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Foreword

Liberia, having gone through a period of utmost turmoil till 2003, due to the civil
wars, is still reeling under its effect and the added trauma of Ebola in 2014 and
effects of the COVID-19 outbreak in 2020. The Liberian government, in the past
decade, has made valiant efforts to bring order to the lives of its people. In one such
effort, the Ministry of Education (MoE) brought changes to the National Curriculum
Framework which are relevant to the present generation, and which would prepare
them to meet the challenges of the changing trends of the world. The National
Curriculum Framework (NCF) 2018 recommends a change in basic assumptions
in the teaching learning process from behaviorist to constructivist approach —
moving from hardcore print material to the digital world. Keeping in consideration
the sociocultural context and varied experiences of learners as laid down in the
Framework, our Teaching Learning Materials are expected to be competent to use
multiple methods and techniques like e-learning resources, energized textbooks,
and readily available reference material to engage the learners.

As a first initiative, the MoE, through its World Bank-funded Improving Results in
Secondary Education (IRISE) project, has adapted textbooks for Grades 10 to 12 in
five subjects — English Language and Literature, Mathematics, Biology, Physics
and Chemistry.

The National Curriculum Framework, 2018, recommends that children’s learning
at school is a reflection of their life outside the school and shows them the path to
become a responsible citizen who makes knowledge-based choices.This principle
marks a departure from the legacy of teacher centered learning to student centered
learning. The syllabi and textbooks developed on the basis of the NCF indicate a
serious attempt to implement the idea of Activity Base Learning (ABL). We hope
these measures will take us ahead in the direction of building a system of education
as outlined in the NCF.



- Mathematics — Grade 11 Textbook

Combined with the efforts by the school principals and teachers this will encourage
children to reflect on their own learning and to pursue imaginative activities and
questions. With this in mind, perhaps for the first time in our country, we are able to
provide separate subject specific textbooks accompanied with guides for teachers
for 10-12 grades. Not only have these been developed, adapted and modified to
the Liberian context, each of the eight Minimum Learning Competencies (MLCs)
have been included in each textbook. So as to reach every high school student, for
the first time in the country’s history we have included the digitized form of the
textbook accessible by a Quick Response (QR) code given in each book. Not only
does it have the digitized textbook, but it provides additional learning materials for
use by students, teachers and interested persons. The links to these e-resources and
digitized material is being made available on the MoE’s website.

The Textbooks and Teacher Guides have reached the hands of the students after
a rigorous quality evaluation by carefully handpicked subject specialists by the
MoE, to whom the Ministry expresses gratitude. For the success of this project, I
acknowledge the contributions of the IRISE Project Team in the World Bank, and
in particular, the Task-Team Leaders; the Project Implementation Team in Liberia
headed by its Coordinator Abraham A. Kiazolu II, supported by the Executive
Director of the Center of Excellence for Curriculum Development and Textbooks
Research, Mrs. Julia K. Sandiman-Gbeyai and her technical working group (TWG),
and the International Textbook Consultant and Advisor, Dr Shveta Uppal engaged
by the MoE. These notwithstanding would not have been possible without the
guidance of the Senior Management Team (SMT) of the Ministry of Education, and
in particular, the Deputy Ministers for Instructions, Administration, and Planning,
Research and Development, respectively.

Professor Dao Ansu Sonii, Sr.
Minister of Education Monrovia, Republic of Liberia
Republic of Liberia January 24, 2023
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Chapter Outcomes

By the end of this chapter, you will be able to:

o define and discuss polygonal arithmetic;
° define and discuss modular arithmetic;

° define and discuss cyclic variables;

o divide using modular arithmetic.



Modular Arithmetic -

Introduction

In mathematics, modular arithmetic is a system of arithmetic for integers, where
numbers “wrap around” when reaching a certain value, called the modulus. The
modern approach to modular arithmetic was developed by Carl Friedrich Gauss in
his book Disquisitiones Arithmeticae, published in 1801.

