay* = /3 +(=5) =34
Therefore, AB =34 = BC implies that AABC is isosceles.

EXERCISES

1. Given A(1, 0), B (7, 8), C (-2, -3), D(3, 5), E(3, —4) and F(-3, —4), find the
distance between

(a) AandB (d DandE (g) Band F
(b) Band C (¢) FEand F (hy Cand F
(¢c) CandD () Fand A4

2. Show that a triangle with vertices at (-2, 0), (-1, 4) and (2, 1) is isosceles.
Suppose the vertices of AABC are at A(—1, 1), B(1, 5) and C(5, 3). Show that

(a) AABC s isosceles.

(b) AABC is right angled triangle. (Hint: Show that its sides satisfy
Pythagoras’ theorem)
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7.9 GRAPH OF QUADRATIC FUNCTIONS

In section 7.6, we have discussed linear functions and their graphs. In this section,
we will discuss about quadratic functions and their graphs.

DEFINITION

A function defined by f(x) = ax® + bx + ¢, where a, b, ceR and a # 0, is called a quadratic
function.

® g is called the leading coefficient, and c is called the constant term.
® The domain of a quadratic function is the set of all real numbers.

ExampLE 45
f(x) =2x?—3x + 2 is a quadratic function with a =2, b = -3, and ¢ = 2.

Note: Any function that can be reduced to the form f(x) = ax* + bx + ¢ is a quadratic
function.

ExAMPLE 46
(a) flx) = (x—3)>+5 can be expressed as f(x) = x> — 6x + 14
So, f{x) = (x — 3)*> +5 is a quadratic function with @ =1, b = —6, and ¢ =14.
(b) flx)=(x—2)(x+2) can be expressed as f (x) = x> — 4.
So, fix) = (x — 2)(x + 2) is a quadratic function witha =1, b =0, and ¢ = 4.

Let us now draw graphs of a simple quadratic function by constructing tables of
values.

AcTIviTy 3

1. Construct a table of values for each of the following quadratic functions, for x = -2,
-1,0,1,2.

(@ f(x)=x (b) f(x)=x*+2 (¢) f(x)=—x*+5

2. Using the tables in Question la plot the points (x, x?) on xy-coordinate systems.
Connect those points by smooth curves (not straight line segments).

3. Discuss the type of graphs you obtained.

The graph of a quadratic function is a curve known as parabola.

Before a further discussion on quadratic functions, let us describe some properties
of a parabola which are helpful for graphing quadratic functions.
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Some properties of a parabola

As a graph of a function, a parabola is a smooth curve which opens upward or opens
downward as shown in the figure below. The turning point on the parabola is called
the vertex of the parabola. The vertical line through the vertex is called axis of the
parabola. Axis of a parabola is its line of symmetry. That is, the portions of the curve
that lies ‘to the left side’ and ‘to the right side’ of the axis are mirror images of one
another through the axis. The parabola intersects its axis at its vertex.

Axis of the parabola

Vertex

a. Parabola, opens upward b. Parabola, opens Downward

The following features of parabolas are very helpful in graphing a quadratic functions
and to determine their ranges.

1. Suppose the graph of f(x) is the parabola shown on the adjacent figure
whose vertex is (A, k) and opens upward. Then, from the graph you can
see the followings.

(a) y=/f(x)=k forall x. This implies ‘
that rang (f)
rang(f) = {yeR |y 2k} g
That is, k is the minimum value of f
which occurs when x = 4.
(b) The vertical line x = A is the axis of
the parabola.
2. Suppose the graph of f(x) is the parabola V4
shown on the adjacent graph whose vertex
is (h, k) and opens downward. Then, from )
the graph you can see the followings. s ,’
.. . rang (f) — | y=Ax)
(a) y=f(x)<kforallx. This implies that ! X
rang(f) = {y €R |y <k} [
'x=h
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That is, k is the maximum value of f which occurs when x = 4.

(b) The vertical line x = A is the axis of the parabola.

Note also that if a vertical line x = 4 is the line of symmetry for the graph (parabola)
of f'then the values of f'at ' units to the left from %’ and ‘7 units to the right from 4’
are equal. i.e.,

A vertical line x = 4 is the line of symmetry for the parabola (graph) of fif and only
if f(h—r)=f(h+r)forevery reR.

Now we return to the discussion of the graph of quadratic functions

Graph of quadratic functions

As discussed earlier, the graph of a quadratic function is a parabola. In order to
sketch the graph of a parabola, it is important to know its /ine of symmetry, vertex
and the direction toward which it opens. We will determine these and sketch the
desired graph starting with a simple quadratic function f(x) = ax®. You will see that
the graph of any other quadratic function can be obtained from the graph of this
simple quadratic function.

I.  Consider f(x) = ax?
Since f (-r) = f (r), for every reR, its line of symmetry is the vertical line x =0 (i.e.,
y-axis) . Moreover,
f(=1)=a, f(0)=0and f (1) = a imply that the parabola (graph) of f passes
through
(_17 a)) (Oa O) and (17 a)'
So, the graph of f'is constructed by drawing a smooth curve (parabola) that passes

through these three points. Note that (0,0) is on both the graph and on the line of
symmetry. Therefore, the vertex is (0,0).

Now it remains to determine whether the parabola opens upward or down ward.
This depends on whether a is positive or negative. In particular,

If a > 0, the parabola opens upward since (-1, a) and (1, a) are above the x-axis.
Indeed, x*> > 0 and a > 0 implies ax* > 0 for all x. So, rang(f) = {yeR | y >0}.

If a < 0, the parabola opens downward since (—1,a) and (1, @) are below the
X-axis.

Indeed, x* > 0 and a < 0 implies ax? < 0 for all x. So, rang(f) = {yeR | y < 0}.
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Hence, the graph of /(x) = ax? is a parabola with line of symmetry x = 0, vertex (0, 0)
which opens upward when a > 0 and opens downward when a < 0, as shown in the
figure below.

V4

-2

rang(f)={ye]R|yZO} rang(f)={ye]R|yS0}

Three points are enough to approximate the shape of a parabola when one of the
points is its vertex. However, it is helpful to have some more points that lie on the
parabola in order to get better approximation of the shape of the parabola. The
points can be obtained using table of values of the function.

ExampLE 47

Draw the graphs of
(@) f(x)=x. (b) f(x)=2x.

Solution

(a) f(x)=x?with a= 1. The parabola passes through (-1, 1), (0, 0), and (1, 1). Its line
of symmetry is x = 0, vertex (0, 0) and opens upward. The three points determine
the parabola. However, to get better approximation of the graph, we include more
points on the graph using the following table of values:

From the table, (-2, 4) and (2, 4) are also on the graph. The graph is in the figure
(a) below.

(b) (b) f(x)=2x> with a = 2. The parabola passes through (-1, 2), (0, 0), and (1, 2). Its
line of symmetry is x =0, vertex (0, 0) and opens upward. For a better approximation
of the graph, you can include two more points obtained by evaluating the function,
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say, at x = =2, and x = 2. The evaluation yields that the graph passes also through
(-2, 8) and (2, 8). The graph is shown in the figure (b) below

AV AV
5 5
4 fx)=x 4 =20
3 3
2 2
1 1
5 -4 3 2 -1 X 5 -4 3 2 -] X
1 2 3 4 5 1 2 3 4 5
-1 -1
2 2
Figure (a) Figure (b)
ExAMPLE 48
Draw the graphs of
(@) f(x)=—x" (b) f(x)=—2x".
Solution

(a) f(x)=—x*with a =—1. The parabola passes through (-1, —1), (0, 0), and (1, —1).
Its line of symmetry is x = 0, vertex (0, 0) and opens downward. The graph is in
figure (a) below.

(As f(—2) = —4 and f'(2) = 4; the graph passes also through (-2, —4) and (2, —4). )

(b) f(x) =—2x*> with a = -2. The parabola passes through (-1, -2), (0, 0), and (1, -2).

Its line of symmetry is x = 0, vertex (0, 0) and opens downward. The graph is in
figure (b) below.

(As f(—2) =—8 and f(2) = —8; the graph passes also through (-2, —8) and (2, —-8).)

YA YA
2 2

X 5 -4 3 -2 -1
1 2 3 4 5

=

1 2 3 4 5

Sx) =2 fx) = 2%

5
Figure (a) Figure (b)
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II. Next, we consider the graph of f(x) = ax*+ ¢
Since f'(-r) = ar’+ ¢ =f(r), for every reR, its line of symmetry is the vertical line
x=0 (i.e., y-axis). Moreover,
A=1)=a + ¢, f(0)=c and f{1) = a+c implies that the graph of f passes through
(-1,a +¢), (0, c)and (1, a + c) with the vertex at (0, c) .
Note that if ¢ > 0, the graph of f(x) = ax?+ ¢ is just the graph f(x) = ax? shifted ¢
units vertically upward, because each y-coordinate is increased by the same number
c. Likewise, if ¢ < 0, the graph of /'(x) = ax?+ ¢ is just the graph f'(x) = ax? shifted
|c| units vertically downward because each y-coordinate is decreased by the same
number |c|.

Summary

(Vertical shift of the graph of y = ax? to obtain the graph of f (x) = ax*>+ ¢). The
graph of /' (x) = ax*+ ¢ can be obtained by vertically shifting the graph of y = ax? by
¢ units upward if ¢ > 0 or |c| units downward if ¢ < 0 .

In particular, the parabola (graph) of /'
®  passes through (-1, a + ¢), (0, c)and (1,a + ¢) .
e  Its line of symmetry is x = 0 (the y-axis), its vertex is (0, ¢); and

° opens upward if a > 0 (So, rang(f') = {yeR | y > ¢ }, minimum value is
catx=0)

®  opens downward if a < 0 (So, rang(f) = {yeR | y < ¢ }, maximum value
iscatx=0)
ExamPpLE 49
Sketch the graphs of J

)/
(@) f(x)=22+3 .
(b) f(x)=2x*-3 =
Solution g fx) =222 +3
(a) The graph of f(x) = 2x>+ 3 is obtained by vertically )

shifting the graph of y = 2x? by 3 units upward so that
its vertex is (0, 3) and its line of symmetry is x = 0, and 2(0’3 )
opens upward (so, rang(f) = {yeR | y > 3}). 1

4 3 2 -1 2
Moreover, the graph passes through > 3 4

(-1, 5), (0, 3) and (1,5).
The graph is shown on the adjacent figure.

=
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(b) The graph of /(x) = 2x*-3 is obtained by vertically

shifting the graph of y = 2x? by 3 units downward ‘g}
so that its vertex is (0, —3), line of symmetry x = 0, 6
and opens upward (so, rang(f) = {yeR |y >-3 }) 5 ) =223
Moreover, the graph passes through 4 ‘
(-1, -1), (0, -3) and (1,1) z
1

The graph is shown on the adjacent figure.

=

4 3 -2\ 2
2 3 47
-1
W/
- (07_3)

III. Next, we consider the graphs of ' (x) = a(x — #)* when & € R (can be
positive or negative)

You can show that, f(h — r) = f(h + r), for all reR. That is the line of symmetry is

x = h (Note that the line of symmetry is shifted from the y-axis horizontally by the

distance of / units to the right if 4 > 0 and |A| units to the left if 2 < 0.).

Moreover,

° If a >0, then a(x — #)> > 0 for all x and a(x — h)* = 0 when x = A. That is,
rang(f) = {yeR | y > 0} so that the minimum value of fis 0 which occurs
when x = 4. Consequently, the parabola opens upward with vertex at (h,
0).

e Ifa<0,then a(x — h)*> <0 for all x and a(x — #)*> = 0 when x = k. That
is, rang(f) = {yeR | y < 0} so that the maximum value of f'is 0, which
occurs when x = A. Consequently, the parabola opens downward with
vertex at (h, 0).

Summary
(Horizontal shift of the graph of y = ax? to obtain the graph of f'(x) = a(x — h)?)
Consider f'(x) = a(x — h)? for heR. The graph of /' (x) = a(x — h)* can be obtained by
horizontally shifting the graph of y = ax? by & units to the right if # > 0 or || units to
the left if 4 < 0 so that its vertex is at (h, 0), line of symmetry is x = h; and
®  opens upward if a > 0 (So, rang(f') = {yeR | y > 0}, minimum value is
0 atx = h); or
° opens downward if a < 0 (So, rang(f') = {yeR | y <0}, maximum value
is 0 atx = h)
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ExampLE 50

Sketch the graph of

(@) f(x)=(x-3)

(b) f(x) = (x+ 3)*and contrast them with the graph of /'(x) = x°.

Solution

(a) f(x)=(x—3)*with &= 3. To obtain the graph of f, we shift the graph of f(x) = x*
by 3 units to the right so that its vertex is (3, 0). This is shown in figure (a) below.

(b) f(x)=(x+3)*=(x—(-3))* with 2 =-3. To obtain the graph of f, we shift the graph
of f(x) = x* by 3 units to the left so that its vertex is (-3, 0). This is shown in figure

(b) below.
A A
5 5
4 4
3 fx) = (x - 3 3 flx) = x*
2 2
1 1
3 2 .1 X 2 -1 0,0) X
0,0)] 1 2(33,0)4 56 7 123
2 -2
Figure (a) Figure (b)

The general form of a quadratic function is f(x) = ax*> + bx + ¢. Using the technique
of completing the square, this can be always changed to the form f'(x) = a(x — h)* + k
for some /4, k €R. In fact it can be shown that

b 4ac —b*
f(x) = ax®+ bx + ¢ = a(x — h)* + k, where hz—z— and k:—%b.
a a
Now, we examine the graph of the general form of a quadratic function.
IV. Consider f(x) = a(x — h)* + k, where h, k R
The above discussions suggest that the graph of this function can be obtained from
the graph of y = ax? by applying combination of horizontal and vertical shifts as
follows.

Step 1: (Horizontal shift): The horizontal shift of the graph of y = ax?, h units to the
right if 4 > 0 or |A| units to the left if 42 <0, yields the graph of y = a(x — /)> whose
vertex is (4, 0) with line of symmetry x = /.

Step 2 (Vertical shift): Then, the vertical shift of the graph of y = a(x — h)?, k units
upward if £ > 0 or |k| units downward if k£ <0, yields the graph of f(x) = a(x — h)* + k
whose vertex is (h, k) and line of symmetry x = h.

278



Relations and Functions -

Moreover, the parabola (graph) of f(x) = a(x — h)* + k
° Opens upward if a > 0 (So, rang(f) = {yeR | y >k }, minimum value is
k when x = h); or

° Opens downward if a < 0 (So, rang(f) = {yeR | y < k}, maximum value
is k when x = h)

ExampLE 51
Determine the line of symmetry and turning point (vertex) of the graph of each of the
following quadratic functions and sketch their graphs.
(@) f(x)=(x+3)+2 (b) f(x)=(x—3)y-2 (c) f(x)=x+4x+2
Solution
(a) Notethatf(x)=(x+3)*+2=(x—(-3))’+2(s0,h=-3 and k=2)
Step 1: (Horizontal shift) First sketch the graph of f(x) = x* and horizontally shift

it 3 units to the left to obtain the graph of f(x) = (x + 3)* for which the vertex is
(-3,0) and line of symmetry is x=—3.

Step 2: (Vertical shift) Then, obtain the graph of /' (x) = (x + 3)*> + 2 by vertically
shifting the graph of f(x) = (x + 3)? by 2 units upward so that its vertex is (=3, 2).

Moreover, the parabola opens upward. So, rang(f) = {y€R | y 2 2}, minimum value
is 2 atx =-3.

The graph is shown in the figure (c) below.

N Ax)= (37 Ay fwy=Get3p+2 Y
5 5 5 7
o DT 4 6
3 3 5
2 2 4
1 1 3
4 3 2 -] X X 5
((),0_} 1 2 3 4 N (-3,2) |
- 5 -4 3D -1 X
3 3 A2
Figure (a) Figure (b) Figure (c)

(b) To sketch the graph of f(x) = (x —3)’—2 (withh=3,k=-2)
Step 1 (Horizontal shift): First sketch the graph of f'(x) = x* and horizontally shift

it 3 units to the right to obtain the graph of f(x) = (x— 3)* whose vertex is at (3, 0)
and line of symmetry x = 3.

Step 2 (Vertical shift): Next, obtain the graph of f (x) = (x— 3)>— 2, by vertically
shifting the graph of f(x) = (x— 3)? by 2 units downward so that its vertex is at (3, —2).
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Moreover, the parabola opens upward. So, rang(f ) = {yeR | y > -2 }, minimum
value is —2, which occurs when x = 3. The graph is shown in the figure (c) below.

A W, ) =0-3)] A
—|+y2 5 5 = 4 2 _
4 Ax) =x 4 y f)=(x-3)-2
3 3 3
2 2 2
1 1 1
S50 X 3 2 -] X 3 2 -] X
00 123 4 ! 2(33’0)4 5 | 1W 5
) -2 -2 (3,—2)
Figure (a) Figure (b) Figure (c)

(¢) In order to sketch the graph of f'(x) = x>+ 4x + 2, first we need to transform this
function into the form of f (x) = (x — 4)*> + k by completing the square.

Consequently,

f(x) =x*+ 4x + 2 can be expressed as ‘%;
f)=@x+2)-2(Wwithh=-2,k=-2) fx)=x+2y-2 |y

Now you can sketch the graph of f'(x) = (x +2)* — 2 /é

by first shifting the graph of f'(x) = x* by 2 units to 2

the left and then by 2 units downward. The graph is 1
shown in the adjacent figure. 2 2] ; zg
Note also that rang(f) = {yeR | y > -2 }, minimum b

value is —2 when x = -2. (12,12) i

Summary

f(x) = ax* + bx + ¢ can be written as

o 2
f(x)=a(x— h)*+ k, where h:—i and k:_ﬂ

®  The graph of this quad%gtic function is a41§zarab01a with vertex (4, k) and
axis (line) of symmetry x = A.

e [fa>0,the parabola opens upward. In this case, rang(f) = {yeR |y > k };
i.e., the minimum value of /' (x) is £ which occurs at x=h.

e  [fa<0,the parabola opens downward. In this case, rang(f) ={yeR |y <k };
i.e., the maximum value of f'(x) is k£ which occurs at x=h.
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EXERCISES

1.

For each of the following quadratic functions, determine a, b and ¢ such that a
is the leading coefficient and c is the constant term.

(@ f()=2+3x-2¢ (¢) f)=(x-3)2-x)

(b) f(x)=3x*—-4x+1

For each of the following quadratic functions prepare a table of values in the
interval -3 <x < 3.

(a) f(x)=-4x? () fx)=2x*-3x+2

(b) f(x)=3x*+2

Sketch the graph for each of the following quadratic functions:

(a) f(x)=-3x* () f(x)=2x*+6x+1

(b) f(x)=7x*-3

Find the domain and range of each of the following functions:

(@ f(x)=3+4x—x? d f(x)=-3x-2

(b) f(x)=x*+2x+1 (e) f(x)=3x*+2

(©) f)=(x-3)(x-2)

Sketch the graph of each of the following quadratic functions by using the
shifting rules:

(@ fx)=9%+1 (d) f)=(x-2)+13
(b) f(x)=x>-3 (¢) fx)=(x+1y-7
() f()=x-5) 0 f()=4+7Tx+3
Find the vertex and the axis of symmetry of the following functions:
(a) f(x)=x*-5x+8 (¢) f(x)=x*—8x+3

(b) f)=(x—4)7-3
Determine the minimum or the maximum value of each of the following
functions and draw the graphs:

@) fx)=x*+7x-10 (d) fx)=4x*+2x+4
b) fx)=x*+4x+1 () f(x)=—x*—4x
() f(x)=2x*—4x+3 " fx)=—-6—-x*—4x
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KEey TERMS

Axis of symmetry ° Quadratic function
Combination of functions ° Range

Constant function ° Relation
Coordinate system . Slope

Distance between points . Subject of a relation
Domain ° Turning point
Function . Vertex

Leading coefficient . x-intercept

Linear functions ° Y-intercept

SUMMARY

RY)

In a relation, two things are related to each other by a relating phrase.
Mathematically, a relation is a set of ordered pairs. If 4 and B are two non-
empty sets, then the relation from 4 to B is a subset of 4 x B that satisfies the
relating phrase.