1.1 POLYGONAL ARITHMETIC

Number patterns have interested mathematicians from the time of the ancient Greeks.
Some of this interest centered around the relations between number expressed
geometrically and algebraically. This idea is basic to the study of polygonal numbers.

1. Define a polygon and give some examples of polygons.
2. What is a regular polygon?

3. Circle is a plane figure. Is it a polygon?
4. Discuss about polygonal numbers?

Polygonal numbers are nonnegative integers represented by geometrical
arrangements of equally spaced points that form regular polygons. The most
common and basic types of polygonal numbers are triangular, square, pentagonal
and hexagonal numbers.

DEFINITION

A number which corresponds to the number of points on a regular polygon and discrete
geometric pattern of equally spaced points is called a figurate number.

Polygonal figurate numbers or simply polygonal numbers are the numbers which
can be arranged as regular polygon such as equilateral triangle, square, pentagon,
hexagon, etc. So, polygonal numbers include triangular numbers, square numbers,
pentagonal numbers, hexagonal numbers, and so on.

If we represent using “dots” there are special numbers that can form “polygon”.
Numbers that can form polygons are called polygonal numbers.

The triangular numbers count the number of dots in such a way that when two dots
are added to a starting point, an equilateral triangle is formed. By adding three dots
to the previous three points, we can obtain a larger equilateral triangle with six
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points. A triangle with ten dots can be created by adding four points to the triangle
with six points, and so on as shown in Figure 1.

o
o ( X )
@ [ X J (X X J
[ ] ( X ) ( X X ) (X XX J
(] [ X ) (X X/ o000 o000 0O
® 00 000 o000 00000 000000
1 3 6 10 15 21

Figure 1.

Continuing with this augmenting arrays of well arrenged dots forming an expanded
equilateral triangle with respective sum of dots in each such triangle, results in a
sequence of numbers 1, 3, 6, 10, 15, 21, 28, . . . known as triangular numbers.

The square numbers count the number of dots in such a way that when three dots
are added to a starting point, a square is formed. By adding five dots to the previous
four points, we can obtain a larger square with nine points. A square with sixteen
dots can be created by adding seven points to the square with nine points, and so on
as shown in figure 2.

6x6
5%x5 oooxooo
4 x4 o000 00 o00O0O0CGOCO
3x3 X X X o000 00 o000 00O
2x2 o000 000 e o000 00 o000 000
Ix1 @@ L ) o000 o000 00 000000
e oo o000 o000 XX XX o000 000
1 4 9 16 25 36
Figure 2.

Similarly, as shown in figure 2, as the numbers three, five, seven, nine, etc. are added
to a starting dot, forming a square array as the figure grows outwardly, the sequence
of numbers 1, 4, 9, 16, 25, 36, 49, ... are known as square numbers.

The pentagonal numbers count the number of dots in such a way that when four
dots are added to a starting point, a pentagon is formed. By adding seven dots to the
previous five points, we can obtain a larger pentagon with twelve points. A pentagon
with twenty-two dots can be created by adding ten points to the pentagon with
twelve points, and so on as shown in figure 3.

As shown in figure 3, as the numbers four, seven, ten, thirteen, etc. are added to a
starting dot, forming a pentagon array as the figure grows outwardly, the sequence
of numbers 1, 5, 12, 22, 55, 51, 70, ... are known as pentagonal numbers.
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We have seen that polygonal numbers can be defined geometrically by counting the
number of dots in a regular k-gon as shown in Figure 3. For k> 3, a k-gonal number
is the total number of dots inside one of the regular k-gon in the figure.

Let P (k) denote the n™ term of the k™ polygonal number. For example, P (3), P,
(4), P (5) and P (6) represents the n™ triangular, square, pentagonal and hexagonal
numbers, respectively. For convenience, we set P (k) =0, P, (k) = 1.

Suppose that the first n regular k-gons have already been constructed, so that each
edge of the outermost k-gonal now has length n-dots. To construct the (n + 1)* k-gon,
first we extend the two edges attached to the base point by one dot, and then add edges
parallel to the previous edges, so that each (outer) edge now has (n + 1) dots. The total
number of dots we are adding to the figure is 1 + (k — 2) n. Thus, we have the relation,

P, =P +(k—-2)n+1

The n™ term of k-gonal number is given by the formula:

B(k)= (24 (1=(k =] or B (k)= [(k = 2" = (k —4yn]

Triangular, square, pentagonal and hexagonal number can be summarized by the
table shown below.

kgon Name  Formula: B())=7[2+(1—D(k~2)]  Numbers
3|t p @)= 1+2+3.. . +n= 2ED 00101521,
4 1513;‘1;;8 P@#)=1+3+5...+@Qn—1)=n’ 2’9,17%? 216,25, 36,
5 |Pentagonal \p () |4 447H. . +(Gn-2)= "(3"2_ D (%> 12,223,351

6 Hexagonal

St P (6)=1+5+9+ . +(4n—3)=n(@n—1) 0,1,6,15,28,45,66, ...
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ExampLE 1

Use the n™ term formula for polygonal numbers to find each of the following.

(a) The 27™ term of triangular number.
(b) The 12" term of pentagonal number.

Solution
(a) The n" triangular number is given by the formula:
T — n(n+1)
! 2
T - 27Q7+1) _2TX28 _ o 14 ame

Therefore, the 27" triangular number is 378.
(b) The n™ pentagonal number is given by the formula:

T — n(3n—1)
2
T, = 12(3><212—1) =12X35=6x35=210.

Therefore, the 12" pentagonal number is 210.

Exercises

1. What type of polygonal numbers does the following sequence numbers
illustrate?

(a) 1,3,6,10,15,...
(b 0,1,7,18,34,...
Find the value of n such that a regular n-gon has interior angle measure of 140°.
3. Use the n' term formula for polygonal numbers to find the following.
(a) the 19" term of triangular numbers.
(b) the 21 term of square numbers.
(c) the 39" term of pentagonal numbers.
(d) the 12% term of hexagonal numbers.
Find the 8™ heptagonal number.
5. What is the next three numbers in this sequence: 1, 5, 12, 22, 35,

b

3

6. Derive the formula to find the n™ heptagonal number.
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1.2 MODULAR ARITHMETIC

Modular Arithemetic is a special type of arithmetic that involves only integers. In
this sub-topic, we will learn about polygonal arithmetic and the basics of modular
arithmetic while presenting cyclic variables and solving problems of division using
modular arithmetic.

AcTIvVITY 2

What is the concept of modular arithmetic?

What time will it be 19 hours after 9 o’clock?

What time will it be 9 hours before 4 o’clock?

Is there any difference between 12-hours clock and 24-hours clock?
It is now December, what month was it 19 months ago?

What does a = b (mod n) mean?

SR - o

Modular arithmetic is sometimes known as clock arithmetic as
one of the most familiar uses of modular arithmetic is in the
12-hour clock which has the time period divided into two equal
halves. The best way to introduce modular arithmetic is to think
of the face of a clock.

The numbers go from 1 to 12 but when we get to “13 o’clock”,
it actually becomes 1 o’clock again. So, 14 becomes 2, 15
becomes 3, 16 becomes 4 and so on.

Figure 4.

This can be keep going, so when you get to “27 o’clock”, we are actually back round
to where 3 o’clock on the clock face (and also where 15 o’clock was too).

So, in this clock world, we only care where we are in relation to the numbers 1 to
12. In this world, 1, 13, 25, 37, 49, . . . are all thought of as the same thing, as are 2,
14, 26, 38, 50, . . . and so on.

What we are saying is “13 = 1 + some multiple of 127, “50 = 2 + some multiple
of 127, or, alternatively, “the remainder when we divide 13 by 12 is 1” and “the
remainder when we divide 14 by 12 is 2”. Thus, we can say that 0 coincides with 12
and as the hour hand moves to the right, 1 coincides with 13, 2 with 14 and so on.