If A and B are any sets and R — 4 x B, we call R a binary relation from 4 to B
or a binary relation between 4 and B.A4 relation R < 4 x A is called a relation
in 4 or a reaction on 4.

The set {x: (x, y) € R for some y} is called the domain of the relation R.

The set {y: (x, y) € R for some x} is called the range of the relation R.

A function is a special type of a relation in which each x-coordinate is paired
with exactly one unique y-coordinate.

A function from A4 to B can sometimes be denoted as /i 4— B, where the
domain of f'is 4 and the range of f'is a subset of B, in which case B contains
the images of the elements of 4 by the function f.

Let fand g be functions. We define the sum f'+ g, the difference f— g, the
A

product fg, and the quotient -~ as:

g
(F+o)=f(+gkx) (R =f(x)gx)

(f— (%) =f () — g(x) g(x):%, 2(x) =0
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° If a and b are fixed real numbers, a+# 0, then f(x) =ax + b forx € Ris called a
linear function. If @ = 0 then f(x) = b is called a constant function. Sometimes

linear functions are written as y = ax + b.
° In f(x)=ax+ b fora # 0, x € R, a represents the slope, (0, b) represents the
y-intercept and | ——,0 | represents the x-intercept.
° Two lines with equgl slopes are parallel. Distinct parallel lines never intersect.
. Two lines with different slopes intersects at one and only one point.
° The distance d between points (x, y,) and (x,, y,) is given by
d =&, —x) +0, —»)’
° A function defined by fix) = ax+ bx + ¢, (a, b, ceR and a# 0) is called
quadratic function. a is called the leading coefficient.

° We can sketch the graph of a linear function by using either a table of values,
or the x- and y-intercepts.

° We can sketch the graph of a quadratic function by using either a table of
values or the shifting rules.

° A quadratic function f{x) = ax? + bx + ¢ can be written as

b dac — b’
f(x)=a(x — h)*+ k, where h= > and k = BV Moreover, the graph of
this quadratic function is a parabola with vertex (4,k), line (axis) of symmetry

x=h.
. If a >0, the parabola opens upward. In this case rang(f) = {yeR |y >k };
i.e., the minimum value of f(x) is k£ which occurs at x=h.

° If a < 0, the parabola opens downward In this case rang(f) = {yeR |y <
k }; i.e., the maximum value of f'(x) is £ which occurs at x=h.

EXERCISES
1. For the relation {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)} find the domain and the
range.

2. [If the domain of the relation R = {(x, y): y =x+3} is 4 = {1, 2, 3, 4} then list
all the ordered pairs that are members of the relation and find the range.

3. LetA=1{1,2,3,4,5' and B={a, b, c}
(@) Find4 xB
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10.

I1.

284

(b) Determine relations as subsets of 4 x B such that:
(1) R, ={(x,y): xis odd}
(i) R,={(x,y):1<x<3}
LetA=1{1,2,3,4} and B={2,4, 5}
(a) IfRisarelation from A4 to B then, is it true that R is also a relation from
B to A? Explain your answer.

(b) IfRc (4 xB)suchthat R={(2,4),(2,2),(4,4), (4, 2)}, then is R also
a relation from B to 4?

(c) What can you conclude from (b)?

Let R = {(x, y): x is taller than y}.

(a) Is Rreflexive? Explain.

(b) Is R symmetric? Explain

(¢) Is R transitive?

Let R = {(x, y): y =x}. Show that R is reflexive, symmetric and transitive.
Find the domain and the range of each of the following relations:
(@ R={(xy):y=2x}

(b) R={Ce,y):y =}

(c) R={(x,y)x,ye{l,2,3,4, 5} andy=2x—1}

@ R={(xy): y=x’—4}

Determine whether each of the following relations is a function. If it is not,
give a reason.

(@) R={(a,1),(b,2),(c,3)}
(b) R=1{(1,3),(2,3),3,3),(43),(5,3)}
() R={(1,4),(1,5),(1,6),(54),(5,5) }
If4=1{2,5,7} and B ={2, 3, 4, 6}, then is 4 x B a function? Explain your
answer.
Let /= {(1,2), (2, 3), (5,6), (7, 8)}
(a) Find the domain and range of /
(b) Evaluate f(2) and £(5)
Letf(x)=2x+ 1 and g(x)=-3x—4
(1) Determine:

(@ ftg (b) f-g © (d)

0Q |~
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13.

(i1) Evaluate:

(@) @f+3g)(1) (b) (3/2)(3) (c) 2—f (4)
(i11)) Find the domain of i ¢
g
12, Letf()= 22 and gy = 2212
x+1
(1) Determine:
@ fe o @ 2L
g
(i1) Find the domains of:
@ fe o @ 2L
g
(i11)) Evaluate:
g 2f — A
(@ (F—21) (b) 7(2) ©) s 3)
Construct tables of values and sketch the graph of each of the following:
(@) fx)=3x+2 (d) flx)=-3x"-1
by x-2y=1 ) f(x)=3-2x+x?

14.

15.

16.

17.

() f¥)=2-Tx

Sketch the graph of each of the following by using x- and y-intercepts:
(@) f(x)=7+2 (c) 3x-y=4

(b) f(x)=3x-35

By using shifting rule, sketch the graph of each of the following:
(a) f(x)=4x—2x (¢) f(x)=4x+6-3x7
(b) f(x)=x—8x+7

For the function f{x) = 3x> — 5x + 7, determine:

(a) Whether it turns upward or downward

(b) The vertex

(c) The axis of symmetry

Determine the range of each of the following functions:

(@ f()=@K+57+3 (¢) f(x)=-8-x—6x
(b) f(x)=x*-9%x+10 (d) fx)=—x*+2x+4
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18. Determine the range and the minimum (or the maximum) value of the following

functions:

(@ f(x)=(x—-4)7-5 (d) f(x)=—x>+6x—5
(b) f()=(x+57+3 (e) f(x)=-2+4dx—2x
() f(x)=3x>-5x+8 O fx)=2x>—6x+7
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Chapter Outcomes

Learners are able to solve simultaneous linear equations with two variables using
the methods of graphs, substitution and eliminations; and they are able to solve
word problems under this topic.

Objectives: Upon completion of this chapter, learners should be able to:

o solve simultaneous linear equations in two variables;

o define and discuss truth sets for simultaneous linear equations;

o solve simultaneous equations using three different methods, namely;
o graph, substitution and elimination;

[ ]

solve word problems in simultaneous linear equations.
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Introduction

We have discussed in unit 6 about linear equations with one variable. There are
also many practical problems that involve more than one variables (unknowns) and
more than one equations. In particular, two equations in two variables that should
be solved together at the same time are called simultaneous equations. In this unit,
we shall discuss and solve simultaneous linear equations in two variables.

8.1 SIMULTANEOUS LINEAR EQUATIONS IN TWO VARIABLES
The following activity is a useful preparation for the discussions that follow.

AcTIvITY 1

Consider two numbers x and y described by the following two statements:

(i) The sum of the two number is 5.

(i1) The difference of these numbers is 3 (that is, the first number minus the second
number is 3).

® Observe that several pair of numbers suchas 0 & 5, 0.5&4.5,3&2, 4& 1 can
make statement (i) true. Does each of these pairs satisfy also the statement in
(i1)?

® Observe also that several other points such as 7 & 4,3.5 & 0.5,4 & 1,6 & 3
can make statement (ii) true. Does each of these pairs satisfy also the statement
in (1)?

® Find pair of numbers that makes both of the statements true at the same time.

2. You may observed that the statements in (i) and (ii) are given by two equations

x+y=>5and x—y=3, respectively.

® Draw the straight lines givenby x+» =35 and x—» =3 on the same coordinate
plane.

® [dentify the intersection point of the two lines?

® How do you relate this intersection point with a solution of the two equations?

A linear equation with two variables, say x and y, is of the form ax + by = ¢, where
a, b and ¢ are constants. Here, a and b are called coefficients. The coefficients should
be nonzero for the equation to have two variables. Our aim in this unit is to find
solutions that satisfy not just one equation but two linear equations at the same time.
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Two linear equations in two variables taken together are called simultaneous linear
equations.

DEFINITION

A simultaneous linear equations are system of two linear equations in two variables,
say x and y, given as ax+by=c¢, and ax+b,y=c,, where a, b and c, are

.. . ax+by=c
constants. This is usually written as .
a,x+by=c,

) X =5 -2 =7 ) )
For instance, { Y and { ry are examples of simultaneous linear
equations. x—y=3 3x—2y=0

Solving a simultaneous equation means finding pair of values for the unknown
variables x and y which satisfy both equations at the same time. We write such a
pair of values (solutions) as an ordered pair (x,y). This is stated in the following
definition.

DEFINITION

A solution to a simultaneous system of two equations in two variables, say x and y, is an
ordered pair (x,)) that satisfies both equations. The set of all such solutions is called
truth set or solution set.

xX+y=>5
x—y=3

For instance, as you may have observed in Activity 1, the solutions of {
are x=4 and y=1. That is, (x,y):(4,1) is the common solution for both

equations. Hence, its truth set (or solution set) is {(4, 1)}. Methods of solving such
system of two equations are discussed in the next section.

8.2 METHODS OF SOLVING SIMULTANEOUS LINEAR EQUATIONS
There are two common algebraic methods for solving system of linear equations:
substitution and elimination. Graphical method is also considered for the case of
system of two linear equations as it is helpful for better understanding of the concept
of solution of a system.
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Graphical method

Here, given system of two linear equations, we use the graphs of both equations to
identify the solution of the system. As you have seen in Unit 7, the graph of ax + by
= c 1s a straight line. In particular, rearrange this equation, you can see that

ax + by=c 1is equivalent to y:%x_g_g,
a

c
Which is an equation of the line with slope 7 = and y-intercept 0.~ Recall
also that every ordered pair (x, y) of points that lie on this line satisfy the equation of
the line.

So, a system of two linear equations @x+by=c, and a,x+b,y =c, has two

: . . a c a c ,
straight lines given by ¥y = —b—lx + a—l and y= —b—2x + a_2 , respectively; and an
1 1 2 2

ordered pair (x, ) corresponding to the point of intersection of these lines satisfy
both equations. Therefore, this ordered pair is a solution of the system.

So, you can draw the straight line for the two equations and identify their intersection
point (if any). Then, the pair of values that correspond to the point of intersection is
the solution of the given system of simultaneous equations.

ExAMPLE 1

— Ay
Solve the simultaneous linear equations {x ty=> . \ i i
x—y=3 TSNS

Solution

First draw the graphs of each equations. Then,
identify their point of intersection. Here, the
intersection point is (4,1) as shown in the adjacent
graph.

Therefore, the solution of the system is

(x,y)=(4, 1).
i.e., its truth set is {(4, 1)}.

Recall that if two lines have different slopes, then they have one and only one
intersection point. Therefore, a system of two linear equations has exactly one pair
of solution if the slopes of their lines are different.
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On the other hand, if the two lines are distinct and parallel then the lines have no
intersection point. In this case, there is no ordered pair that satisfy both equations.
This means, the given system of simultaneous equations has no solution.

EXAMPLE 2

. . . X
Solve the simultaneous linear equations {
Solution
When we draw the line of each of the component
equations, we see that the lines are parallel (slope
of both is 1). This means the lines do not intersect.
Therefore, there is no solution satisfying both
equations at the same time. Hence, the system has no
solution.

i.e., its truth set is & (empty set).

\

Yy
i
/)sz |

V4l .
/[23456x

Figure 2.

Notice also that if two lines have equal slopes and have the same y-intercept, then
the two lines are fully overlap (coincide). In this case, both equations are actually
equivalent equations of one line. If so, all ordered pairs of points that lie on this line
satisfy both equations; 1.e., the system has infinitely many solutions.

ExXAMPLE 3
. . i 2x—y=2
Solve the simultaneous linear equations
) —4x+2y=—4
Solution
|| Ay The lines of these two equations are fully overlapping
HEP (the slope of both is 2 and the y-intercept for both
N Z 2x—y=2 is (0, —2)). In fact, note that both equations are
B 3 equations of the line given by y = 2x —2.
5 —Ax +2y=—4 Ty, every point (ordered pair) on this line, such as
ST Y (-2,0), (1,0), (2, 2), etc., are solutions of the system.
51 R Thus, the system has infinitely many solutions.
2- x
7
Figure 3.
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From the above discussions, we conclude the following.

) ) . ) ax+by=c
Consider a system of two linear equations given by
a,x+b,y=c
bl bl
Solving both equations for y in terms of x, they can be written as: a C
b2 b2
a 4, . o )
1. If b = b (i.e., their lines have different slopes), then the system has
1 2
one unique solution. In this case, the system is said to be consistent.

a 4 )
2. If 7773 but "7 3" (ie., their lines have equal slopes but different
1 2 1 2

y-intercepts), then the system has no solution. In this case, the system is

said to be inconsistent.

C

4 _ 9% a.¢
3. If ib andb1

b_2 (i.e., their lines have equal slopes and the same
2

y-in‘lcercept), then the system has infinitely many solutions. If so, the
system is called dependent.

EXERCISES

Using graphical method determine whether the given system is consistent (has
unique solution), inconsistent (has no solution) or dependent (has infinitely many
solutions). If it is consistent, determine the solution of the system.

1 2x—2y=4 7. x+2y=4 3 3x+y=5
3x+4y=6 3x+6y=6 6x—2y=10

Method of substitution

The method of substitution involves substituting one equation into another in order
to eliminate one of the variables. This changes the equation into a linear equation of
one variable that can be solved easily. The steps to do so are the following.

To solve a system of two linear equations by the substitution method, you follow the
following steps.

1. Take one of the linear equations from the system and write one of the
variables in terms of the other; i.e., make one of the variable the subject
of the equation.
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2. Substitute your result in place of the subject variable in the other
equation. This yields an equation with only the second variable. Solve
this equation for the second variable.

3. Substitute the second variable by its value in one of the equations and
solve for the first variable.

ExXAMPLE 4

: . . =5
Solve the simultaneous linear equations Y .
. x—y=3
Solution

It is helpful to check first whether the system has solution or not. The lines of the two
equations have different slopes, 1 and —1. Hence, the system is consistent (has a unique
solution). Next to find the solution, let us label the given equations for reference:

x+y=5. .. (1)
x—y=3... (2
Step 1: Choosing equation (2) , we solve for x (i.e., make x the subject of Eq. (2))
so that

x=y+3.. . (3 (Note: choosing equation 2 and solving for x is just a matter of
choice. You can choose Eq.(1) or solve for y. The end result will be the same.)

Step 2: Now substitute (replace) x with y +3 in equation (1) to get

y+3)+y=5
=2y+3=5
=>2y=2
=y=1
Step 3: Next, replace y by its value (i.e., by 1) in equation (3) to get
x=1+3=4

Thus, we have obtained, x =4 and y=1. That is, the solutionis (x,y) = (4, 1).
Therefore, the truth set of the system is {(4, 1)}.

EXAMPLE 5
6x+3y=3

Solve the system of simultaneous equations 2% — Ey -1
2
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Solution

The system is consistent, i.e., has a unique solution, because the slopes of the
corresponding two lines are different (Check that!). To find the solution, let us label the
given equations for reference:

6x+3y=3.. . . . .. (D
2x—%y:1.. @
Step 1: Let us choose equation (1) and solve for y (make y the subject of (1)), so that
3y=3—-6x
>y=1-2x . . . ... (3

Step 2: Substituting (replacing) y by 1 —2x in equation (2) to get
3
2x——(1-2x)=1
(124

= 2x—%+3x:l

= 2x+3x:1+%

= Sx=—
2
i
2 1
Step 3: Now, replacing x by 5 in equation (3) we get

1
=1-2|—[=1—-1=0
Y [2]

= x=

Therefore, we have got x —% and y = 0.

That is, the truth set (solution set) of the system is {[%0]} .

EXAMPLE 6

. . —2x—y=7
Solve the system of simultaneous equations

4x+2y=5

Solution Xrey

First check whether the system has a unique solution (consistent) or not. The slopes of
-2 4

their lines are equal since ) =—2: but their y-intercepts are different as. Hence,

the system is inconsistent. That is, the system has no solution.
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Note: If you apply the substitution method directly to solve this system (Example
6), you will end up with an invalid equation like —14 = 5 which is always false. This
indicates that the system is inconsistent (has no solution).

ExAMPLE 7

, , 2x—y=-—7
Solve the system of simultaneous equations

—4x+2y=14"
Solution X+2y

First check whether the system has a unique solution (consistent) or not. The slopes of

the lines of the two equations are equal as 5 —2; and also their y-intercepts

are the same since = = e =7 . Hence, the system is dependent. That is, the system

-1 2
has infinitely many solutions. All ordered pairs that satisfy 2x —y = -7 are solutions of

the system.

Note: If you directly apply the substitution method to solve this system, you will
eventually obtain an equation of type 14 = 14 or 0 = 0 which is always true. This
indicates that the system has infinitely many solutions.

EXERCISES

For each of the following system of equations, determine the system is consistent
(has unique solution), inconsistent (has no solution) or dependent (has infinitely
many solutions).

If it is consistent, find the solution of the system using the substitution method.

2x—y=1 2x—3y =35
Ix—2y=—4 3 1sx—3y=9
4x -3y =28
, [ 2x—ay=5 3y
C|—6x—12y=—15 4. 25— y=6

Method of elimination

Alike the substitution method, the elimination method also starts with reducing two
equations into an equation of only one variable by eliminating one of the variables.
Here, however, the technique to eliminate a variable is not by substitution but by
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adding the given equations together. For instance, consider the following system of

. 3x—2y=4
two equations: .
x+2y=4
' 3x—2y=4
T+
Add the two equations: X42y—4
4x =8 ... (yis eliminated (concealed out) as
-2y +2y=0.)
= x =2.

Now, substituting the value of x in any of the equations, say in the 2" equation, we
get
2+2y=4=2y=2=y=1.
Therefore, the solution of the system is (2, 1).
In general, the elimination method involves the following steps.

To solve a system of two linear equations by the elimination method, you follow the
following steps.

1. Select one of the variables to eliminate and make the coefficients of the
selected variable equal but opposite in sign in the two equations. This is
done by multiplying one of the equations (or both) by a suitable number (s).

2. Add the resulting two equations to eliminate the selected variable and
solve for the resulting variable.

3. Substitute this result again into one of the equations and solve for the
remaining variable.

EXAMPLE &

2x—y=>5
Solve the system of linear equations given by Y
. 2x+3y=9
Solution

Step 1: Select one of the variables eliminate, say y, and make the coefficients of y
equal but opposite in sign by multiplying the first equation by 3. That is,

{2x—y:3 (x3) {6x—3y:15

2x+3y=9 2x+3y=9
8x =24
= xﬁ=3
8
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Step 2: Add these two equations:
Step 3: Substitute x = 3 into one of the original equations and solve for y.
Choosing 2x —y =5 and replacing x = 3, we get
2(3)-y=5
= -y=5-6
= —y=-1 or y=1
Therefore, the solution is (3, 1).

ExXAMPLE 9

Solve each of the following systems of linear equations.