The hour hand rotates clockwise which corresponds with numbers increasing when
moving to the right on a number line. However, 12 is equivalent to 0 on this circle,
which can be written as follows:

12 = 0 mod 12,
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This can be read as 12 is congruent to ) modulo 12. The usual “=" sign is reserved
for the straight number line; we use “ = on the circle instead. The symbol
“mod 127 tells us that the circle is divided into 12 equal parts, so that 12 coincides
with 0, 13 with 1, etc. We can write this mathematically as:

12 = O(mod 12), 13 = 1(mod 12), 14 = 2(mod 12), .. ., 22 = 10(mod 12),
23 = 11(mod 12).
ExAMPLE 2

It is 5 o’clock now; what time will it be in 100 hours?
Solution
100 =12 x 8 + 4. So, 4 hours after 5 o’clock is 9 o’clock.

ExAMPLE 3

It is now December; what month was it 27 months ago?
Solution
Jan Feb Mar Apr May June July Aug Sep Oct Nov Dec

0 | 2 3 4 5 6 7 8 9 10 11

Since we have numbers 0, 1, 2, 3,4, 5,6, 7, 8,9, 10 and 11 we will do our arithmetic in
modulo 12. It is now December (Month 11) hence to find 27 months ago, we can write

27=12x2+3

Therefore, the answer is the 3™ month before December which is September.

Modular Arithmetic is a form of arithmetic dealing with the remainders after integers
are divided by a fixed “modulus” m. Basically, it is a kind of integer arithmetic that
reduces all numbers to ones that belongs to a fixed set {0, 1,2,3,...,n—1}.

In general, if we are working in mod m, where m is any whole number, we
write @ = b mod m, if a leaves a remainder of b when we divide it by m.

ExamprLE 4
(a) 27 =3 mod4
(b) 24 = 0 mod 6
(¢) 15=1mod7
(d) 121 = 1 mod 12
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ExAMPLE 5

Evaluate the following:

(a) 11(mod 4) (c) 39(mod 3) (e) 2 (mod 3) (g) 5 (mod?2)
(b) 65(mod 7) (d) 96(mod 13) (f) 1 (mod 3) (h) 31(mod 7)
Solution
(a) 11(mod 4)=3 because 4x2 +3 =11 (e) 2 (mod 3)=2 because 3x0 +2 =2
(b) 65(mod 7)=2 because 7x9 +2 = 65 (f) 1 (mod 3)=2 because 3x1 +2=1
(c) 39(mod 3)=0 because 3x13 +0=39 (g) 5 (mod2)=1 because 2x(3) +1=5
(d) 96(mod 13)=5 because (h) 31(mod 7)=4 because
13x7+5=96 7x(5) +4 =31

We can say two integers, a and b, are congruent mod m, where m is a natural number,
if both numbers divided by m produce the same remainder.

ExAMPLE 6

52 + 9 has remainder 7 and 79 + 8 also has remainder 7. This similarity helps us to define
a new number relationship called congruence.

DEFINITION

Two integers a and b are congruent modulo m if they differ by an integer multiple of m,
that is, b — a = km for some k € Z. This equivalence is written a = b (mod m). We read

. . m
“a = b (mod m)” as “a is congruent to b modulo m”, which means — — b.

a
ExampLE 7
_ 5 7
(a) 8 = 3 (mod 5) because g 3 (c) 13 = -1 (mod 7) because B +1
2
(b) 20 = 4 (mod 8) because % -4 (d) 1= -5 (mod 2) because 1 +3
Note

Let n be a positive integer. For all a, b € Z

1. a=a(modm)
2.  Ifa= b (mod m), then b = a (mod m).
3. Ifa = b(modm)and b = c (mod m), then a = ¢ (mod m).
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ExaMPLE 8

Find the possible values of m that satisfy each congruence.

(a) 15(mod m) = 3 (¢) 17 = 7(mod m)
(b) 60(mod m) =0 (d) 15 = 4(mod m)
Solution

(a) If 15(mod m) = 3 has a value of 3, then the remainder is 3 when 15 — 3 =12
divided by m, which occurs when m is a factor of 12, where m # 1. Thus, we need
to find all factors of 12. That is, m = {2, 3,4, 6 12}.