Tx+5y =11 2x—4y =38 2x—7y=9
_ (b) d ©)
—3x+3y=-3 x—2y=4 —6x—21y=6
Solution
Tx—=5y=11
(a) { 3 B
—3x—-3y=-3

Step 1: Let us choose x to eliminate. So, make the coefficients of x equal but opposite
in the two equations by multiplying the first equation by 3 and the second equation by

7. That is,
Tx—5y=1 (x3) 21x 415y =33
{—3x—3y:—3 (x7) :{—21x—|—21y:—21
36y = 12
12 1
=373

Step 2: Adding the two equations:
Step 3: Now substituting y = 1 in one of the equations, say in 7x + 5y = 11, we get
Tx+5 [1] =
3
Tx=1-— >
3

28
3
28 4
=—=—
21 3

Tx
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Therefore the solution is [g,%] .

2x—4y =28
() x—2y=4

Here, multiplying the second equation by —2, we get,

2x—4y =38
—2x+4y=-8

Adding the two equations: 0+0=0
i.e., we get 0 =0 which is always true.
Therefore, the system has infinite solutions.

(You can confirm this by checking the slope and y-intercept of their lines.)

2x—7y=9
(0)1 Y

—6x+21y=56
Multiply the first equation by 3 to make the coefficients of the variables opposite.
6x—21y =27
e {—6x+21y —6
Adding the two equations 0 +0 =33.

i.e., we got 0 =33 which is always false.
Therefore, the system has no solution.

(You can confirm also this by checking the slope and y-intercept of their lines)

EXERCISES

1.-4. Solve the simultaneous linear equations giving in previous exercise (1 to 4)
using the method of elimination.

5. Solve each of the following systems of equations by the elimination method.

—3x+y=35 4x—-3y==6 Ex—l _5
(a) _ (b) _ 3 3y—
3x+y=5 2x+3y=12 ©
—x+ly:—3

3
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1 x+3y=1
—x-2y=5 e
2 d © {2x+5y:2

(d)
Tx+4y=06

8.3 WORD PROBLEMS INVOLVING SIMULTANEOUS LINEAR EQUATIONS
There are practical or real life problems that need to be formulated as simultaneous
linear equations that can be solved by the methods discussed above. Here are some
examples.

ExaMPLE 10

A farmer collected a total of L$11,000 by selling 3 cows and 5 sheep. Another farmer
collected L$7,000 by selling one cow and 10 sheep. What is the price for a cow and a
sheep? (Assume all cows have the same price and also the price of every sheep is the
same).

Solution

Let x be the price of a cow and y be the price of a sheep.

Farmer I sold 3 cows for 3x and 5 sheep for 5y collecting a total of 11,000.

Which means, 3x + 5y = 11,000

Farmer II sold 1 cow for x and 10 sheep for 10y collecting a total of 7,000.

Which means, x + 10y = 7,000

When we consider these equations simultaneously, we get the following system of
equations.

3x+5y=11,000
{x +10y =7,000
Multiplying the first equation by —2 to make the coefficients of y opposite, we get
—6x—10y =-22,000
{ x+10y =7,000
Adding the equations we get: —5x =-15,000
= x=3,000
Substituting x = 3,000 in one of the equations, say the second equation, we get,
3,000 + 10y = 7,000
10y = 4,000
y=400.
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Therefore, the solution is (3000, 400) showing that the price for a cow is L$3,000
and the price for a sheep is L$400 in the given unit of currency.

ExaMPLE 11

Simon has twin younger brothers. The sum of the ages of the three brothers is 48 and
the difference between his age and the age of one of his younger brothers is 3. How old
is Simon?
Solution
Let x be the age of Simon and y be the age of each of his younger brothers.
The sum of the ages of the three brothers is 48.

So, x+y+y=48

e, x+2y=48.
The difference between his age and the age of one of his younger brothers is 3 implying

x—y=3.

) xX+2y=48
Thus, to find Simon’s age, we need to solve the system 3
xX—y=

Multiplying the second equation by 2 to make the coefficients of y opposite, we get

x+2y=48
2x—2y=6
Adding the equations, we get: 3x=54
= x= ﬁ =18.
3

Therefore, Simon is 18 years old.

EXAMPLE 12

Two math books and one biology book cost L$35. Moreover, 3 math books and 4 biology
books cost L$65. Find the cost of each math book and biology book.

Solution

Let x be the cost of math book and y be the cost of biology book. Then, the first and
second statements are respectively formulated as:

2x+y=35 and
3x +4y =65
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Then, solving this simultaneous linear equations using either the method of elimination
or substitution you can get x =15 and y =>5.

Therefore, the cost of one math book is L$15 and the cost of one biology book is L$5.

ExAMPLE 13

The product of two positive number is 40. If the sum of the larger number and twice the
smaller number is 18, find the two numbers.

Solution
Let the numbers be x and y with y > x.
Then, xy =40 and y + 2x = 18

From the equation y + 2x = 18, we get y = 18 — 2x. Substituting y by 18 — 2x in the
equation xy = 40, gives

x(18 — 2x) =40
18x — 2x* =40
2x*—18x+40=0

Dividing both sides by 2, gives
xX*-9x+20=0

Using factorization of quadratic expression, we have
xX*—4x—-5x+20=0
=>x(x-4)-5x-4)=0
=>x-4)x-5=0
=>x—4=0o0orx—-5=0
=>x=4orx=>5.

Substituting x by 4 in the equation xy =40 or y + 2x = 18, gives y = 10.

Also, substituting x by 5 gives y = 8.

Therefore, the two number are 4 and 10 or 5 and 8.

ExaMmPLE 14

The sum of a positive number and 4 times another positive is 20. If the larger number is
one less than the square of the smaller number, find the two numbers.
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Solution
Let the numbers be x and y with y > x.
Hence, y + 4x=20and y = x> — 1
Using the method of substitution, we have
x*—1+4x=20
xX*+4x-21=0.
Rewriting the equation, using quadratic factorization, shows,
xX+7x-3x-21=0
x(x+7)=3(x+7)=0
x+7)(x-3)=0
x+7=00rx—-3=0
x=-T7orx=3.
Therefore, x = 3 since x is a positive number.
Substituting x by 3 in one of the equation y + 4x =20 or y = x> — 1 gives y = 8.

Therefore, the numbers are 3 and 8.

EXERCISES

1. The sum of two number is 14 and their difference is 2. Find the numbers.

2.If 2 is added to the numerator and denominator it becomes % and if 3 is
4
5 .

subtracted from the numerator and denominator it become Find the

fractions.

3. If twice the age of son is added to age of father, the sum is 56. But if twice
the age of the father is added to the age of son, the sum is 82. Find the ages of
father and son.

4. The sum of two digits number and the number obtained by reversing the
digits is 110. The difference between the digits is 4. Find the number.

5. The area of a rectangle gets reduced by 10 square units if its length is reduced
by 4 units and breadth is increase by 2 units. If we increased the length by 3
units and breadth by 4 units, the area is increased by 96 square units. Find the
length and breadth of the rectangle.
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KEY TERMS

Consistent system . Solution of simultaneous
Dependent system equations
Elimination method ° Solution set of system of
Graphical method equations

. Substitution method

Inconsistent system

. . 5 [ ] 1
Simultaneous linear equations Uil S50 i SyeiEi off oaions

SUMMARY

A system of two linear equations (simultaneous linear equations) in two
variables is equations that can be represented as
ax+by=c
{a2x +by=c,-

A solution of system of two equations in two variables, say x and y, is an
ordered pair (x, y) that satisfy both equations. The set of all possible ordered
pairs that satisfy both equations is called the truth set (or solution set) of the
system.

A system of simultaneous linear equations can have either: one unique
solution, infinitely many solutions or no solutions. In particular,
considering the two lines of the two equations,

° If the two lines intersect at one point, the system has one unique
solution. In this case the ordered pair corresponding to the intersection
point is the solution of the system.

° If the two lines coincide (overlap), then the system has infinitely
many solutions. [.e., the ordered pairs of every point that lie on the
line are solutions of the system.

. If the two lines are distinct parallel lines, then the system has no
solution.
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by= B
o Rewriting axthy=a as b b , we can conclude also the
a,x I bzy =C, a c,
y=——_—x+_=
b2 b2
following:
a _ 9 . .
. If ——# -, the system has exactly one solution. (The lines have

bl b2 ’
different slopes)

a9 _49 S5 P .
° If —=-— and -~ = 7, the system has infinitely many solutions.
b b, b b,
(Their lines coincide)
a9 _ 9 G _ 6 .
. If —=-—= but —=-—=, the system has no solution. (They have
bl b2 bl b2

distinct parallel lines)

EXERCISES

1.

Without solving, determine the number of solutions to each of the following
systems of linear equations.

3x—4y=35 6x+9y=7 —x+4y=7
2x+3y=3 2x+3y=13 2x—8y=—14

Applying each of the three methods for solving systems of linear equations,
solve each of the following.

—2x—3y=35 ix:5—2y © 0.3x—0.4y=1
2x+3y=-5 (b) 12 02x+y=3
x—3y=5

Solve 5
@ [3x0sy=6 PRV
—2x+y=4+2y ®) 14 5_,

x oy
) 1 1
Hint: Let a=— and b=—
X y
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4.

There are 32 students in a classroom. The number of girls in the classroom is
4 more than the number of boys. How many girls are in the classroom?

The sum of an even number and odd number is 95; and the even number
minus the odd number is 17. Find the numbers.

In a two digit number, the units digit is three times the tens digit. If 36 is
added to the number, the digits interchange their place. Find the number.

In a stationary shop, the cost of 3 pencil sharpeners exceeds the price of 2
pens by L$2. Also the total price of 7 pencil sharpeners and 3 pens is L$43.
How much is the price of each pencil sharpener and each pen?

The total weight of orange and banana that a woman bought is 10 kg. The
price of the orange is L$1.20 per kg and the price of the banana is L$0.80
per kg. If the woman paid L$10.40 for the fruits, how many kg of each of the
fruits did she buy?
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Chapter Outcomes

Learners are able to apply concepts to identify the types of vector quantities, de-
termine the magnitude and direction of vector, perform basic operations (addition,
subtraction and scalar multiplication) on vectors.

Objectives: Upon completion of this chapter, learners should be able to:

discuss the types of vector quantities;
distinguish between scalar and vector quantities;
calculate magnitude and direction of vectors;
add and subtract vectors;

multiply the vector by a scalar;

work with position vectors in coordinate plane.
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Introduction

From previous grades, you know about different measurements such as measurement
of height, weight, temperature, etc. Such quantities assume real numbers as their
measure (with some unit of measurement). For example, the height of a tree is 5 m,
the weight of a student is 45 kg, the temperature of a normal person is 36.5°C, etc.
However, not all quantities assume only a single real number as their description.
There are some quantities, called vectors, whose measures need to involve directions.
These will be discussed in this unit.

9.1 SCALAR AND VECTOR QUANTITIES

There are many quantities that require only a number to describe them. For example:
What time i1s it? (9:00 A.M.) How far is Ganta from Monrovia? (201 miles) How
fast did you drive the car? (80 km/h) How cold is it? (4°C) What is the area of
the rectangle? (6 cm?) What is the cost of the ticket? (L$10.50) Such quantities as
time, distance, speed, temperature, area and amount of money are described by their
magnitudes. A quantity which is described by only magnitude is called scalar. In
fact, the word scalar is usually used as a synonym for a number.

There are many other quantities that need a direction as well as a magnitude
to describe them. For Example: Where is Ganta from Monrovia? (201 miles;
Northeast) What force is acting on the car? (1200 lb; down). Such quantities as
displacement and force that need a direction as well as magnitude to describe
them are called vector quantities (or simply, vectors). The following are more
examples of vectors.

ExaMPLE 1

An airplane is flying at a speed of
500 km/hr in the direction of N45°E. This
is a the velocity of the airplane Velocity is
speed and direction of a moving object. It
is a vector.

450,
[
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ExAMPLE 2

A force of 20 N acts to the right at an angle of 30° above the horizontal. Obviously this
is also a vector as its magnitude and direction are specified.

F=20N

The description of some of the quantities given in Activity 1 also involve both
magnitude and direction. Try to identify them.

Consider each of the following quantities and identify whether it can be described only by
magnitude or whether its description needs direction and magnitude.

(a) Amount of rainfall in mm (e) Density

(b) Gravity (f) Wind force exerted on tree.
(c) Volume of a solid figure (g) Displacement

(d) Magnetic field (h) Friction force

Now we formally state the definition of a vector.

DEFINITION

Quantities that need both magnitude and direction to describe them are called vector
quantities (or simply vectors).

You may observed in Activity 1 that gravity, magnetic field, wind force, displacement
and friction force are examples vectors. See also the following examples.

ExAMPLE 3

The velocity of a car is 80 km/h in the direction of north. This is a vector.

ExAMPLE 4

Suppose an ant moved 3 m from point 4 to the East [E] and then 4 m to the North [N] to
reach point B. The figure below shows the ant’s displacement (from 4 to B) as a vector.
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B

The direction of move (from point A4 to B) together
with the distance between 4 and B is called the
displacement from A to B. The displacement from
point A to B is represented by the directed line
segment (arrow) from A4 to B in the figure above.

3m

9.2 VECTOR REPRESENTATIONS

A vector is represented by a directed line B
segment. The direction of the vector is ‘

indicated by an arrow pointing from the 9\&6&00 .
tail (initial point) to the head (terminal ’ \ e
point) as shown in the figure below. If the A @%%&W

tail is at point 4 and the head is at point B, .~ N

the vector from A4 to B is written as AB.

The length of the directed line segment

shows its magnitude and the arrow head points the direction. The vector can also be
represented by a single letter of the English alphabet (either small or capital) with
arrow above it such as V' (read as vector v). Sometimes we can also use the small
letters in bold to represent vectors.

EXAMPLE 5
What does each of the vectors in the following figure represent?

D

F=20N V=32m,
B

<|
=)

30° 60°

Solution

The unit of the magnitude of the vector tells us its type. For instance, N (Newton) is a unit
of force and m/sec (meter per second) is a unit of speed.

Therefore, the first vector represents a force of 20N acting at an angle of 30° from the
horizontal. (Note that the length of 4B is proportional to the magnitude of the force.)

The second vector represents a velocity of 32 m/sec of a moving body in the direction of 60°
from the horizontal. (Note that the length of the vector represents the magnitude 32 m/sec of
the velocity and is drawn in proportion to it.)

311



- Mathematics — Grade 10 Textbook

ExAMPLE 6

The following are examples of vectors. You can determine their magnitudes (lengths)
and directions by using ruler and protractor.

The Negative of a vector

s The negative of the vector from 4 to B is the
vector from Bto A. Ithas the same lengthas AB,
But the direction is opposite. Thus the negative
of the vector and written as BA = —AB

B
B

The Zero vector

Even though we can say that vectors have length and direction, there is one exception:
the ZERO vector. The zero vector 0 is the vector from a point 4 to the same point
A. The magnitude (length) of a zero vector is zero but it does not have a direction.

ExampLE 7
A person moved 10 m to the East from 4 to B 10 m
and then 10 m to the West from B to 4. Find the 4 ¢———— —— B
resultant displacement. 10 m i’
Solution

Here we see that the person ends up at 4, hence his displacement is zero. From this we

see that if we have AB and BA , then the sum of these vectors AB + BA vanishes in the
sense that the initial point and the terminal point coincide. Such a vector is zero vector

and is denoted by 0 or simply 0. i.e., AB + BA=0. (Recall that BA — _,_473')

Equality of vectors

Two vectors are said to be equal, if they have the same length and the same direction.

For example, vectors # and Vv are equal
vectors, since they have the same length and QA 3
the same direction.
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ExaMPLE 8

Consider each of the following pair of vectors and discuss whether they are equal.

u U U
?} e

<!
<!
<

Q
S
)
U

Observe that

1. both vectors have the same length but opposite directions, and hence
they are opposite vectors.

2. both vectors have the same direction and equal lengths, and hence they
are equal vectors.

3. the pair have the same direction but different lengths, and hence are
neither equal nor opposite vectors.

4.  the pair have different directions and different lengths and are neither
equal nor opposite vectors.

Direction of vectors

The direction of a vector is the angle that is formed by the arrow (that represents the
vector) with the horizontal line at its initial point (or with the vertical line in the case
of compass directions).

ExAMPLE 9
y In Figure below, the direction of the vector # from the horizontal
~ line at its initial point, as represented below, is 45°. (or N45°E)
u
45°

i -

ExampLE 10

A car Starts at A, travels 4 km north east to B and then 3 km C
due north to C. Draw a diagram showing the position vectors

Solution

The point B is 4 km north—east of 4 and this means that we
could also set it by travelling 4 cos 45° km east and 4 sin 45° !
km north. A4S it D

1
| 4sin 45° km
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EXERCISES

1. Determine the magnitude and direction of each of the following vectors.

/—.

2. Locate each of the following vectors on a coordinate system.
(a) OP whose length is 3 cm and direction is [N40°E].
(b) AB whose length is 5 cm and direction is [S45°E].

9.3 VECTOR OPERATIONS

In this section we will discuss about addition of vectors, subtraction of a vector
from another vector and scalar multiplication of a vector (multiplying a vector by a
number).

Addition of vectors

Suppose that a particle needs to go from point P to R in the adjacent figure. It can
accomplish this by first going to point O, whose displacement is equal to FQ, and
then by going to point R, whose displacement is @é . The total .
displacement of the particle is FQ + Q—Ié . The particle could also O OR R
make the same displacement by going directly from P to R, _
whose displacement is PR . That is, the displacement PR is the r PR
same as P—Q)-F@é, 1e., PR = @+@é Thus, the vector PR is

defined to be the sum or resultant of vectors FQ and Q—Ié . This

called triangular rule of addition.

Triangular rule of addition 7 3
To add two vectors 4 and B /

®  Place the initial point (tail) of B at the terminal (head)
of ;i,

®  The directed line segment from the tail of A to the head
of Bis A+B.

A +B
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Now suppose that the tails (initial points) of two vectors A and B

are at the same point P as shown in the figure below. How do you 4

determine the resultant (sum) of A and B? N

Keeping their tails at the same point, let us put the tail of the copy of
B at the head of 4 (at Q), as shown in the figure below.
Also put the tail of the copy of A at the head of B (at S).
These give us the parallelogram PQTS with diagonal PT.

Now by the triangular rule of addition you can see that PT
is the resultant (sum) of A and B ie., A +B = PT The

—

same ﬁgure shows also that B+ A= P T . That is, A+B *

= PT B + A ; which means vector addition is commutative.

So, we have established the following result.

Parallelogram rule of addition 3

Suppose two vectors A and B have the same initial point.

Then, the vectors generate a parallelogram and the directed

diagonal from the initial points is the resultant victor 4+ B'. 4

Moreover, vector addition is commutative; i.c., A + B =
B+A4.

As illustrated in the following example, vector addition is also associative. That is,
(4+B)+C=4+(B+C)

ExampLE 11

Draw a diagram to show that

G+8)+c=a+(B+2)
Solution
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Subtraction of vectors

B To define subtraction of vectors, recall that if Bisa vector, _Bis
44 defined to be the vector with the same magnitude as B but opposite
direction.

By definition, subtracting a vector is adding its negative. That is, A—B=A+ (—E)

/ Thus, to show the vector A-B diagrammatically, put
A the tail of —B at the head of A4 so that, by triangular rule
A+(B of _a)ddition, _the vector from the tail of 4 to the head of
/EV —Bis 4 —B as in the adjacent figure. In particular, the
vector A+ (—B)is A —B.

— 3 Putting the tails of A and B at the same point and using
4 " the SSS postulate of congruency of two triangles, you
A+(-B can show thelt> A+ (—B),1.e., A— B is the vector from

B the head of B to the head of A

Note that the vectors A+ B and 4— B are both the
diagonals of the parallelogram formed by 4 and B
(see, the figure below).

Scalar multiplication of vectors

Scalar multiplication of a vector is to mean multiplying
a vector by a number.

Multiplying a vector by a scalar k gives a vector which is & times as long as the
vector. If £ > 0, then the direction of will be the same as the direction of v and if &
< 0, then the direction of kv will be the opposite of the direction of ¥ . Look at the

following examples.
VA
2V :

Magnitude of a Vector
1.  The magnitude (length) of a vector 4 is denoted by | 4]|. or || 4.

NS1(o8)
=y

Not that || A || > 0 (because length is non-negative).
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2. IfkeR, |k 4| =kl || 4], where k| is absolute value of k.
Avector B is said to be parallel to Aif B=kA , for some keR. In this

case, A and B have the same direction if & > 0; and they have opposite
directions if k£ < 0.

DEFINITION

® A vector whose magnitude is 1 is called a unit vector.

e If vV is anon-zero vector, the unit vector in the direction of v is given by 3 —= ﬁ\‘} ,
v
(Note that the magnitude of # is 1 and its direction is the same as the direction of
V).
ExampLE 12

A car starts at 4 and travels 4 km due north to D, and then 6 s

km north-east to E.

(a) Are vectors AD and BC equal?

(b) Is it true that AEand AC (in question no.1) are equal? |5

Solution i

(a) Yes, VectorsE and BC are equal. i

(b) Yes, vectors AEand AC (in question no.1) are equal g G

Therefore, Z/C = ZE

ExAMPLE 13

Identify the vector in terms of the other vectors in each of the following.

- . - Solution
’ < (@i-v=a
i
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EXERCISES

1. Identify vector w in terms of the vectors « andV

3. Ifis avector of length 2.5 cm, what is the length of the vector —%17

4. ABCDEF is a regular hexagon. If GA = ii and GE = ¥, express each of the
following in terms of # and v .

SN . A B
(a) 4D (f) EC
(b) FE (®) BF d
(c) DC (hy FD T G ¢
(d) AB () AE Y
(e) F(—f 5 1- E D

5. Let v be a non-zero vector and u = Hv.
- v
(a) Show that|u|=1.

(b) Justify that the direction of u is the same as the direction of V .
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9.4 PosITION VECTORS IN THE COORDINATE PLANE

Up until now, you have used the geometric representation of vectors. Next, we will
consider that a vector is given in the xy- coordinate plane and discuss expression of
a vector using the coordinates of its initial and terminal points.

ACTIVITY 2

1. Consider the following vectors, which are on the xy-coordinate system. Move each

vector so that their initial points are at the origin
(a) How do you differentiate one vector from another?

(b) The initial point of any of those vectors is (0, 0). How do you express their terminal

point?

b ‘V -
aT_’ ¢ \d

2. If is the vector with initial point 4 = (1, 2) and the terminal point (3, 4) what will its

terminal point be if its initial point is moved to the origin?

3. Ifis a vector with initial point at origin (0, 0) and terminal point at (2, 5), then how do

you expressin terms of the coordinates (2, 0) and (0, 5)?

Notice that the vectors given in the adjacent figure are all
equal though they have different initial points. Of these
vectors, the one whose initial point is at the origin is called
position vector. The position vector represents all those
vectors equal to it.

We usually express vectors in component form. This
is done by considering the vector with the origin as its
initial point and write the coordinates (ordered pair) of its
terminal point as a representation of the vector.

For example, in two dimensions, if # = 2)75, where O is
(0, 0) and P is the point (x, y) then we write # = (x, y)

Note
1.  Notice that an ordered pair (x, y) represents

4

/

<

(©,0) >

two notions, namely, a point in the coordinate plane or a position vector
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whose terminal point is (x, y). What it actual stands for is usually clear
from the context.

. . .. - - X
2. It is also common to write a position vector u = (x, y) as u :[ ] to
distinguish it from coordinate points..

X
Since the vector ¥ = [ ] has O(0, 0) as its initial point and P(x, y) as its terminal point,

its magnitude is |ii | = /x> +»* which is the length of the line segment from O(0, 0)
to P(x, )

ExamprLE 14

For the vector given by # = [1] , its geometric representation is given below. Find the

magnitude and direction of the vector.

Solution

From this geometric representation and from the
trigonometric identities that you discussed in chapter AY
five, we can determine the direction of the vector.
opposite tanf = L 1.

adjacent 1 1 (1, 1)
The acute angle whose tangent value is 1 is 45°.

tanf =

!

Yo

Hence, the direction of the vector is 45°. }

The magnitude of the vector is also

|ﬁ|=\/(1—0)2 +(1-0)2 =42

In general, any vectors ,TB, with initial point Ay
A(a,, a,) and terminal point B(b , b,) is equal to a
B(b,, b))

a position vector OP when OP = AB =B — A = b, P
RN b -a-t-———
(b,~a, b,~a,)and ‘ AB‘ —Jb—a) + b —a) oA
% Aaya)

>
bl'al a, b]
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ExaMPLE 15

Represent the vector whose tail is P(2, 3) and whose head is O(5, 7) and calculate its
magnitude (length).

Solution

Using Pythagorus theorem the magnitude 84y
- 6
PO|=y(5—2) (7-3)
[Pol=y(s—2)'(7-3) 4

=3’ +4° 2 Al _
FPPY Nl

:\/27:5 X

123456738
In general,

If P (x,, y,) and Q (x,, y,) are end points of vector @ or v in the plane, the length or

magnitude of the vector is given by M=\/ (x2 = )2 aF ( V=N )2

ExaMPLE 16

Find the length and direction (angle from the horizontal) of the vector , if AB A(3,2) and
B(8, 14).

[4B=yl —x) + (02 =) :
= (8-3) +(14~2) :

=452 +122 6

=+169 =13

B (8, 14)

12
tan9=?=2.4 123456 7.8

Therefore, the vector is 13 units long at an angle of 67° to the horizontal.

ExampLE 17

What is the position vector of a vector whose initial point and terminal point are given
respectively. Show the corresponding position vector in the x—y coordinate plane.

(a) A(-5,1),B(-7,4) (b) C(7,1),D(12,5)
Solution
(a) Position vector of AB=U = (=7—(=5),4-1)

=(=2,3)
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(b) Position vector of .
CD=V =(12-7,5-1) 6
=(5,4) 4

ExampPLE 18

AB is a vector whose initial point 4 has coordinates (3, 2), and terminal point B. If the
position vector of AB is V = (-6, 4), what are the coordinates of point B of vector 4B ?
Solution

Let the coordinates of the terminal point B be (x,, y,) given the coordinates of 4 are
(x,y)=G,2)

Position vector v = (x, —x,,y, —»,) = (—6,4)

Therefore,x,-3=-6andy, -2 =4

x,=-3andy,=6

Therefore, the coordinates of B are (-3, 6).

Now we consider vector operation algebraically, i.e., when the vectors are position
vectors in coordinate plane. To work with vectors algebraically it is better to write

the vectors in the coordinate form. So, in the next, we will express a vector V in

coordinate form as V = (x, »).

Vector operations

Let A4 = (a,,a,) and B = (b,, b,) be vectors and reR.

1. Addition: A+ B =(a,a)) + (b, b) = (a;+ b, a;+ b,)

2. Subtraction: 4 - B=(a,a,)—(b,b,)=(a—b,a—-b,)

3. Scalar multiplication: : rd = ra,, a) = (ra,ra,)

Note that |r2| = \/(ml)2 +(ra,)’ = |r|«/a12 +a’ = |r||2|
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ExampPLE 19

Given ¥ =(-2,5)and V = (8, -3), find

(@) u+v (c) @—V
1-
Solution

(@) Uu+v=(-2,5)+(8,-3)

=(-2+8,5+(-3))
=(6,2)

(b) ¥—ii= (8, -3) - (2,5 =(8 -
(-2),-3 - 5)=(10, - 8)

© #-V=(=2,5)- (8,-3)

=(2-8,5-((3)
= (-10, 8)

ExaAamPLE 20

() —2u

@) Lo
(d) Su 2(2,5)

=

©) —2u=—-2(-2,5)
~ (-4, —5)

Find the unit vector in the direction of v = (3, 4)

Solution
Let the unit vector in the direction of V be #
(3,4) (3,4) (3,4) (3.,4)

I A R o

i 34 V2505
1 3 4
—104)=[2.4)

55

ExampLE 21

What is the unit vector in the direction of the position vector v = (0, -9)

Solution
Let the unit vector in the direction of v be # .
v (0,-9) (0,—9) 1

W= =5 L(0,—9)=(0,-1).

Pl Jorvor  VBL9
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The special unit vectors i and j :

The special unit vectors 7 = (1, 0) along the x-axis and j = (0, 1) along the y-axis
respectively, are called standard unit vectors.

Yy
Any position vector can umquely be expressed as a linear '
combination of the unit vectors 7 and j in the form v = ai +bj v
where a and b are scalars. x
. . .. — 55 1
Consider the following position vector #= (x, ).

Component form of vectors

From the diagram above, you can see that the vector
i can be expressed as a sum of the vectors X andy
i as u=X+ y by triangle rule or parallelogram rule for
! addition of vectors, ¥=xi and y=y/ where in which

=4

=

e 1 - O
! 2[0] and j 2[1 ] We say is the component of along

the x-axis and is the component of along the y-axis.

u _’+j/'=(x O) (0, y)=x(1, 0)+ »(0, 1)=x;+y}

ExamMPLE 22

Express each of the following vectors in terms of the unit vectors i and ;.

(@) (=2,-5) (b) (=6, 0) (c) (=2,6)
Solution
@ (-2,-5)=-2-5]  (b) (=6,0)=—6i+0; (© (-2,6)=—2i+6)

ExAMPLE 23
From the diagram, write the component form of each of the vectors #,v,w and m.
Solution

For the vector # shown on the diagram, the component in the direction given by the unit
vector i is 6 and the component in the direction j is 5.

Therefore, the position vector in component form is written as # = 6i + 5]" similarly
V=51 +-4], w=—5i+—6j, m=—5+2].
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ExamMPLE 24

Express each of the following as a position vector in the coordinate form.
(@) —2i+] (b) —6i —2] (c) 0i +8;
Solution

(&) —27 +7=-2(10)+1(0,1)=(=2,0)+(0,1) = (-2,1).
(b) —2;j=—6(1,0)—2(0,1)=(

Note

®  To add two or more vectors in component form, add the corresponding
components.

° To multiply a vector in component form by a scalar, multiply each of the
components by the scalar.

e  Ifavectorin component formis, ai +bj then its magnitude is /a4 b°.
(Pythagoras’ theorem).

ExamPpPLE 25

If i=i +2j and ¥=2i +2, prove that the magnitude of #+V is 5.
Solution

Let=u+vV =w

Then @=(?+2})+( 2;+2})=(;+27)+ 2j+2})‘

Thus ‘;+;‘=‘Vv‘=w/32 47 = [9+16=+25=5

EXERCISES

1. Draw each of the following vectors in the coordinate plane whose initial point

A and terminal point B are given. Then find the magnitude and direction (angle
from the horizontal) of each.

(a) A=(2,1)and B=(6,4)
(b) A=(1,2)and B=(-2,6)
(c) A=(-2,-3)andB=(7,-1)
(d) A=(2,3)andB=(5,-1)
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2.

10.

Find the position vector of each of the vectors given in question number 1.

Find the magnitude and direction (angle from the horizontal) of each of the
following position vectors.

(a) u=(2,2) © w=(12,4) (¢) 7i=(-3,4)
(b) v=(4,3) (d m=(-5-3) 0 p=(4-3)

The initial point of vector AB is A(0, 1). Find the terminal point so that its

position vector is U = (4, 8).

The terminal point of vector MN is M(-2, -5), find the coordinates of the
initial point so that the corresponding position vector is U= (3, 10).

Find the unit vector in the direction of the vector 8?— 6}' )

Find the unit vector in the direction of v=5i —8, .

—6
Find the unit vector in the direction of the vector [ 9 ] .

Find the vector of magnitude 4 in the direction of v=4i— 8}' .

Ifa=—2i+ 6;, b=2i+ 5;‘ andc = 2i — 3}, then calculate:—

(@) a+b d) a+b+c () ;+Z‘
(b) a+c () a+2b (h) |a+b
(©) b+c (f) 3b—4a i) pa-p
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Vector in a Plane -
SUMMARY

° A quantity which is described by only magnitude is called scalar.

° Quantities that need both magnitude and direction to describe them are called
vector quantities (or simply vectors).

° A vector is denoted by a directed arrow. Its length is called the magnitude.
The direction it points is called the direction of the vector.

° A vector is represented by an arrow (OP); the point O is called the initial
point and P is called the terminal point. Sometimes, vectors are represented
by using letters or a letter with a bar over it such as # , v, etc.

° The magnitude of a velocity is the speed; the magnitude of a displacement is
distance. Thus, speed and distance are scalar quantities

. A magnitude is always a positive number.

° Vectors can be described geometrically or algebraically: geometrically as a
directed arrow and algebraically as a column vector.

. Two vectors are said to be equal if they have the same magnitude and the
same direction.

. If two vectors have same or opposite directions then they are parallel. Indeed,
two vectors are parallel if one is a scalar multiple of the other.

° For any two vectors AB and BC , AB+BC = AC (the Triangle law)

° A vector that has no magnitude and direction is called a zero vector or null vector.

° The diagonal of a parallelogram is the sum of the side vectors. This is called
the Parallelogram Law.

. @tra@n oﬁ)ectors AE and AC , given as AE — AC = CE is the same as
AC+CE = AE

° Multiplying a vector by a scalar k either enlarges or shortens the vector. If
|k| > 1, it enlarges the vector and if 0 <|k| <1 it shortens the vector. If £ > 0,

the direction of the vector is unchanged; multiplying a vector by £< 0 changes
the direction of the vector into the opposite direction.

° If the initial and terminal points of a vector are (x,, y,) and (x,, y,) then its
position vector can be calculated as P = (x,—x,, y,—»,) and is denoted by

P:[xz_xl]_
Vo= N
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. Any vector 4 =(x, y) can be written as A=xi + y}' , Where i= (1, 0) and
J =(0,1).

EXERCISES

1. Describe what is meant by scalar and vector quantities.

2.  Write down some examples of scalar and vector quantities.
3. How do you represent a vector geometrically?
4

Sketch a vector whose magnitude is 3 cm in the direction of

(a) East (b) North 30° East
5. Sketch a vector of length 5 cm whose direction is
(a) North 45° East (b) West (¢) South 20° East

6. From figure below, give a single vector to represent

D
the following
— . B
(a) AC+CB (b) AD+AC /
A C

7. If u =20 m due North and v =10 m at 30 degrees
Eof N, find ¥ +V and # — V.

8. When are two vectors parallel?
9. Show, by a diagram, that the sum of two vectors AB and BC is AC.
10. If the magnitude of AC is 4 cm, find the magnitude of
(a) 34C (0 S AC () —AC

11. If 4 is the point (4, —2) and B is the point (-3, —6), what is the position vector
of B relative to A?

—  [x
12. The position vector of P (relative to the origin) is OP = [ ] . If the magnitude
y

- X
of OP is 5 units, find the set of all possible values of [ ], with x, yeZ.
y
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Chapter Outcomes

Learners are able to apply concepts to rigid motion by drawing its image using the
methods of (i) translation, (ii) reflection ; and determine its symmetry.

Upon completion of this chapter, you will be able to:

o discuss and draw rigid motion;

. draw and translate images to other position;

o identify and explain reflection of object in the mirror line;
[ ]

construct symmetry object.

330



Rigid Motion -

Introduction

This section deals with some special types of transformation. Transformation is a
change of something to some other thing. In mathematics transformation is a
function that moves (takes) plane figures from its position to some other location in
the plane. There are many versions of transformations, such as, those preserving
shape and size, those stretching or shrinking, those preserving orientation (direction)
or changing orientation, and any combination of these. In this section, we will
consider transformations that changes position and/or orientation of plane figures
without changing their shape and size.

10.1 Ricip MoTION

A rigid motion is a transformation which moves an object in a plane to a new position
while keeping its shape and size constant. A transformation is generally defined by
arule. That is, given an object S (or set of points) in
the coordinate plane, a transformation of S, denoted
by 7, is a rule that moves (takes) every point in S to T
another object (set of points) $’ in the plane. In this N
case we may write, S

I(s) = 8"
and say that S’ is the image of S under 7.

Also, if PeS and P'eS’ such that 7(P) = P’, then P’ is said to be the image of P under
T. Now, we state the formal definition of a rigid motion.

DEFINITION

Rigid Motion
A transformation 7 is said to be a rigid motion (rigid transformation) if it preserves

distance. That is, for every two points 4 and B, if T(4)=A" and T(B) = B’, then the distance
between A’ and B’ is equal to the distance between 4 and B (4’ B' = AB).

Consequently, a rigid motion preserves also angles. For example, an identity
transformation is a rigid motion. A transformation is said to be an identity transformation,
if the image of every point is itself.

Note

Rigid motion carries any plane figure to a congruent plane figure, i.e., it carries
triangles to congruent triangles, rectangles to congruent rectangles, etc.
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ExamPLE 1

Identity transformation is a rigid motion.

EXAMPLE 2

Given a circle in the coordinate plane with center C(4, k) and radius 7, suppose 7 is a
transformation such that 7(C) = C'(#', k'). If T is a rigid motion, describe the image of the
circle. If the image is a circle, what is its radius?

Solution
For every point P on the circle, P' = T(P) is a

k point on the image and C'P'.= CP = r since T
p preserves distance. Therefore, the image of points

on the circle are points whose distance from C’ is

r. Therefore, the image of the circle under 7 is a

o= circle centered at C'(#’, k") with the same radius 7.

P

There are various types of rigid motions. In the
next sub-units, we will discuss two types of rigid
motions called translations and reflections.

Translations Reflections

e

EXERCISES

1. In which of the following conditions does the shape or size or both of the
object change. Is the change a rigid motion?

(a) When a rubber is stretched.
(b)  When a commercial jet flies from place to place at a specific time.
(c) When the earth rotates about its axis.
(d) When you see your image in a plane mirror.
(¢) When you draw the map of your school compound.
2. Let T be a mapping of the plane onto itself given by 7 ((x, y)) = (x + 1, —p).
For example, 7((4, 3)) =4 + 1, - 3) = (5, -3).
If4=(0,1), B=(-3,2)and C = (2, 0), find the coordinates of the image of
A, B and C.
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Find the image of AABC under 7. Is AABC congruent to its image? So, is 7' a
rigid motion or not?

3. Suppose T is a mapping of the plane onto itself which sends point P to point
P'LetA=(2,-3)and B = (5, 4). Compare the lengths of 4B and A'B" and so
determine whether 7'is a rigid motion or not, when

@ T()=0 © ()=
(b) T(Coy)=@+1,y-3) @ T((x,y))=[%x,2y]

10.2 TRANSLATION

A translation is a rigid transformation in which
every point of a figure is moved along the same
direction through the same distance.

For instance, when AABC is transformed to
AA'B'C', AB and A'B'are parallel to the x-axis, and
AC and A'C" are parallel to the y-axis. Moreover,
AABC and AA'B'C' have the same orientation.
1.e., the way they face is the same. This type of
transformation is said to be a translation. 1

4 \B *
o1 2 3 4 %

DEFINITION

Translation

A transformation 7 is said to be a translation if every point P = (x, y) of a plane is moved
the same distance in the direction of a given vector # = (h,k) . That is,

T(P)=P+u
Or T(x, y) = (x, y) + (h, k) = (x + h, y + k).
In this case, ¥ = (h,k) is called a translation vector.