(b) If60(mod m) has a value of 0, then the remainder is 0 when 60 divided by m, which

occurs when m is a factor of 60, where m # 1. Thus, we need to find all factors of
60. That is,

m=1{1,2,3,4,5,6,10, 12, 15, 20, 30, 60}.
(c) By definition of congruence, 17 — 7 = 10 must be divisible by m. So, the possible

set of values of m are the positive divisors of 10 are m = {2, 5, 10} remember by
definition m # 1.

(d) 15—4=11 must be divisible by m. So, m = {11}.

ExAMPLE 9
If today is Thursday, what day of the week will it be in 100 days’ time?
Solution

Sun Mon Tue Wed Thurs Fri Sat
0 1 2 3 4 5 6

Since we have numbers 0, 1, 2, 3, 4, 5 and 6 we will do our arithmetic in modulo 7. Today
is Thursday (day 4) hence to find 100 days later, we can write

4+100 = 104 = 6(mod 7)

Therefore, the answer is the 6™ day which is Saturday.

Note
If the number is less than the modulo, we leave it as it is. That is, if a < m, then

a = a mod m.

ExampPLE 10

(a) 2 =2 (mod 3) (c) 8 = 8 (mod 12)
(b) 5= 5 (mod 7) (d) 13 = 13 (mod 15)
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The modulus of a negative number is obtained by adding multiple of the modulo to
the number until we get the first positive number.

For example, - 13 mod 6 =—13 + 6 =—7.

This is not a positive number, so we continue adding. =7 + 6 = —1.

This is still not a positive number, so we continue adding. —1 + 6 = 5. This is positive.
So,—13 mod 6 = 5.
In other words, —13 mod 6 = 5 because 6 x (=3) + 5 = 13.

ExampLE 11

Evaluate the following:

(a) —1 (mod 3) (¢) —12 (mod 5)
(b) —5 (mod 2) (d) —31 (mod 7)
Solution

(@) -1 (mod 3) = 2because3 x(-1)+2=1

(b) -5 (mod 2) = 1 because 2 x (-3)+1=-5
(¢) —12 (mod 5) = 3 because Sx (-3)+3=-12
(d) —31 (mod 7) = 4 because 7 x (—5)+4=-31.

Operation on modulo of numbers

In this section, we will study the operation of addition, subtraction and multiplication
of numbers on a given modulo.

The sum of two or more numbers in a given modulo is found by first adding the
numbers before converting to the given modulo. That is, if a=b (mod m) and c=d
(mod m), then a + ¢ = b + d (mod m).

ExamMPpPLE 12
(@) 9+ 8 (mod5)=17 (mod5)=2 (mod 5) =2.
(b) 4+ 5 (mod 10) =9 (mod 10)=9.

(c) =10+ 4 (mod 5) =—6 (mod 5) =4 (mod 5) =4.
(d) 9+ 12 (mod 13) =21 (mod 13) =8 (mod 13) = 8.

The difference of two numbers in a given modulo is found by first subtracting the
numbers before converting to the given modulo. That is, if @ = b (mod m) and

¢ = d (mod m), thena —c¢ = b — d (mod m).
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ExampLE 13
(@) 19 -7 (mod 5)=12 (mod 5) =2 (mod 5) = 2.
(b) 2—-5(mod4)=-3 (mod4)=1 (mod4)=1.
(¢c) 6—3 (mod7)=-9 (mod 7)=5 (mod 7)=5

The product of two or more numbers in a given modulo is found by first multiplying
the numbers before converting to the given modulo. That is, if @ = b (mod m) and
¢ = d (mod m), then a x ¢ = b x d (mod m).

ExampLE 14
(@) 7x9 (mod 5) =63 (mod 5) =3 (mod 5) = 3.
(b) 8x 12 (mod 13) =96 (mod 13) =5 (mod 13) =5.

Addition (6©) and multiplication (€) of tables

in a given modulo

The signs (D) and (®) are used to differentiate from ordinary addition and
multiplication respectively. For example, in modulo 5, we can evaluate
7@ 12=19=4(mod5)=4and 7® 12 =84 =4 (mod 5) = 4.

We use the set of numbers {0, 1, 2, 3, 4} to draw the table for arithmetic modulo 5.
For modulo 8, we use the set of numbers {0, 1, 2, 3,4, 5, 6, 7} to draw the table.

ExAMPLE 15

Draw addition (€) and multiplication (&) tables for modulo 6.

®| 0| 1|2 |3 |4]|s5 | 0o 1|2 ]3| 4]:s
00| 1/|2]3]4]S5 0| 0] 0| 0| 0| o0] O
111234510 1|0 | 1|2 ]3| 4]:5
2123|4501 210 2| 4|02 4
303450112 3 /03013 ]o0] 3
44|50 1|2]3 4 00| 4|20 4] 2
5 /501|234 5 0 05| 4] 3|21
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Properties of modulo operator

In this section, we will see four basic properties of modulo and verify using example.
Property 1: If the value of 4 is increased by a multiple of B (say, kB, where £ is any
integer), then

A mod B = (4 + kB) mod B; where £ is any integer.

ExampPLE 16

If 4 =18 and B =5, then verify that 4 mod B = (4 + kB) mod B for k = 6.
Solution
Given If 4 =18 and B =5, we have
Amod B=18mod 5=3
Also, (A +kB)mod B=(18+ 6 x 5) mod 5 =58 mod 5 =3 because 58§ =5 11 + 3.
Thus, 18 mod 5 =258 mod 5 =3
Therefore, A mod B = (4 + kB) mod B is verified.

Property 2: Addition property of modulo arithmetic: If 4, B and C are positive
integers, then

(4+ B)mod C=(4 mod C+ Bmod C) mod C

ExampLE 17

Verify that (17 + 8) mod 3 = (17 mod 3 + 8 mod 3) mod 3

Solution

L.H.S: (17+8)mod3=25mod 3 =1.

R.H.S: (17mod 3+ 8 mod 3)mod3=(2+5)mod3=7mod3=1.
L.H.S = R.H.S. Hence verified.

Property 3: Subtraction property of modulo arithmetic: If 4, B and C are positive
integers, then

(4—-B)mod C=(4 mod C—-Bmod C) mod C
ExampLE 18

Verify that (19 — 6) mod 5 = (19 mod 5— 6 mod 5) mod 5.

Solution

L.H.S: (19-6)mod 5 =13 mod 5 = 3.
RH.S:(19mod5—-6mod5)mod5=(4—-1)mod5=3mod5=3as5x0+3=3.
L.H.S = R.H.S. Hence verified.
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Property 4: Multiplication property of modulo arithmetic is if 4, B and C are
positive integers, then

(4 x B) mod C = (4 mod C x Bmod C) mod C.

ExamPLE 19

Verify that (20 x 11) mod 8 = (20 mod 8 x 11 mod 8) mod 8.
Solution

L.H.S: (20 x 11) mod 8 = 220 mod 8 = 4.
R.H.S: (20 mod 8 x 11 mod 8) mod 8 = (4 x 3) mod 8 = 12 mod 8 = 4.
L.H.S = R.H.S. Hence verified.

Exercise

1. Ifitis 3 o’clock now, what will it be in:

(a) 34 hours (d) 86 hours
(b) 40 hours (e) 103 hours
(c) 57 hours (f) 122 hours
2. If'the time now is 5 o’clock, what time was it before:
(a) 22 hours (d) 42 hours
(b) 29 hours (e) 56 hours
(c) 18 hours (f) 75 hours
3. Ifitis 9 o’clock now, what will it be in:
(a) 3 hours (d) 91 hours
(b) 22 hours (e) 913 hours
(¢) 51 hours (f) 122 hours
4. Evaluate the following:
(a) -2 (mod 3) (c) —14 (mod)5)
(b) -7 (mod 2) (d) -43 (mod7)

5. [Ifitis now April, what month was it 41 months ago?

6. Find the possible values of m that satisfy each congruence.
(a) 13(modm) =2 (¢) 19 = 7(mod m)
(b) 40(modm) =0 (d) 17 = 6(mod m)
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10.