Thus, if ¥ = (h,k) is translation vector, then the image of a point P = (x, y) is P'= (x
+ h,y + k). On the other hand, if a point P = (x, y) is translated to P’ = (x, y'), then
the translation vector is

B

Uu=PP'=P'—-P=(x'-x,y'—y).
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ExaMPLE 3

Let 7 be a translation that takes the origin to (1, 2). Determine the translation vector and
find the images of the following points.

(@) (2,-1) (b) (3.5) (©) (1,2)

Solution

T(0,0)=(1,2) =u=(1,2)is the translation vector.
= x —x + landy —y +2. Thus,

@ T(2,-1)=2+1,-1+2)=3,1)

(b) T((-3,5)=(3+1,5+2)=(2,7)

() T(1,2)=(1+1,2+2)=(2,4).

ExAmPLE 4
Let the points P (x,, y,) and O (x,, ,) be translated by the vector
u= (5, £). Show that ‘@‘ - ‘@‘
Solution
Clearly P'= (x, + h,y, k) and Q"= (x, + h, y, + k).

Then,

PO\~ Jr, + k=5 — 1) + (0, + k=3, — k)

:\/(xz _x1)2 +(y2 _y1)2 = @

The above example shows that a ,

. . . A
translation is a rigid motion. You can
state a translation formula in terms of AV
coordinates as follows: P(x, y) (in xy-plane)
(1)  If(h, k) is a the translation vector, P'(x', ) (x - b, y - k) (in x'y'-plane)

then

A. The origin is translated to
(h, k) i.e., (0,0)— (h k) '

B. The point P(x, y) 1is (= 0
translated to P'(x + 4, y + k).

(0,0

Y.

Y«

RRZ
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(i1) If the translation vector is AB where 4 = (a, b) and B = (¢, d), then
A. The origin is translated to (c — @, d — b), and
B.  The point P(x, y) is translated to (x + ¢ —a, y + d — D).

EXAMPLE 5

If a translation 7 takes the origin to P'(1, 2), then
T(x,y)=(x+1,y+2)and T(-2,3)=(2+1,3+2)=(-1,5).

EXAMPLE 6

If a translation 7 takes the origin to (—1, 1), then find
(a) The images of the points P (1, 3) and Q (-3, 6).
(b) The image of the triangle with vertices A(2, —-2), B(-3, 2) and C(4, 1).
(¢c) The equation of the image for the parabola whose equation is y = 2x>+ 3.
Solution
(a) The image of the point P (1,3)is 7(1,3)=(1 + (-1),3 + 1) =(0, 4).
The image of the point Q (-3, 6) is T (-3, 6) = (-3—-1, 6 +1) = (-4, 7).
b) T2,2)=Q2+1),2+1)=(1,-1)
T(-3,2)=(3+C1),2+1)=(4,3)
T@ 1H)=@+1),1+1)=(3,2)
Thus, 4'=(1,-1), B"=(-4,3) and C' = (3, 2).
The image of AABC is AA'B'C'.
(¢) The image of (x, y) under T'is T'(x, y) =(x— 1, y + ).
That is, 7T changes (maps) xtox — 1 and y to y + 1.
Thus, the image of y =2x* +3 is the parabola y + 1 =2(x — 1)>+3 or y =2x*— 4x + 4.

ExAmMPLE 7
If a translation 7 takes the point (—1, 3) to the point (4, 2), then find the images of the
following lines under the translation 7.
(@) (:y=2x-3 (b) £:5p+x=1
Solution
The translation vector is (4, k) = (4 — (-1), 2 — 3) = (5, —1). Thus, the point (x, y) is
translated to the point (x + 5, y — 1). A translation maps lines onto parallel lines. Let ¢’ be
the image of / under 7. Then,

(@ l:y—-(-D)=2x-5)-3 (b) £':5(y+ 1)+ (x=5)=1
=>/(:y=2x-14 =/(":5y+x=1= ('3= (. Explain!
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EXERCISES

1. If a translation 7 takes the origin to the point (-3, 2), find the image of the
rectangle ABCD with vertices A(3, 1), B(5, 1), C(5, 4) and D(3, 4).

2. Triangle ABC is transformed into triangle A'B'C’ by the translation vector (4, 3).
If4=(2,1),B=(3,5)and C= (-1, -2), find the coordinates of A, B" and C".

3. Quadrilateral ABCD is transformed into A'B'C'D’ by a translation vector (3, —2).
If4=0,2),B=@3,4),C=(7,4)and D = (2, 5), then find 4’, B", C' and D’
and draw the quadrilaterals ABCD and A'B'C'D' on graph paper.
What is the image of a circle under a translation?

5. Find the equation of the image of the parabola y*= 3x*~5 when translated by
the vector PQ, where P =(1,—1) and Q = (-4, 3).
6. Ifa translation 7 takes (2, -5) to (-2, 1), find the image of the line /. 2x — 3y =7.

10.3 REFLECTION

In the previous section, you have seen a translation which moves a given object
along a given direction while preserving size and shape of the object. Another rigid
motion is a reflection.

A reflection fixes a mirror line in the plane and flips each point from one side of
the mirror line to the point on the other side at the same distance from the line. For
instance, the following figure shows the reflection of point P to P’ and A4BC to
AA'B'C" using a horizontal and vertical mirror lines.

PO———H—@ P’

C
' A
A B
mirror line Al A’
PV : ;
CV

mirror line

Every reflection has a mirror line, also called line of reflection. It is helpful to think
of the mirror line as an actual mirror and the image of the object as its image in the
mirror. The formal definition of reflection is as follows.
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DEFINITION

Reflection

Let L be a fixed line in the plane. A reflection M about the
line L is a transformation of the plane onto itself which
carries each point P of the plane into the point P’ of the e P+ o
plane such that L is the perpendicular bisector of PP'.

The line L is said to be the line of reflection or axis of reflection.

Note
1. Lisaperpendicular bisector of PP'means the following: If P = (x, y) and
P'=(x',y"), then .
(1) Ifthe slope of L is m, then the slope of PP'is —, when m #0. (If
so, L1 PP'); and n
(i) The mid-point of PP'ison L ; i.e., [”Tx%] is on L

2. Every point on the line of reflection is its own image.

Notation: The reflection of point P about the line L, is denoted by M(P), i.e. P' =M(P).
(The reflection M(P) may also read as ‘mirror image of P’.)

Reflection has the following properties:

1. Areflection about a line L has the property that, if for two points P and
Q in the plane, P = Q, then M(P) = M(Q). Hence, reflection is a function
from the set of points in the plane into the set of points in the plane.

2. Areflection about a line L maps distinct points to distinct points, i.e., if
P # Q, then M(P) # M(Q). Equivalently, it has the property that if, for
two points P, Q in the plane, M(P) = M(Q), then P = Q. Thus, reflection
is a one-to-one mapping.

Theorem
A reflection M is a rigid motion. That is, if P’ = M(P) and Q' = M(Q), then PQ =P'Q".
We now consider reflections with respect to the x- and y- axes and the lines y = mx + b.
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A. Reflection about horizontal and vertical lines

You can easily construct the reflection of a point about x-axes and y-axes. In
particular, observe the following:

Suppose P(x, y) is any point on the coordinate plane. Then—
(1)  The reflection of P about x-axis is M(x, y) = (x, —y), 1.e., x unchanged,

buty +——y.
(11))  The reflection of P about y-axis is M(x, y) = (—x, y), i.e., x — —x, but y
unchanged .
ExampLE 8

Find the image of the parabola y = 2x*+ 1 under the reflection about
(a) x-axis (b) y-axis
Solution
(a) Under a reflection about x-axis, x is unchanged, but y s —y.
Thus, y = 2x*+ 1 becomes —y = 2x*+ 1 or y = —2x— 1.
Therefore, the image of y = 2x>+ 1 under the reflection about x-axis is y = —2x*— 1.

(b) Under a reflection about y-axis, x — — x but y unchanged.
Thus, under the reflection about y-axis, the image of y = 2x?+ 1 is y = 2(—x)*+ 1
= 2x>+ 1 itself.

A reflection about any other horizontal line or vertical line can be constructed in
similar manner as the reflection about x-axis or y-axis, respectively. In particular,
note the followings.

1. If the line of reflection L is horizontal line given P(x, y)
by v = b, then PP’ is vertical (see the adjacent

figure). Hence, x' = x and the midpoint of PP is y=>b 7
on L implies Yty =b=y'=2b-y %

: . P(x’, y")
Thus, the reflection M of any point P(x, y) about X' =x = 2by

the horizontal line y = b is P' (x, 2b — ).
That is, M(x, y) = (x, 2b — y) about the horizontal line y = b.

2. Similarly, if the line of reflection L is a vertical line given by x = a,
then PP’ is horizontal (see, the adjacent figure). Hence, y' = y; and the
X+x’

midpoint of PP'is on L implies =a = x'=2a—x.

2
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Thus, the reflection M of any point P(x, y) about o ST

a vertical line x = a is P'(2a — x, y). CY (x, »)
That is, M(x, y) = (2a—x, y) about the vertical line Y
x=a. |

ExAMPLE 9

Find the image of (-1, 5) when reflected about the lines
(a) y=-1 (b) x=1
Solution

Note that y =—1 is a horizontal line (b =—1) and x = 1 is a vertical line (a = 1). Therefore,
using the above formula we get the following:

(a) The image of the point (—1, 5) when reflected about the line y =—1 is (-1, —7).
(b) The image of the point (—1, 5) when reflected about the line x =1 is (3, 5).

Next we discuss reflection about lines which are not horizontal and not vertical.
B. Reflection in the line y = mx, where m = tan ¢

Let £ be a line passing through the origin and making an angle 0 with the positive x-axis.
Then the slope of £ is given by m = tan 0 and its equation is y = mx. See (a) below.

AY AY

Yo
Y-

Figure 1. Figure 2.

You will now find the image of a point P(x, y) when it is reflected about this line
(See Figure 2) above.

Let P'(x', ') be the image of P(x, y).
The coordinates of P are:

x=rcosaandy=rsina
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The coordinates of P’ are:

x'=rcos (20 —a) and y' =r sin (20 — o)
Expanding cos (20 — o) and sin (20 — o),
Now, use the following trigonometric identities which you will learn in a unit of
trigonometry:
1. Sine of the sum and the difference
° sin (x +y) =sin x cos y + cos x sin y
° sin (x —y) =sin x COs y — cOS X Sin y
2. Cosine of the sum and difference
° cos (x +y) =cos x cos y —sin x sin y
° cos (x —y) = cos x cos y + sin x sin y
Using these trigonometric identities, you obtain:
x'= r[cos 26 cos o +sin 260 sin a] = xc0s260 + ysin 26,
= xc0s20 + ysin260, and
y'=r[sin260 cosa —sin acos 20] =(r cosa)sin 20 — (rsin ) cos 26
=xsin 26 — ycos26
Thus, the coordinates of P'(x’, y"), the image of the point P(x, y) when reflected
about the line y= mx is:
x'=xcos 20 +ysin 20
y'=x sin 26 — y cos 20
where 6 is the angle of inclination of the line /: y = mx.
Based on the value of 0, you will have the following four special cases:
1. When 0 =0, you will have reflection in the x-axis. Thus, (¥, y) is mapped
to (x, —y) as discussed above.
2. When0=21 , you will have reflection about the line y = x and hence (x, )
1s mapped é) O, x).
3. When6= g , you will have reflection in the y-axis and (x, y) is mapped to

(=x, y) as discussed above.

3m
4.  When 0 = 4 > you will have reflection about the line y = —x and (x, »)
is mapped to (-y, —x).
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ExampLE 10
Find the images of the points (3, 2), (0, 1) and (-5, 7) when reflected about the line

y=mx,wherem=tan6and9=1

Solution

This is actually a reflection about the line y = x. Thus, the images of (3, 2), (0, 1) and
(-5, 7) are (2, 3), (1, 0) and (7, —5), respectively.

ExampLE 11

Find the images of the points P(3, 2), O(0, 1) and R(-5, 7) when reflected about the line

1
y=—=X.
NE)
Solution

Since tan 0 ~ , you have 8 = T Thus, if P'(x',y") is the image of P, then

x'=xcos20 + ysin260 = 3cos T\ 2sin| Z|=3x l—|—2 \/g 34243
3 3 2 2 2

y'=xsin20 — ycos26 = 3sin Z]—2005[1]:3 ﬁ —2><[l]:i—1
3 3 2 2 2

Hence, the image of P (3, 2) is P

,[3+2\/§ SN
2 2

Similarly, you can show that the images of Q(0, 1) and R(-5, 7) are O’ [ﬁ’_l] and
—5+73 —5V3-7 2 2
T2

2

] , respectively.

ExAMPLE 12

Find the image of 4 = (1,-2) after it has been reflected in the line y = 2x.
Solution

y=2x=y=(tan O)x = 6 =tan! (2).

But, from trigonometry, you have

—

. 2 1 4
sin 6= — and cos 6=— = cos (20) = cos?0 —sin’6 = ——— ,
V5 NG 55 5
sin (20) =2 sin 0 cos 6 = % 3
E]
5

N —

x——gx-|-i andy'=ix+—
5T 57757

= M((1,-2)) = [—— —
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Note

1. Ifaline /' is perpendicular to the axis of reflection L, then L' is its own
image.
2. If 7" is a line parallel to the line of reflection L, to find the image of L'
when reflected about L, we follow the following steps.
Step a: Choose any point P on ¢’
Step b: Find the image of P, M(P) = P’
Step c: Find the equation of /', which is the line passing through P’ with slope
equal to the slope of /.

C. Reflection in the line y =mx + b Ay
Let ¢ :y = mx + b be the line of reflection, \ S
where meR\{0}. b y=mx
Let P(x, y) be a point in the plane, not
on /.

Let P'(x’, ') be the image of P(x, y)
when reflected about the line /.

, : , P'(x’, ")
Let /' be the line passing through the

points P(x, y) and P'(x’, y'). Then,

>
(" is perpendicular to /, since [/ 1is / \

perpendicular to PP". Sinc? the slope of / p

( is m, the slope of /' is T Thus, one

can determine the equation of the line /'. If 4 is the point of intersection of ¢ and /',
taking A as the midpoint of PP’, we can find the coordinates of P'.

Thus, to find the image of a point P(x, y) when reflected about a line 7, we follow
the following four steps.

Step 1: Find the slope of the line 7, say m.
Step 2: Find the equation of the line /', which passes through the point P(x, y)

and has slope ——.
m

Step 3: Find the point of intersection 4 of / and ¢’ which serves as the midpoint
of PP".

Step 4: Using 4 as the mid-point of PP’, find the coordinates of P'.
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ExampPLE 13

Find images of the following lines after reflection in the line y = 2x — 3.
(a 2y+x=1 (b)) y=2x+1 (c) y=3x+4
Solution
(a) The image of /: 2y + x =1 is itself. Explain!
(b) ¢:y =2x + 1is parallel to the reflecting axis.
Hence /' : y =2 x + b . We need to determine b.
Let (a, b) be any point on 7, say (0, 1), so that its image lies on /'.
By the above reflecting procedure,

M((0, 1))=(a', b) :E = —l:> a =-2b"+2.
a'—0 2

Also, the midpoint of (0, 1) and (d’, ") which is

1 '

+
%, %] lies on the reflecting axis

b'+1 a' b' 7
—=2—(-3=a'=—+—.
- 2] 272
b 7
Buta' =-2b'+2 =2b'+2=—4+—
2 2
) 3 , 16 16 3
= b :—g = d :_? = ?’_g lies on ¢’

:>—§:2[E]+b b=—7 = fy=2r—7
5 5
(c) ¢:y=3x + 4 and the axis of reflection y = 2x — 3 meet at (-7, —17)

Next, take a point on ¢ say (0, 4) and find its image (a’, ') so that ¢ passes through
(a', b"). Perform the technique similar to the problem in b

Thus,b_42—1andﬂ=2[a—]—3=>a’:§andb’:E
a—0 2 2 5 5
o, O 434
=5 V=B s

ExamrLE 14

Find the image of (—1, 5) when reflected about the lines
(a) y=x+2
(b) y=2x+5
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Solution

(2)

(b)

The slope of y =x+2is 1.
Let P'(x', y") be the image of P (-1, 5). If /' is the line passing through P and P,

then its slope is _Tl = —1. Thus, the equation of /' is:

y=3 —_1=>0:y==x+4

x+1 L
The point of intersection of ¢ and ¢’ is (1, 3). Taking (1, 3) as a mid point of PP",
we get,

—1+x'

=1 and >ty =3 =>—-1+x'=2and 5+y'=6

=x'=3and y'=1
Therefore, the image of P (—1, 5)is P' (3, 1).
The slope of y = 2x + 5 is 2. If P'(x’, y') is the image of P(—1, 5) and /' is the line

through P and P, then its slope is __1 Thus, the equation of /' is:

2
y=5 -1 —1 9
=—=/01y=—x4+=
x+1 2 4 2 T 2
o : =123 : -
The point of intersection of / and ¢’ is 4 S5 ) Taking A as the midpoint of PP’,

find the coordinates of P’ as:

—1+x'_ -1 and 5+y :é

= — 5+ 5x'=-2 and 25 + 5)' = 46
2 5 2

= 5x'=3and 5y’ =46 -25= 21:>x=%

Hence, the image of P (-1, 5) is P’[

ExampLE 15

Find the image of the line ¢’ : y = —3x — 7 after a reflection about the line / : y =—3x + 1.

Solution

Pick a point P on /', say P (1, —10).

To find the image of the point P (1, —10) when reflected about the line y = -3x + 1,
proceed as follows:
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Since slope of 7 is —3, the slope of the perpendicular line is L . Thus, the equation of the
e Ehrcoussin (1, 10 et dllges = e Zm0 = L
3 x—1 3
S O ! 31.A[ﬁ—92]
e point of itersection of y = —3x+1 and yzgx—? 1S 10° 10 |-

Taking A as a midpoint of PP’, find the coordinates of the image P'(x', )’) of P, i.e.,

Ltx'_34  —10+y -9
2 10 2 10

= 104+10x'=68 and —100+410y'=—184
, 58 , —84
= x'=— and y'=——
10 10
. [58 —84
Therefore, the image of P(1,—10) is P [B’ T]
Now, you need to find the equation the line passing through P’ with slope -3, i.e.,

)"i‘%
10 3:>10y+84__

58 T 10x—58
28

10

= 10y+84=—30x+174
= 10y =—30x+174—84

= 10y =—-30x+90

= y=-3x+9.
Hence, the image of the line ¢':y=-3x—7 when reflected about the line
y=-3x+11is y=—-3x+9

EXERCISES
1. The vertices of triangle ABC are 4 (2, 1), B (3, =2) and C (5, -3). Give the
coordinates of the vertices after:
(a) areflection in the x-axis (c) areflection in the y-axis
(b) areflection in the linex +y=0 (d) areflection in the line y = x.
Find the image of the point (-4, 3) after a reflection about the line ¢: y =x—2

3. If the image of the point (—1, 2) under reflection is (1, 0), find the line of
reflection.
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4. Find out some of the figures which are their own images in reflection about
the line y = x.