I1.

12.
13.

14.

If today is Saturday, what day of the week will it be in 125 days’ time?

Simplify the following.

(a) 23 (mod 3) (g) 68 (mod7)

(b) 17 (mod 5) (h) 96 (mod 8)

(¢) 66 (mod7) (1) 104 (mod I11)

(d) 57 (mod?9) (G) 91 (mod 13)

(e) 63 (mod8) (k) 239 (mod 13)

(f) 86 (mod 12) (1) 391 (mod 10)

Find the sum of the following in the modulo given.

(@) 29+ 19 (modulo 6) (c) 45-25(mod7)

(b) 49+ 52 (mod 8) (d) 29-16 (mod 8)
Evaluate each of the following in the modulo given.

(a) 8—-2+13(mod 11) (¢c) 19-7-5(mod3)
(b) 15-3+7 (mod4) (d) 88+ 25—34 (mod 12)
Find the product of the following in the modulo given.

(a) 9 x 11 (modulo 6) (e) 8x2x13(mod11)
(b) 17x9 (mod 7) () 15%x3x7(mod)5)
(c) 25x 8 (mod9) (g) 9%x7x5(mod12)
(d) 29x 16 (mod 13) (h) 8x 17x 3 (mod 10)

If 4 =19 and B = 12, then verify that 4 mod B = (4 + kB) mod B for k=17.
If4=21, B=12and C =17, then verify each of the following.

(@) (4+B)mod C=(4modC+ Bmod C)mod C

(b) (4-B)mod C=(4 mod C—- B mod C) mod C

(c) (AxB)mod C=(4mod Cx Bmod C)mod C

Draw an addition € table for arithmetic modulo 5.

Using your table,
(1) Evaluate,

A Cb4H)DBD4 (c) 26304

by 2b3)D4 d [(1b2)DBD4)]D4
(i1)) Find the truth set of:

(a) 3dn=2 (b) nd3=4
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15. Draw a multiplication & table for arithmetic modulo 7.

Using your table,
(1) Evaluate,

A BR5)VMURS) (c) 4Q(5®6)

by 2®5®6 d [2®3)®MUXS]K6
(i1) Find the truth set of:

(a) 6@®n=0 (c) n®5=2

b)) n®n=1 (d 4®n=3

1.3 CycLic VARIABLES

Modular arithmetic is a branch of mathematics used to predict the outcomes of
cyclic events such as days of the week, market days, months of the year, time etc.

AcTIviTY 3

1. The shorter hand of a clock points to 4 on a clock face. What number does it point to
after 27 hours?

2. Find the following numbers in their simplest form in modulo 4.
(a) 12 (b) 19 (c) 93 (d) 103

3. Lis equivalence classes modulo 3.

Modular Arithmetic is a special base arithmetic in which only the remainder is
reported. That is, it can be considered as remainder arithmetic. For example,

considering the number of days of the week on a circular dial or circular clock face
as shown below.

If we take Sunday as the starting point (0), Monday (1) and so on clockwise around
the dial, we can find any day we want.

ExampLE 20
Starting at Sunday, what day will be in 19 days?

Solution

When we start on Sunday, we will return to Sunday every seven days. So, 19 days from
Sunday will be 2 (7) + 5; this is Friday.

We could also solve this problem by using the idea of remainder. That is, dividing 19 by
7 then we consider the remainder.

16
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Sunday

19+7= 7 = 2 remainder 5.

. Mond
Now the remainder 5 shows there are five  Saturday oncay

days after Sunday and that is Friday.

From the above example, the number of

days in the cycle is called its modulus and ~Friday ety
each day is called a cyclic variable. This

type of circular arithmetic is called Modular Wednesday
Arithmetic. Thursday

Figure 5.

A familiar use of modular arithmetic is in the 12-hour clock, in which the day is divided
into two 12-hour periods. For example, 5 hours after 11 o’clock, it is 4 o’clock. This
is quite natural despite the fact that 5 + 11 is 16 not simply 4, we identify time that are
12 hours apart as the same time of the day. Thatis, 16 =12 1 + 2. The 12- hours in the
cycle is called its modulus and each hour is called a cyclic variable.