5. Find the image of the line ¢:y=x-+4 after it has been reflected about the
line L:y=x—-3.

6. Find the image of the line /:y =2x+1 after it has been reflected about the
line L:y=3x+2.

7. If T is a translation that sends (0, 0) to (3, —2) and M is a reflection that maps
(0,0) to (2, 4), find
(a) T(M(1,3)) (b) M(I(1, 3))

8. In areflection, the image of the line y — 2x = 3 is the line 2y —x = 9. Find the
axis of reflection.

You may have often heard of the term ‘symmetry’ in day to day life. Symmetry
is a balanced and proportionate similarity found in two halves of an object; that
is, one-half is the mirror image of the other half. In other word, a shape is said to
be symmetrical if it can be divided into two identical parts. A shape which is not
symmetric is referred to as asymmetrical.

Line of symmetry

Animaginary line along which a symmetrical shape can be divided to obtain identical
halves is called a line of symmetry (or axis of symmetry). Every symmetrical
shape has a line of symmetry. Conversely, if a shape has a line of symmetry, then it
is symmetrical. For instance, a figure (or a shape) has a line of symmetry, if it can be
folded so that one half of the figure coincides with the other half.

Symmetrical objects are found all around us, in nature, architecture, and art. The
following figure shows some examples of symmetrical shapes. The broken line
through the shape is its line of symmetry.

In geometry, a plane figure is symmetrical if it can be divided into two congruent
parts. That is, the part of the figure that lies in one side of the line of symmetry is
congruent to the part in the other side. If so, the shape is symmetric.
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ExampPLE 16

Let AABC be an isosceles triangle such that 4B = AC. Show that AABC is symmetric and

determine its line of symmetry.

Solution

We need to determine a line that divides AABC into two parts such that the parts are
congruent. To do this, construct a line AD from vertex 4 to side BC such that

AD is a bisector of BC; i.e., DB = DC.

So, the line containing 4D divides A4BC into two triangles, AADB and AADC, and we

have to show that these two triangles are congruent. To show this:

(1) AB=AC (given)

(i1) DB = DC (by construction)
(iii)) AD = AD (Common)
Therefore, by SSS, AADB is congruent to AADC.

Hence, AABC is symmetric and its line of symmetry is
through angle 4 bisecting side BC.

ExampLE 17

Show that a rectangle ABCD is symmetric.

Solution

We need to determine a line that divides ABCD into two congruent parts. To do this, let us
take a diagonal, say AC, so that the rectangle is divided into two parts: AABC and ACDA.

Now, to show these are congruent:
Now, to show A4BC is congruent ACDA:
(1) AB = CD (Opposite sides of the rectangle)
(i1)) BC = DA (Opposite sides of the rectangle)
(i11)) AC = CA (Common)
Therefore, by SSS, AABC is congruent to ACDA.
Hence, the rectangle is symmetric and its line of symmetry

is along its diagonal.

Note: A symmetric figure can have more than one lines of symmetry. In such cases,

the lines of symmetry always intersect at one point.

For example, equilateral triangles, squares, and regular pentagons have as many

lines of symmetry as their sides (See, the figure below).
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Equilateral triangle Square Regular pentagon

ExampPLE 18

Show that the parabola given by y = 3(x—5)*> + 1 is symmetric.
Solution

Using the concept of reflection, we need to show that the image of the parabola is the
parabola itself under the reflection about the vertical line x = 5. From the previous section,
you know that M(x, y) = (2a—x, y) under a reflection about a vertical line x = a.

Therefore, for the reflection about x =5, we get M(x, y) = (2(5)—x, y) = (10 —x, y).
That is, x — 10— x, but y unchanged.
Thus, using this change in y = 3(x — 5)* + 1 we get
y=3((10-x)-572+1

=3(10-x—-5)y+1

=35-xP*+1

= 3(x — 5)*+ 1, which is just the original equation.
That is, the reflection of the parabola y = 3(x — 5)* + 1 about x = 5 is the parabola itself.
Therefore, the parabola y = 3(x — 5)* + 1 is symmetric and its line of symmetry is x = 5.

EXERCISES
1. How many lines of symmetry does each of the following shapes have?
(a) Arectangle (c) Arhombus
(b) An equilateral trapezium (d) Aregular hexagon

2. Using the notion of congruency of shapes, show that the following figures are
symmetric. Determine also a line of symmetry of the shape.

A A B A B
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(a) An equilateral triangle (c) Aparallelogram
(b) Arhombus
3. Using the notion of reflection, show the followings.
(a) Aparabola given by y = a(x — h)* + k is symmetric with line of symmetry
x=h.
(b) The graph of y = 3x* is symmetric with line of symmetry x = 0 (y-axis).

Key TERMS

. Axis of reflection . Reflection

° Axis of symmetry . Rigid motion

° Identity transformation ° Symmetry

° Line of reflection ° Transformation
° Line of symmetry ° Translation

SUMMARY
e Rigid motion
(i)  Transformation can be classified as rigid motion and non-rigid motion.
(i)  Rigid motion is a motion that preserves distance. Otherwise it is non-rigid.

(i11))  Identity transformation is a transformation that image of every point is
itself.

° Translation

(i)  Translation is a transformation in which every point of a figure is moved
along the same direction through the same distance.

(i1))  Translation vector: If point P is translated to P’, the vector PP’ is said
to be the translation vector.

(i)  Ifw = (h, k) is a translation vector, then 7(x, y)= (x + h, y + k).
° Reflection

A reflection M about a fixed line L is a transformation of the plane onto itself
which maps each point P of the plane into the point P’ of the plane such that
L is the perpendicular bisector of PP".

(i)  Point of reflection in the x-axis, M(x, y) = (x, —y).
(i1))  Point of reflection in the y-axis, M(x, y) = (=x, y).
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(iii))  Point of reflection in the line y = x, M(x, y) = (3, x).
(iv)  Point of reflection in the line y = —x, M(x, y) = (—y, —x).
(v)  Reflection in the line y = mx, M(x, y) = (x', y')
x"=x cos 20 + y sin 20 y'=xsin 20 — y cos 20, m = tan 0
° Symmetry
. A shape is said to be symmetrical if it can be divided into two identical

pieces. The line that divides a symmetrical shape into two identical
parts called a line of symmetry or axis of symmetry.

. In symmetrical figure, its line of symmetry divides the figure into two
congruent parts
. In a symmetrical figure, its halves are the mirror image of one another.

That is, the image of the figure is the figure itself under reflection about
the line of symmetry. That is, the line of symmetry is the line of reflection.

EXERCISES

1. If a translation 7 carries the point (7, —12) to (9,—10) find the images of the
following lines and circles.
(a) y=2x-5 (d x*+y*=3
(b) y=4x*-3 (e) x+y=10
(c) 2y—5x=4 ) x¥*+y-2x+5y=0

2. In areflection the image of the point P (3, 10) is P’ (7, 2). Find the equation
of the line of reflection.

3. Find the image of the followings under the reflection about the line L: y =2x + 1.
(a) the point P(3, 2)
(b) thecircle (x —3)*+ (y—2)=6.

4. Find the image of the line /: y = 2x + 1 under the reflection about the line L:
y=2x.

5. Findtheimageof ¢: y= %x + 2 under the reflection about the line L: y =2x — 3.

6. x*+y’=r’is symmetric about any line passing through the origin. (Note: the
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Chapter Outcomes

Learners are able to apply concepts of statistics, ratio, rates and percentages to
solve problems on these topics. The students will be able to analyze and interpret or
explain practical data and solve problems relating to scale drawing , ratio, rates,
and percent.

Upon completion of this chapter, learners should be able to:

define and discuss statistics;

construct frequency table;

discuss graphical display;

discuss and define averages;

define and discuss ratio and rates;

demonstrate the use of rate in problem solving;

define and analyze scales and scale drawing;

define and discuss travel graphs and conversion graphs;
identify and discuss percentages;

solve problems using percentages.
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Introduction

This unit deals with various topics: statistics, ratios and rates, scale and scale
drawing, travel graphs and conversion graphs, percentage and using percentages in
problem solving.

Statistics plays an important role in all our lives. For example, citizens are counted
in the population census taken by the government for various reasons. Business
people conduct surveys to find out what products are most frequently wanted by
consumers; and so on.

Meaning of Statistics

There are many definitions of the term statistics given by different scholars. However,
for the purpose of this unit, we will confine ourselves to the following:

DEFINITION

Statistics is the science of collecting, organizing, presenting, analyzing and interpreting
data (quantitative information) in order to draw conclusions.

Basically, statistics is a procedural process performing five logical steps on numerical
data. These are:

Collection of data: This is the process of obtaining measurements or
counts. For example, measuring the heights of students in your class,
or counting the number of persons admitted to a certain hospital are
examples of data collection.

2. Organization of data: The second step of statistics refers to the
organization of data. Collected data has to be organized in a suitable
form to understand the information gathered. The collected data must be
edited, classified and tabulated.

3. Presentation of data: The main purpose of data presentation is to facilitate
statistical analysis. This can be done by illustrating the data using
graphs and diagrams like bar graph, histograms, pie-charts, pictograms,
frequency polygons, etc.
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4. Analysis of data: In order to meet the desired purpose of investigation,
data has to be analyzed. The purpose of analyzing data is to get
information useful for decision making.

5. Interpretation of data: Based on analyzed data, conclusions have to
be drawn. This step usually involves decision making about a large
collection of objects (the population) based on information gathered
from a small collection of similar objects (the sample).

The following examples show us how statistics plays a major role in decision making
in different sectors.

ExAaMPLE 1

Information gathered about the incidence or prevalence of diseases, such as Covid and
Ebola, in a community provides useful information on changing trends in health status
and mortality.

ExAMPLE 2

Statistics is used to study existing conditions and the prevalence rate of HIV/AIDS in
order to design new programs or to study the merits of different methods adopted to
control HIV/AIDS. It assists in determining the effectiveness of new medication and the
importance of counseling.

ExAMPLE 3

Demographic data about population size, its distribution by age and sex and the rate of
population growth, etc., all help policy makers in determining future needs such as food,
clothing, housing, education, health facilities, etc.

ExampLE 4
Recording annual temperatures in a country provides the community with timely warning

of environmental hazards.

ExXAMPLE 5

Statistical data collected on customer services provides feedback that can help to reform
policies and systems.

Definition of basic terms or concepts

Population and Sample: In its ordinary usage, population refers to the number of people
living in an area or country. In statistics, however, population refers to the complete
collection of individuals, objects or measurements that have a common characteristic.
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Gaining access to an entire group (or population) is often difficult, expensive and
sometimes destructive. Therefore, instead of examining the entire group, a researcher
examines a small part of the group, called a sample.

Data: Data can be defined as a record of quantitative or qualitative values of a variate
(or variable). Variable or variate, represented by a letter, say x or V, is an attribute
who can have different values in measurements or observations. This depends on
the type of the study for which the measurement is undertaken. For instance, if the
measurements are the height of students, the variable x represents height. In this
case, X, X,, X,, ..., X represent the height of the first student, height of the second
student, ..., height of the n-th student, respectively.

Source of data: Data sources are classified as primary and secondary. Data is said
to be primary, if it is obtained first hand for the particular purpose on which one
is currently working. Primary data is original data, obtained personally by the
researcher from primary sources by observation, interview or direct measurement.

Data which has been collected previously(for similar or different purpose) is known
as secondary data. Secondary data refers to that data which is not originated by the
researcher himself/herself, but which he/she obtains from someone else’s records.

Raw data is data that has not processed for use. This is a record which is not yet
organized in a desired form.

Data can be classified as qualitative or quantitative. A data is qualitative if it is about
some characteristic whose values are not numbers, such as the eye color of peoples,
gender, religion or place of birth. On the other hand, a data is quantitative if it is
numerical values such as height, weight, age or scores in tests. Here, in this unit, we
will deal only with quantitative data.

EXERCISES

1. Describe in your own words the difference between the following pair of
statistical terms. Explain also using illustrative examples.

(a) population, sample.

(b) primary data, secondary data

(c) qualitative data, quantitative data

Mention at least four uses of statistics.
3. What is a raw data?

Collect data on age, height, and first semester mathematics exam score of the
students in your class.
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11.2 FREQUENCY DISTRIBUTIONS, HISTOGRAMS, STEM-PLOTS

AND PIE CHARTS

As mentioned in the previous subsection, statistics involves the collection of data and
analyzing it. For the data to be effectively analyzed, they should be organized or arranged
in a compact and orderly form. This procedure is commonly known as tabulation.

Methods for organizing raw data include the drawing of a table called the table of

frequency distribution. Frequency of a variate (data value) is the number of times
it appears in the data.

DEFINITION

A frequency distribution is a tabular or graphical representation of a data showing the
frequency associated with each variate (data value).

ExAMPLE 6
Suppose there are 12 students whose scores in a mathematics test is as follows:
13,11, 12, 14,13, 12, 11, 12, 13, 12, 15, 14
Organize the data in tabular form. What are the variates? Give the frequency of each variate.
Solution

The data given above is raw data. We may arrange the scores in ascending order, determine
the frequency of each score (number of times it appears), and tabulate the result in the
form given below. .

Score (V) 11 12 13 14 15
Number of students (f) 2 4 3 2 1

The table given above is the frequency distribution table. for the scores of the students.
The scores are the variate and the number of students getting a particular score is the
frequency of the variate.

Histograms

A histogram is a visual (graphical) display of data using bars (rectangles) of
different heights. Each rectangle represents a variate (data value) and the height of
the rectangle corresponds to the frequency of the variate.

DEFINITION

A histogram is a graphical representation of a frequency distribution in which the variate
(V) is plotted on the x-axis (horizontal axis) and the frequency (f) is plotted on the y-axis
(vertical axis).
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Main parts of a histogram:

1. The title: the title describes the information included in the histogram.

2. X-axis: The x-axis (horizontal) shows the variates (data values/items).
These can also be intervals that show the scale of values which the
measurements fall under.

3. Y-axis: The y-axis (vertical) shows the frequencies of the variates. (or
values in the intervals)

4. The bars: The height of a bar (rectangle) shows the frequency of the
variate it represents. The width of each bar should be the same. Usually,
there is no gap between the bars.

ExAMPLE 7

Let us draw a histogram representation of the frequency distribution given in the above
example. i.e.,:

Score (V) 11 12 13 14 15
Number of students (f) 2 4 3 2 1

The following is the histogram that displays this frequency distribution.

Scores in a mathematics quiz

S
=
<
2
N
[
]
3
5
Z
11 12 13 14 15
Scores (V)

Grouped frequency distribution

Usually a large number of data are collected in an ungrouped form and then grouped
in some meaningful order. For example, a row data of 40 marks (scores) of students
in a test are listed in the following table.
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Table 1
93 71 57 60 91 79 63 69
82 83 65 78 65 92 72 72
75 58 75 75 70 69 75 74
65 81 65 52 74 77 70 80
80 87 97 81 55 66 62 75

In this haphazard arrangement not much information can be readily be obtained. So,
we arrange the marks in intervals. The number of values in each interval is called
the frequency of the interval. The frequency of each interval is determined by
tallying (counting) every values that lie in the interval.

ExAMPLE 8

Make grouped frequency distribution for the marks listed in Table 1 above with each
intervals to include five marks, such as 50 — 54, 55 — 59, ..., 95 — 99.

Solution

We determine the frequency (number of marks) in each interval by tallying as shown in

Table 2 below.

Table 2
Interval Tally Frequency
50 — 54 | 1
55-159 1 3
60 — 64 /1 3
65— 69 LY/ 7
70 —74 /) 7
75-179 LI 8
80 — 84 L/ 6
85 -89 / 1
90 — 94 " 3
95-99 / 1
Total 40

Once data values are grouped into intervals, each interval is represented by the
middle number in the interval. For example, the interval 70—74 is represented by
the number 72. The middle number in an interval is called the class mark of the
interval.
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The purpose of grouping a data is to present it in a compact manner. The suitability
of the chosen intervals for the desired compactness depends on what we want to do
with the data. For instance, the grouped frequency distribution given in Table 2 is
not compact enough if the purpose of grouping the scores is to decide letter grades.
In particular, if these marks are converted to latter grades, where A is 90-100, B is
80-89, C is 70-79, D is 60—69 and F is 59 and below, we obtain a more compact
frequency distribution for the same data set as shown below in Table 3.

Table 3
Letter Grade Interval Frequency

A 90 — 100 4
B 80— 89 7
© 70 =79 15
D 60 — 69 10
F 50 -59 4

Total 40

Histogram is also used to represent a grouped frequency distribution. In this case, a
bar (rectangle) is constructed on each interval whose height is the frequency of that
interval. All others are the same as for the case of simple frequency distribution.

ExAMPLE 9

Draw histogram for the grouped frequency distribution given in Table 3 above.
Solution

The histogram is shown below. You can represent each of the intervals by its middle
number. Here, however, we indicated each interval by the corresponding letter grade

since the frequency distribution is constructed for the letter grades.
Frequency

Grades
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Stem and Leaf Plot

A stem and leaf plot is a way to plot data where each data value is split into two parts,
called stem and leaf. Here, the stem of a number is the digit at the largest place-value
of the number and leaf is the digit at the smallest place-value. For instance, for 25,
stem is 2 and leaf is 5. We plot(write) 25 as 2|5. Hence, in a stem plot, say, 2|357
represents 23, 25 and 27. Space between leaves is possible but it is not a requirement.

ExampLE 10

The following is a stem and leaf plot of a data set:
2 13

002

366777

47

01447

2368

4

In this plot, the first line shows: 21, 23

Second line: 30, 30, 32

Third line: 43, 46, 46, 47, 47, 47;

and so on. The smallest value in this data set is 21 and the highest value is 84.

0NN L AW

In general, you may follow the following steps to make a stem and leaf plot of a data set.

1.  Arrange the data values in ascending order.

2. The largest place-value digit of a data element is placed at the stem (in the
left column). The stems are listed down in ascending order. The leaves of
each stem are listed in ascending order in the line (row) containing the stem.

3.  Draw a vertical line between the stems and their leaves.

ExamprLE 11

Make a stem and leaf plot from the following data set, which represents students scores
in a test: 64, 82,79, 79, 96, 81, 97, 80, 81, 80, 84, 87, 98,

75, 60, 88, 82, 78, 81, 86, 80, 52, 84, 78, 83, 82.
Solution

Arranging the scores in ascending order 3 2

and following the steps given above, we 6 04
8 000111222344678
9 678
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Note: Like histogram, a stem and leaf plot is a visual representation of a data and allows
us to compare data values or to overview their distribution. But the advantage of the stem
and leaf plot is that we can see all of the values (histogram usually shows just totals). A
disadvantage of stem and leaf plots is that they are useful only for small data sets.

Pie Charts

Apie chart is a pictorial representation of the frequency distribution of data on a circular
region. The circle (pie) is partitioned into sectors so that each sector represents an
individual item or a class of the data. The central angle (or area) of a sector is proportional
to the relative frequency of the individual it represents. That is, if the frequency of a
given individual is f then the angle of the sector representing the individual is

9:i><3600,

n
Where 7 is the total number of the individuals in the data.

ExaMPLE 12

Draw a pie chart for the following frequency distribution of blood groups in a sample.

Blood groups A AB B o

frequencies (1) 172 43 387 258

Solution
The total number (total frequencies) of the blood groups in the sample is » = 860. Hence,
the central angles for each of the sectors representing the four blood groups are:
172 43
for A group: 0 = —=x360° = 72°, for AB group: § = —x360°=18°,
SIOHP 860 SHoup 860

for B group: § = ﬁx 360° =162°, and
860

for O group: § = §x360° =108°.
860

Now, using a protractor, a circle is partitioned into
sectors of 72°, 18°, 162° and 108° to represent the
frequencies of A, AB, B and O groups, respectively,
as shown below.

A pie chart of frequency distribuon
of blood groups

361



- Mathematics — Grade 10 Textbook

EXERCISES
1. Give two reasons why raw data should be summarized into a frequency
distribution.
2. Whatis the difference between a frequency distribution table and a histogram?
3. Suppose the following data represents the number of persons who took
counseling on HIV/AIDS on 40 consecutive days:
Table 1
10 5 10 3 4 5 12 9 11 13
10 9 6 10 8 7 3 7 9 10
4 6 7 6 4 11 8
10 9 5 8 7 8 6 12
(a) Construct a frequency distribution table from the data.
(b) Construct a histogram.
(c) On what percent of days did more than 10 people take counseling?
4. Maket the stem and leaf plot of the 40 scores given in Table 1 above.
5. Here are the number of sacks (each weighs 100 kg) of fertilizer distributed to

50 farmers.

Table 2
20 24 22 19 20 13 18 24 10 15
31 20 33 19 20 42 14 32 27 18
18 43 14 18 40 35 14 22 47 20
15 14 15 46 21 16 24 26 18 24

10 12 15 36 14 21 20 38 15 41

(a) Construct a grouped frequency distribution with interval 10-14, 15-19,
..., etc.

(b) Construct a histogram of the grouped frequency distribution.
(c) Construct the stem and leaf plot of the data set.

11.3 MEASURES OF CENTRAL TENDENCY

Quantitative variables contained in raw data or in frequency tables can also be
summarized by means of a few numerical values. A key element of this summary is
called the measures of central tendency or measures of average. The three commonly
used measures of central tendency are the arithmetic mean (or the mean), the median
and the mode.
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1. The arithmetic mean

DEFINITION

The arithmetic mean (or the mean) of a variable is the sum of all the data values, divided
by the total frequency (number of observations). That is,

If x,x, x, x arenobservations of a variable, then the mean, ¥, is given by

- XX txt+.tx, sum of values
Mean : x = =

n " total number of values

When used in everyday language the word “average” often stands for the arithmetic
mean.

ExampLE 13
Find the mean of the following data:
7,21,2,17,3,13,7,4,9,7,9
Solution

AP DANT A B4 BT O40-T-0 99
11 11

X =

Note: The mean of a data can also be calculated from its frequency distribution. So,
if the values x , x,, x,,....x_occurf,, f,, f,,..., f, times, respectively, then the mean
(x)1s given by
Mean: T — xfh+xf6+..+x,f,
h+ L+t

ExamrLE 14

The following table shows the age of 14 students in a certain class:

Age in years (x) 12 13 16 18
Number of students (f) 3 4 2 5

Compute the mean age of the students.

Solution

12x3+13x4+16x2+18x5  36+52+32+90 210
34+4+245 14 14

X = =15 years
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2.  The median
A second measure of central tendency of a quantitative data is the median.

DEFINITION

The median is the value that lies in the middle of the data when it is arranged in ascending
or descending order. So, half the data is below the median and half the data is above the
median.

ExampLE 15
Find the median of each of the following:
(a) 6,7,9,7, 11,13, 15 (b) 27,23, 36, 38, 27, 40, 45, 39
Solution
(a) First arrange the data in ascending order as 6, 7, 7,9, 11, 13, 15

There are seven values (an odd number of values) and the middle value is the 4"
element of the list which is 9. Therefore, 9 is the median of the data.

(b) First, arrange the data in ascending order as 23, 27, 27, 36, 38, 39, 40, 45
There are eight values (an even number). The two middle values are the 4™ and
5™ elements of the list which are 36 and 38. The median is the average of the two

middle values. That is, the median is half the sum of 36 and 38. So, the median =
36438

=37,

ExaMPLE 16

Find the median of the following distribution

X 1 2 3 4 5
f 2 3 2 4 2

Solution

There are 13 data values. So, the median is the 7" piece of data, which is 3.

Note that the median of a set of data with values arranged in ascending or descending
order is:

(1) the middle value of the list if there is an odd number of values.

(i) average of the two middle values if there is an even number of values.

3. The mode
A third measure of central tendency is the mode.
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DEFINITION

A data value which occurs most frequently in a data set is called a mode.

ExampLE 17

Find the mode(s) of each of the following data sets, if any.

(a) 9,8,7,10,8,7,6,8 (c) 4,6,12,5,10,7
(b) 10,11, 13,10, 14, 12,18, 17
Solution

(a) 8is the mode because it occurred three times (most frequent in the data set).
(b) The values 10 and 12 both occur twice, while the others occur only once.
It has two modes and the data is a bimodal.

(c) It has no mode because each value occurs only once.

The above example shows that a set of data can have no mode, one mode (unimodal),
two modes (bimodal) or more than two modes (multimodal). A data has no mode if
the frequencies of every data values are equal.

ExamPLE 18

Find the mean, median and mode of the following distribution of temperatures in a
certain town for one month.

Temperature in °C(V) 20 21 23 24 26 28
Number of days (f) 2 4 5 9 3 7

Solution
Mean: 7 = (20%2) +(21x4) +(23x5) +(24x9) +(26x3) +(28x7)
2+4+5+9+3+7
_40+84+1154+216+78+196 _ 729 _
30 30

Therefore, the mean is 24.3°C.

The number of observations is an even number which is 30. So, the median is half the
sum (average) of the 15" and 16™ values.

i.e., median = 15" value + 16" value _24+24 _
= _ :

Therefore, the median is 24°C.
The value with highest frequency is the number 24. Therefore, the mode is 24°C.

24.
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EXERCISES
1. Find the mean, mode and median of the following data.
11,9, 14, 12, 11, 14, 10, 21, 18, 14, 15, 18
2. Given below is a frequency distribution of values V.
(a) Find the mean, mode and median of the following distribution.
(b) How many of the values are non-negative?
) 3 0 1 2 3
f 3 2 3 6 5
3. Calculate the mean, median and mode of the following data;
Value 10 15 20 25 30 35 40
15 10 50 4 10 8 3
4. The following raw data represents the number of HIV/AIDS patients waiting
for counseling at 8:00 am on 40 consecutive Saturdays at a certain hospital.
11 6 5 8 11 6 3 7 4 6
5 4 13 14 9 11 13 8 10 9
10 9 6 5 10 7 8 7 3
8 7 8 9 6 10 11 8 4
(a) Draw a frequency distribution table.
(b) Calculate the mean, median and modal number of HIV/AIDS patients.
(c) Draw a histogram.
(d) Make a steam and leaf plot.
5. Find the mean, median and mode of the data represented by the histogram

below.
4

Frequency

Value




Statistics, Ratios, Rates and Percentages -

11.4 Box AND WHISKER PLoOT

A box and whisker plot is a visual(graphical) tool used to display the variance or
dispersion of a data using the three quartiles and two extremes (lowest and highest
values) of the data.

The quartiles of a data, denoted by, Q,, @, and Q,, are values that divides the data
into four equal parts. In particular, arranging the values of the data in increasing
order,

0, is the median of the entire data;
0, is the median of half of the data values below the median; and
0, is the median of half of the data values above the median.

Q, is called the lower quartile and Q. is called the upper quartile. The difference
between the highest value (HV) and the lowest value (LV) of the data is called range;
and the difference between upper and lower quartiles, is called the interquartile
range (IQR) of the data. That is,

range=HV —LV,and IQR = Q,— Q
The three quartiles divide the data values into four equal parts (each containing one-
fourth of the values). However, the length of the parts may not be equal. In a longer
part, the data values are relatively scattered wider apart than in the shorter part. In
other words, a longer part indicates higher variability of the data values in that part.
A box and whisker plot displays graphically the relative length of each of the four
parts. This can effectively help us to see the variability of the data values over each
of the four parts.

19

To draw a box and whisker plot

1. Arrange the data values in ascending order (from lowest to highest
value).

2. Identify the quartiles, O, Q,, O,, of the values and label them on the
number line.

3.  Draw a box (rectangle) whose length is equal to the interquartile range
above the line such that the left side of the rectangle is on Q, and the
right side of the rectangle is on Q.. Then, divide the rectangle into two
parts with a line segment at O, (the median).

4.  Draw a whisker (horizontal line segment) from the lowest value of the
data to the box and another whisker from the box to the highest value of
the data. (See the following diagram)
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lowest highest
value value

Hllustrave diagram for box-and-whisker

We illustrate this using the following examples.

ExaAampPLE 19

Draw a box and whisker plot for the following information:

Range = 75, Lowest value (LV) = 5, Median = 30, Upper quartile = 58;
Interquartile range (/R) = 43;

Solution

To draw the box and whisker diagram, we need five values: LV, Q,, O,(median), Q,, and
HV (highest value). LV =5, O, = 30 and Q.= 58 are given. We need to compute O, and
HYV from the given information (/R = 43 and Range = 75). In particular,

IR=0,-0,=0,=0,-IR=58—-43=15; and
Range=HV - LV = HV =LV + Range =5 + 75 = 80.

Once we have the five values, we can draw the box and whisker plot as shown below.

5 15 25 135 45 550 65 75 i 85
LV O 0, =30 05 =58 HV =30

Note that the length of the right hand side box is longer than the left side box. This
indicates that the data values that are between the median and upper quartile have
larger variability (dispersion) than those values between the lower quartile and the
median. The whiskers also show that the data values above the upper quartile have
larger variability than those below the lower quartile.

ExamMPLE 20

A utility company in a city is researching the cost of household electricity and water bills.
They have analyzed the data from hundreds of households and found that the median cost
is L$66 and the interquartile range is L$21. The range is L$27.50, the cheapest price was
L$47.50 and the upper quartile was L$74. Represent this information with a box-and-
whisker plot.
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Solution

Given: Q,= 66, IR = 21, Range = 27.50, LV = 47.50, Q,= 74.

We need to find the highest value (V) and the lower quartile (Q,). To compute these:
HV= LV + Range = 47.50 + 27.50 = 75.

0,=0,-IR=74-21=53.

Once we have all of the values we need we can draw the box and whisker plot as follows:

45 50 55 60 65 70 75 80

Now, using this box and whisker plot, you can discuss the variability of the data
values in the four part.

EXERCISES
1. Make a box and whisker plot for a data with the following information:
Median = 15.75, upper quartile =20.25, highest value = 24.5;
range = 16 and interquartile range = 9.
2. Draw a box-and-whisker plot for the following data and explain their

distribution:
(a) Ages of the members of a basketball team: 24, 30, 30, 22, 25, 22, 18, 25,
28, 30, 25.

(b) Testscore: 34, 18,27, 52,59, 61, 54,78, 68, 87, 91, 93, 100, 82, 85
3. Make a box and whisker plot of the following data and discuss its variability.

Value 10 15 20 25 30 35 40 \
Frequency 15 10 50 4 10 8 3|

4. The following raw data represents the number of HIV/AIDS patients waiting
for counseling at 8:00 am on 40 consecutive Saturdays at a certain hospital.

11 6 5 8 11 6 3 7 4 6
5 4 13 14 9 11 13 8 10 9
10 9 6 5 10 7 8 7 8 3
8 7 8 9 6 10 11 8 8 4

Draw a box and whisker plot of this data and discuss its distributions (variability).
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11.5 RATIOS AND RATES

In this section, we will discuss two related concepts, ratios and rates, that are used
to compare two quantities. Things are not always of the same size. Thus, there
is always a need to compare quantities using division to see how much bigger a
quantity is when compared to another.

A ratio is used to compare two like quantities or numbers with the same units. On
the other hand, rates are used to compare two quantities of different units. We will
discuss both starting with ratios.

Ratios

DEFINITION

A ratio is the quotient of two numbers (or quantities of the same unit ).

a
The ratio of a to b is written as a : b or 5 (where, b+ 0).
(Theratioa : bisread as ‘ato b’.)

Note
1. Aratio has no unit because it is a quotient of quantities of the same unit.
2. Since a ratio is a fraction, all rules for fractions apply to ratios. For
: . a a D
instance, ka : k b = a : b since — = —. We usually express a ratio in its
lowest term. kb b
ExampLE 21

There are 12 red apples and 4 green apples in a basket. What is the ratio of red apples to
green apples in the basket? Interpret the result.

Solution

12
Since red apples =12 and green apples 4, the ratio of red apples to green apples is 12: 4 = 7
=3.

This means there are 3 times more red apples than green apples in the basket.

ExAMPLE 22

Suppose that 8 boys and 16 girls are in a classroom.

(a) The ratio of the boys to the girls is 8: 16 = 16 = > (or 1: 2). It means that there are
half as many boys as girls in the classroom.
(b) However, the ratio of the girls to the boys is 16: 8 = 16 = 2. It means that there are

two times as many girls as boys in the classroom.
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As this point you may have noticed that the order is important when stating a ratio.
That is, when we say ‘the ratio of @ to b’, then a is numerator and b is denominator.

ExampLE 23
In a classroom the ratio of males to females is 2 to 3. If 20 students are males, how many
students are females?
Solution
Let f/ be the number of females in the class room. Then, the given ratio of males to
females is 20 : f=2:3

3§:§:2f:3><20:»f:3><20

f

Therefore, the number of female students in the classroom is 30.

=3x10=30

Rates

Similar to a ratio, a rate is also the quotient of two quantities. Indeed, a rate is a
ratio that compares two different quantities that have different units. For example,
if we say John types 50 words in a minute, then his rate of typing is 50 words
per minute. Similarly, if Peter types 80 words in two minutes, then his rate is
80 words 40  words

. =7 = .. which is 40 words per minute.
2minutes 1  minutes

The word “per” gives a clue that we are dealing with a rate. The word “per” can be
further replaced by the symbol “/” in problems. For instance, km per hour can be
written as km/hour.

In general, we can write the formula for rate as the ratio between two quantities with
different units. That is,

_ Quantity 1
Quantity 2

Rate

Both quantityl and quantity 2 are stated with their units of measurement, say unitl
and unit2, respectively. Hence, the simplest form of this ratio (quotient) is the rate
with “unit 1 / unit 2”” being the unit for the value of the rate found.

Some common examples of rates: Distance per unit time (called speed), interest
per year (for a saving account), birth rate of a country (number of births per year),
purchased quantity per cost, number of heart beats per minute, etc., are examples of
rates.
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ExampLE 24
Ben rode his bike for 2 hours and traveled 30 km. Find the speed at which he rode.

Solution
Distrance travelled 30 km
travel time 2 hours

The speed = = 15 km/hour .

ExAMPLE 25

A bat beats its wings 180 times in 10 seconds. Write the rate as a fraction in lowest terms.
Solution
180 beats

The rate is ————— = 18 beats/second
10 seconds

So, the rate is 18 beats per second.

ExamPLE 26
A mountain climber is 3200 meters from the peak. He climbs 50 meters per hour for 8
hours per day. How many days will it be before he reaches the peak?
Solution
The first job is to figure out the rate per day.
(0 meters/1 hour) x (8 hours/ day) = 50(8) hour/day = 400 meter/day.
Hence, he is climbing at a rate of 400 meters per day.

Now divide 3200 by the daily rate to find the number of days it will take him to reach
the top.

3200 meter

That is, m: 8 days.

EXERCISES
1. If5:9=2:x, then find x
Iftheratio4d: B=2:3and B: C=6: 5, then find the ratio 4 : C

3. In a classroom, the ratio of male students to females is 2 to 3. If there are 50
students in the classroom, how many students are females?

4. On a trip of 40 travelers, if there were 10 more women than men, what is the
ratio of the women to the men ?

5. Ifthe ratio of m to nis 2 to 3 and 2n+5

m

=4, then find m.
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6. The ratio of students to teachers in certain school is 39: 2. The number of
students in the school is 819. If the number of female teachers is 25, what is
the number of male teachers in the school ?

7. Convert the speed of 54 km/hour to meter/second.

8. A tiger in a zoo has consumed 39 kg of meat in 6 days. If it continues to eat
at the same rate, in how many more days will its total consumption be 91 kg?
9. On a trip, a man drove for 2 hours 80 km per hour and for 3 hours 60 km per
hour. What was his average speed for the whole trip?
10. A man completed a journey in 5 hours. He traveled the first half of the journey
at the rate of 9 km/hr and the second half at 6 km/hr. How long was the total
journey?

11. If one worker can pack 3 boxes every 5 minutes and another worker can pack
4 boxes every 7 minutes, how many minutes will it take these two workers,
working together, to pack 82 boxes?

11.6 SCALE DRAWING

Scale drawing, also known as drawing to scale, is to copy an object by reducing
or enlarging its size without changing its shape. To draw a figure similar to a large
object, like the drawing of a van below, we usually need to reduce the actual size of
the object.

height

A
Y

Length

In real-life, the length of this van may measure 6 meters (600 cm). However, you
may draw the van on a sheet of paper with a length of 24 cm. This means, the actual
length is reduced by a factor of By 25 In other words, 24 cm length on the
drawing is 1 of the real length of the van. We write this situation as a ratio 1:25

(1 to 25). This ratio, % , s called the scale factor of the drawing. If the drawing is
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to the scale, the reduction on the height should be also with the same factor. That is,
if the actual height of the van is, say 200 cm, then the corresponding height of the

drawing should be % x200=8 cm.

For any scaled drawing, a scale is shown as a ratio, such as 1:25. A drawing at a
scale of 1:25 means 1 unit of length on the drawing represents 25 units of length on
the real object. This means also that the drawing is 25 times smaller than the real
size of the object.

In general, when a copy (or drawing) is described as a scaled drawing at a scale of

a
a : b, it means each sides of the drawing is 5 times as long as the corresponding

a
sides in the original object. We call this number (ratio) 5 the scale factor of the

drawing. The size of the scale factor affects the size of the copy. A scale factor
greater than 1 makes a copy which is larger than the original. A scale factor less than
1 makes a copy which is smaller than the original.

: a
Notice that, when we state a scale a : b [or Z] , the first number (the numerator)

always refers to the length of the copy and the second number (the denominator)
refers to the real length of the original object.
ExampLE 27

An original triangle ABCD and its four copies are given in the figure below. For each
copy, tell whether it is a scaled copy of the original triangle. If so, what is the scale factor?

Original Copy 1 Copy2 Copy3 Copy4
D G J M
2 2.5
4 N Il 3&’
o5 [ s 6.4
IL
B 10 K[ 2
4 (0
Er T 16 T T | F

Solution

The given original triangle is AABC. For each copy (drawing), we need to check whether
the ratio of each side to the corresponding side of the original are equal.

(1) The ratios of the sides of ADEF to the corresponding sides of AABC is
8 6 10
:—:2

4 3 5
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Hence, Copy 2 is a scaled copy of the original triangle. The scale factor is 2, i.e, each
side in Copy 1 is twice as long as the corresponding side in the original triangle.

(1)) The ratios of the sides of AGHI to the corresponding sides of AABC is
2 15 25 1

4 3 5 2
Hence, Copy 1 is a scaled copy of the original triangle with the ratio of 1:2; i.e., the

scale factor is 5 That is, each side in AGHI is half of the corresponding side in

AABC.
KJ _ KL 3 2
v . —_— — — i —
(i1i1)) Copy 3, AJKL is not a scaled copy of AGHI because 4B BC ¥ 3173
(iv) Copy 4, AMNO is also not a scaled copy of AGHI (You can check the ratio of the
sides).

Note: Scale can be written without units (e.g., 1 to 400) or with units (e.g., 1 cm to
5 km). When a scale does not have units, the same unit is used for distances on the
scale drawing and actual distances. For a scale with units, say, “1 cm to 5 km”, 1
centimeter on the drawing represents 5 actual kilometers on the ground.

ExampLE 28
A man drew a floor plan of a hall using the scale 1 cm to 2.5 meters. If the man’s drawing
is 4 cm wide and 6 cm long, what are the dimensions of the actual hall?
Solution
Given: the width of the drawing is 4 cm and its length is 6¢cm .
Let I be the width and L be the length of the actual hall.
The given scale is 1 ¢m to 2.5 m. Consequently,

4 cm 1 cm 4cmx2.5m
= >W=————=4%x25m=10m; and
W 25m 1 cm
6cm  1cm L_6cm><2.5m_15
i 25w o "

Therefore, the hall is 10 meters wide and 15 meters long.

EXERCISES

1. The scale drawing of a tree 1s 1:1100. If the height of the tree on paper is 2
cm, what is the height of the tree in real life?
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2. Suppose that the length of a vehicle is drawn to scale with the scale of 1:20.
If the length of the drawing of the vehicle on paper is 12 inches, how long is
the vehicle in real life?

3. A container is a rectangular box with length 9 meters, width 6 meters and
height 4 meters.

Determine whether each of the drawings of the container with the following
dimensions is a scaled drawing of the container. If so, what is the scale factor?

(a) length 15 cm, width 10 cm, and height 7 cm.
(b) length 14 cm, width 10.5 cm, and height 7 cm.
(¢) length 13.5 cm, width 9 cm, and height 6 cm.
4. Hanna draw a floor plan of her classroom using the scale 1 inch to 6 feet

(1) Hanna’s drawing is 4 inches wide and 5.5 inches long. What are the
dimensions of the actual classroom?

(i1) A table in the classroom is 3 feet wide and 6 feet long. What size should
it be on the scale drawing?

(ii1)) Hanna wants to make a larger scale drawing of the same classroom.
Which of these scales could she use? (Note: 1 foot = 12 inches)

(a) 1to50 (b) 1to72 () 1to 100

11.7 CoNVERSION GRAPHS AND TRAVEL GRAPHS
In this section, you will learn how to read or use conversion graphs and travel graphs

A. Conversion graphs

Conversion graphs are straight line graphs that show a relationship between two
units and can be used to convert from one unit to the other. This could be changing
between miles and kilometres, dollars to other currency, etc.

ExaMPLE 29

Look at the conversion graph below (the straight line from the origin towards the upper
right corner). The vertical axis shows miles per hour (mph) and the horizontal axis shows
kilometres per hour (kmph). The line on the graph can be used to convert speeds from
mph to kmph and vice versa. For instance, convert

(a) 50 mph to kmph
(b) 100 kmph to mph
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30
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mph
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Solution
(a) To convert 50 mph into kmph: Start by finding 50 on the mph axis (the vertical axis).
When you have found it, draw a horizontal line from this point to the conversion
line; and then, from the conversion line draw a vertical line down to the kmph axis

as shown on the graph above. This brings you to the value 80 on the kmph axis.
This means, 50 mph = 80 kmph.

(b) To convert 100 kmph into mph, starting at the point of 100 on kmp axis, draw
a vertical line to the conversion line; and then, from the conversion line draw a
horizontal line to the mph axis. This brings you to the point that corresponds to 63
on the mph axis.

This means, 100 kmph = 63 mph.

ExampPLE 30

The graph below can be used for converting between weight in kilograms (kg) and weight
in pounds (Ib). Use the graph to convert
(a) 30kgtolb

(b) 1101bto kg
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Eilograms
(kg
S0
L
.-_,-F'
40 -
1
30
20 1
=
L1
10 =
1
0
0 1o 20 30 40 50 &0 70 B0 B0 100 110 120
Pounedz (1)
Solution

Notice that the vertical axis is for kg and the horizontal axis is for 1b. To get the desired

conversion, we proceed exactly as in the previous example.

(a) To convert 30 kg to Ib: Starting from 30 on the kg axis, draw a horizontal line to
the conversion line. When you meet the conversion line, draw from there vertically
down to the Ib axis. This brings you to the point that corresponds to 65 on the Ib
axis. Therefore, 30 kg = 65 1b.

(b) To convert 110 b into kg: Starting from 110 on Ib axis, draw a vertical line to the

conversion line; and then, from the conversion line draw a horizontal line to the kg
axis. This brings you to 50 on the kg axis. This means, 110 1b =50 kg.

B. Travel graphs

A travel graph shows the distance travelled away from a starting point against time.
This allows us to identify the speed of the traveler, points at which the traveler were
stationary (not moving), and when the traveler is returning to the starting point.

A travel graph is a distance-time graph; i.e., the vertical axis shows the distance and
the horizontal axis shows the time elapsed. Here, it is important to identify the

following types of movement. Distance

®  The horizontal line indicates a stationary
period as the distance is not changing,. For
instance, the adjacent graph shows that the
object is at rest (stationary) between time ¢,

time
and L, 0 >
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A straight line segment shows that the object is moving with a constant
speed. The speed is given by the slope of the line segment, i.e.,
Speed — Dis.tance
Time
®  When the traveler is moving away from the starting point, the slope is
positive. Negative slope indicates that the object is moving back toward
the starting point. For instance, the above graph shows that an object is
moved away a distance of d units within time ¢,. It is remained stationary
during the period from ¢, to #,. It is then moved back toward the point of
start during the time interval from z, to ¢,. At time ¢, its displacement from
the starting point is 0. That is, it is back to the starting point by the time z,.

ExampLE 31
The travel graph given below shows a man’s journey. Look at each part of the graph and
answer the following questions.
(a) What is happening in the section of the journey marked 4?
(b) What can you say about section B of the journey?
(c) At what speed is the person travelling in section C?
(d) Describe what is happening at section D.
(e) At what speed is the person travelling in the last part of the journey, section £?
(f) What distance is travelled overall?

Kilometers away 9“ D
from home 3

7

6 G

5

4

3 B

21 4

1

800 0:00 1000 1100 1200 13:00 >
Time

Solution
(a) The first part of the journey starts at 8:00 and finishes at 9:00, lasting an hour.
Miles away from home begins with 0 (at home) and finishes at 3 miles. Hence,
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(b)
©

(d)
(e)

®

Distance 3 km
Time 1 hour

B indicates that he stopped for 30 minutes (0.5 hours) between 9:00 and 9:30.

The next section of movement (C) is from 9:30 to 11:00, which is 1 hour 30 minutes,

i.e., 1.5 hours. This section goes from 3 km to 9 km on the graph indicating a distance

of 9 — 3 =6 km. Therefore, the speed in this section is

Distance 6 km
Time 1.5 hour

The part of the graph marked D shows that he stopped for one hour (from 11:00

to 12:00)

Section E indicates that,

Distance  (0—9) km
Time  (13—12) hour

the speed of 9 km/hour back toward home.

From the graph you can see that he travelled 9 km away and 9 km back. Hence,

overall he travelled 18 km.

Speed = = 3 km per hour on the journey marked A.

Speed = =4 km/hour.

Speed =

= —9 miles/hour. This means, he travelled at

EXERCISES
1. The graph below can be used fest

for converting between length
in metres (m) and length in feet
(ft). Use the graph to convert 30
each of the following. ]
(@) 1.5mtoft m
(b) Smtoft 15
(c) 9mtoft 10
(d) 15fttom 5
(e) 12.5fttom o
® 20fttom o 1 2 & 4 5 6 7 % 9 D0

The graph below can be used to convert between British Pounds and French
Francs (which was used before EURO). Use the graph to convert each of the
following.

(a) 25 Francs to Pounds
(b) 50 Franks to Pounds
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British ©
Potacds

] o 20 20 40 N &g 70 80 G0 100
Franeh Franes

A cyclist leaves home at 19:00 and cycles at a constant speed for 10 miles,
reaching his destination at 20:15. He stays there for half an hour and returns
home cycling at a constant speed at 21:30. Draw a travel graph to represent
this journey.

The travel graph shown below shows the journey of a bus from station.
Describe the journey, including the speed, in each of the sections marked

A to F. Find also the overall distance travelled.

A
10

Kilometers away
from station D

— N W R O N 0 0 \O

8:00 9:00 10:00 11:00 12:00 13:00 > Time
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11.8 PERCENTAGES
The term “percentage” was adapted from the Latin word “per centum”, which means
“by the hundred”. Percentages are fractions with 100 as the denominator.

DEFINITION

Percentage is defined as a given part or amount in every hundred. It is a fraction with
100 as the denominator and is represented by the symbol ‘%’.

n

That is, n% , read as n percent, means 100"
For example, 25% = ——l 50% = ﬂ—l etc
P& 100 47" T 100 205

100
Similarly, 100% = 100 1 which means the whole. The fact that 100 % = 1 is used

: ..a a a
to express fractions as a percentage. That is, 3 =—x1=-=x100% . Thus, we can

express fractions as percentages by multiplying the given fraction by 100 and attach
the symbol % to the result.

ExaMPLE 32

1
(a) In expressing 5 asa percentage, we get %x 100% = 20%.
1 3 1
Similarly, express 1322 and g as percentages.
(b) In expressing 0.3 as a percentage, we get 0.3 x 100% = 30%.
Similarly, express 0.2, 0.125, and 1.5 as percentages.

ExamPLE 33

In a contest for a seat in parliament, Mr. Musa has got 750 votes in a village. If there were
1250 voters in the village, what percentage of the votes did Mr. Musa get?

Solution
His votes are 750 out of 1250. In fraction, this is 750/1250. We know how to change this

x100% = 60% .

750
fraction t tage. That i
raction to percentage. That is, -

Hence, he got 60% votes from the village.
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We usually need to know a percentage of certain quantity. Calculating percentage of a
certain quantity means to find the share of a whole, in terms of 100. By the definition,

n% of a quantity Q is equal to & x Q.
ExampLE 34

40 150
40 % of 60 is —x 60 =24, 0 is —x70=105
(a) 40 % of 60 is 100 (c) 150% of 70 is 100 .
12.5
12.5% of 64 is ——x64 =8
(b) % 0 is 100

Percentage increases and Percentage decreases

There are various real life problems that involve percentages. One of the common
usages of percentage is to analyze the relative change in values. Relative change in
values is described by either percentage increase (if original value is increased) or
percentage decrease (if original value is decreased). These are given as follows:

New value — Original value

Percentage increase = x100%

Original value

Original value — New value

Percentage decrease = x100%

Original value

ExAMPLE 35

There were 15 fishes in a tank. After a year the fish have bred and there are now 20 fishes
in the tank. By what percentage has the number of the fishes increased?
Solution

20_15><IOO:%><100:3.3%.

Percentage increase =

ExampLE 36
If the price of an item is increased from L$60 to L$75, what is the percentage increase
in the price?
Solution

New price — Original price 75—60 15

Percentage increase = x100 = x100 = e x100 =25%

Original price
Therefore, the price is increased by 25%.
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ExampLE 37

The price of an item was L$20. The item is now sold at L$18. What is the percentage
decrease in the price?

Solution
Percentage decrease = ingie)] Ya?ue SUATT x100 = 2018 x100
Original value
= 2 *x100 =10%.
20
EXERCISES
1. Find the following percentages .
(a) 15% of450 (c) 120 % of 65
6
(b) 45.5% of 320 (d) 12.5%of 7 of
2. Express each of the following fractions or decimals as percentage.
2
@ 3 (d) 0.27
5
C) (e) 0.344
5
© 3 32

3. What percentage of 60 cm is 15 cm?

4. Three friends K, L and M received votes for their contest for an office. K
secured 45% of the votes, L had 33% of the votes and M had the rest of the
votes. If M secured 1,430 votes, calculate
(a) The total number of votes cast;

(b) How many more votes K received than L?

5. The ratio of girls to boys in a classroom is 1 to 2. What is the percentage of
the girls in the classroom?

6. The area of a rectangular plot is 1120 square meters. If its width is 30% less
than its length, what is the perimeter of the plot (in meter)?

7. In the morning there were 45 chocolates in a shop. At noon there were only
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8. An item is sold for L$120 after 20% discount from its original price. How

much was the original price of the item?

9. A businessman paid L$2000 to rent an office for one year. The rent is then
increased each year by 20% of the previous year. How much will to pay for

the first three years he rents the office?

10. Type A and Type B alloys contain 20% and 30% copper, respectively. How
many Kilo grams of each alloy should be mixed to obtain 10 kg of an alloy
containing 24% copper?

Arithmetic mean
Average

Box and whisker plot
Central tendency
Class mark
Conversion graph
Data

Data sources

Data tabulation
Frequency

Frequency distribution
Grouped data
Grouped frequency distribution
Histogram
Interquartile range
Lower quartile
Median

Mode

Percentage

Percentage decrease

Percentage increase
Population
Primary data
Qualitative data
Quantitative data
Quartiles

Range

Rates

Ratios

Raw data

Sample

Scale factor

Scale drawing
Secondary data
Statistics

Stem and leaf plot
Travel graph
Upper quartile
Variability
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SUMMARY

° Statistics is the science of collecting, organizing, presenting, analysing and

interpreting data in order to draw conclusions.

° Apopulation is the complete collection of individuals, objects or measurements
that have a characteristic in common.

° A small part (or a subset) of a population is called a sample.

. Ifthe categories of a classification are based on some attribute or characteristics
whose values are not numbers, then it is called qualitative classification.

. If the characteristic of interest is numerical, then it is called quantitative
classification.

. Data is said to be primary, if it is obtained first-hand for the particular purpose
on which one is currently working.

° Data that has been previously collected for a similar or different purpose is
called secondary data.

. A statistical table is a systematic presentation of data in columns and rows.
. The quantity that we measure from observation is called a variate (or variable).

° A frequency distribution is a distribution showing the number of observations
associated with each data value.

° A histogram is a pictorial representation of a frequency distribution in which
the variables (V) are plotted on the x-axis and the frequency of occurrence is
plotted on the y-axis.

° If x, x, x;,...x, are the n observations of a variable then the mean (X ) is given
by
T +x,+x+..+x, ‘
n
° The median of a variable is the value that lies in the middle of the data when

arranged in ascending or descending order.

° The mode of a variable is the most frequent observation of the variable that
occurs in the data set.

. The range R of a set of numerical data is the difference between the maximum
and minimum values.

Range = highest value — lowest value
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° The quartiles of a data, denoted by, Q,, @, and Q,, are values that divides the
data into four equal parts. Inrequartile range is the difference between the

upper quartile (Q,) and the lower quartile (Q,).

. A stem and leaf plot is a way to plot data where each data value is split into
two parts, called stem and leaf. The stem of a number is the digit at the highest
place-value. The leaf of the number is the digit at the lowest place value.

° A box and whisker plot is a visual(graphical) tool used to display the variance
or dispersion of a data using the three quartiles and two extremes (lowest and
highest values) of the data.

° A ratio is the quotient of two like quantities or nuénbers with the same units.

A ratio a to b is written as a : b. It is the fraction Z .

° A rate is the quotient of two quantities of different units.

. Scale drawing is to draw or copy an object by reducing or enlarging its size
without changing its shape.

° Conversion graphs are straight line graphs that show a relationship between
two units and can be used to convert from one unit to the other.

° A travel graph shows the distance travelled away from a starting point against
time. This allows us to identify the speed of the traveler, points at which the
traveler were stationary (not moving), and when the traveler is returning to
the starting point.

. Percentage is defined as a given part or amount in every hundred. It is a
fraction with 100 as the denominator and is represented by the symbol ‘%’.
n

That is, n% —.
at is, n% means 100

EXERCISES

1. What is meant by a frequency distribution of a data?
2. The marks of 30 students in a mathematics test are given below:

3 5 4 6 8 12 14 5 6 5
8 5 9 10 9 10 12 10 12 10
12 13 10 15 14 15 14 15 14 14

(a) Construct a frequency distribution table.
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(b)
(©)

Draw a histogram to represent the data.
What percent of the students have scored less than 15?

3. Refer to the following histogram to answer the questions that follow.

Frequency

(a)
(b)
(©)
(d)
(e)

25
20
154
104
5|
1 2 34 S 7

Prepare a frequency distribution table.

What is the highest variable?

What is the highest frequency?

How many variates occur 5 times?

Which variates have the minimum frequency?

4. Find the mean, median, mode,range, variance and standard deviation of the
population function whose distribution is given in the table below.

2 3 4 5
2 4 1 2 3

S

5. The table below shows the number of students who scored marks 3, 4 or 5 in
a math test.

Mark 3 4 5
Number of Students 3 X 4

If the mean mark is 4.1, how many students scored 4?

6. Inastudy, 20% of a group of 80 men and 15% of a group of 120 women were
found to be diabetic. What is the mean percentage of diabetics for both the
groups combined?

7. The median of x —4, x, 2x and 2x + 12 is 9, where x is a positive integer. Find
the value of x.
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10.

I1.

12.

Find the mean, median, mode, range from the histogram given below.

8

o)

Frequency

>

-

1 2 3 4 5 6 7 8
Value

In a class of boys and girls, the mean weight of 8 boys is 55 kg and the mean
weight of a group of girls is 48 kg. The mean weight of all the children is
50.8kg. How many girls are there?

From

the members of a farmers’ association 50 farmers cultivated wheat. An

agricultural expert wants to study the farmers’ yield in terms of quintals they
harvested per hectare and found the following

50
51
48
53
47
(a)
(b)
(c)
(d)
(e)

Q)

45 45 50 46 48 55 48 52 54
52 45 55 46 50 55 54 49 51
46 51 52 47 45 49 54 46 48
52 48 46 55 47 51 47 50 53
53 48 45 54 48 50 46 52 54

Prepare a frequency distribution that represents the data.

Draw a histogram.

Make the stem and leaf plot of the data.

Find the mode of the data.

What percentage of the farmers have produced more than 52 quintals
per hectare.

Construct the box and whisker plot of the data and discuss its variability.

The ratio of men to women on a trip is 3 to 4. What is the percentage of men
on the trip?

Inac

lassroom, the ratio of girls to boys is 5 to 3. If the class has a total of 40

students, how many more girls are there than boys?

389



- Mathematics — Grade 10 Textbook

13. Among the people on a conference, 55% can speak French, 40% can speak
Arabic and 15% can speak both French and Arabic. What percentage of the
people can speak neither French nor Arabic?

14. The following table shows the age distribution of members of a youth club:

Age (year) 18 19 20 21 22

Frequency 4 9 7 11 9

(a) What is the median age of the members of the club (in years) ?
(b) What is the mean age of the members (in years)?
(c) What is the percentage of the members whose age is equal to the mode?

15. The following chart shows the percentage of students enrolled in four
departments D, D,, D,and D, of a college.

43%

18%

(a) What percentage of the students have enrolled in D,?

(b) If'the total number of students in the college is 1600, what is the number
of students in D,?

(¢c) What is the ratio of the number of students in D, to those in D,?

(d) If the number of students in D, is 120 more than those in D,, what is the
total number of students in the college?
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WHAT IS BULLYING?

Any unwanted written, verbal, graphic, or physical act by an individual or group toward
another person(s) that causes harm or distress.

Types of Bullying

D STOP BULLYING

®  Social @ @
®  Emotional
® Cyber
Signs of Bullying
® Headaches
Depression
®  Lossoffriends
®  School absenteeism
®  Academic problems
What You Can Do
PREVENT

®  Bearole model for positive communication, healthy relationships, and self-care.
®  Reinforce acts ofkindness, respect, and inclusion.

®  Setpolicies and rules about bullying.

RECOGNIZE

®  Know the definition of bullying and its many forms.

®  Talk with and actively listen to the youth
who confide in you.

®  Watch for warning signs of bullying.

INTERVENE

e I[fyouwitness bullying behavior

®  Respond quickly and consistently to send
the message that it is not acceptable.
Separate the students involved.
Meet any immediate medical or mental
health needs.

e  Staycalm and model respectful behavior.

Source: Teacher's Diary on Cyber-Crime Awareness by UNODC, Cybercrime and MoE, Republic of Liberia
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