The modular arithmetic base 7 is written as “mod 77,

base 12 is written as “mod 12 and so on. In general, in any “mod n” arithmetic, the
remainder will form a set with elements {0, 1,2 ... n — 1}

ExampLE 21

(a) Ifn=7,mod 7= {0, 1,2,3,4,5,6}.
(b) Ifn=12,mod 12=1{0,1,2,3,4,5,6,7,8,9, 10}.

ExAMPLE 22

It is 3 o’clock now; what time will it be in 17 hours?
Solution
17=12x 1+ 5. So, 5 hours after 3 o’clock is 8 o’clock.

ExAMPLE 23

Today is Thursday, what day of the week was it 10 days ago?
Solution
10=7 x 1 + 3. So, 3 days. Therefore, the 3" day before Thursday is Monday.
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Exercise

1. Ifitis 7 o’clock now, what will it be in:

(a) 13 hours? (¢) 27 hours?

(b) 19 hours? (d) 7 hours?
2. If the time now is 11 o’clock, what time was it before:

(a) 13 hours? (¢) 12 hours?

(b) 23 hours? (d) 3 hours?

3. Ifitis 3 o’clock now, then
(a) 1n 33 hours, what time will the clock show?
(b) what time did the clock show 19 hours ago?
4. Iftoday is Saturday, then
(a) What day of the week will it be 76 days from now?
(b) What day of the week was it 19 days ago?
5. [Ifyour birthday was on a Tuesday last year, then
(a) on what day will your birthday fall this year?
(b) on what day of the week were you born?

1.4 D1vIDE USING MODULAR ARITHMETIC
In modular arithmetic, the numbers we are dealing with are just integers and the
operations used are addition, subtraction, multiplication and division.

1. State Euclid’s division algorithm.
2. Define coprime numbers.
3. Divide each of the following and express the result in terms of “a = bg + r.”

(a) 27+12 (c) 127 +29
(b) 59+7 (d) 230 + 25

4. Simplify the following.
(a) 21 (mod 7) (c) 87 (mod 12)
(b) 19 (mod 6) (d) 107 (mod 35)

We say a|b “a divides b if there exists an integer ¢ such that b = ac.
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ExampLE 24
(a) 7)21 because 7 x 3 =21 (b) 6+ 40 because 40 is not divisible by 6.

Euclid’s Division Algorithm
Let a be any integer and d be a positive integer. Then, there exists unique g and
r (0 < r <d) such that

a=dq+r.
d is called the divisor, a is called the dividend, q is called the quotient and r is called
the remainder.

ExAMPLE 25

What are the quotient and remainder:
(a) When 411 is divided by 19 (b) When 790 is divided by 27

Solution
(a) 411=19x%x21+12.

Thus, the quotient, ¢ is 21 and the remainder, » is 12.
(b) 790=27x29+7.

Thus, the quotient, ¢ is 29 and the remainder, » is 7.

Modular Arithmetic
Let a be any integer and d be a positive integer. If a = dg + r, then a mod d = r.

ExAMPLE 26

(@) 64=12x5+4s0,64mod 12=4.
(b) 216=19x 11+ 7s0,216 mod 19="17.
If b divides a as integers, then one might guess that we could use the usual division.

Let us consider the relation:
7 = 1(mod 3).

If we divide both sides by 7, we get 1= %(mod 3) which is incorrect because % is not an

integer and the congruence relation holds true for integers. Thus, the usual division does
not work on modular arithmetic.
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If after division all numbers are integers, then the congruence relation holds?

Let us consider the relation:
10 = 4(mod 6).

If we divide both sides by 2, we get 5 = 2(mod 6). Even though all numbers in this
relation are integers, it is still incorrect relation. However, this does not mean that we can
never do division using modular arithmetic. Consider the relation:

14 = 2(mod 3).

If we divide both sides by 2, we get 7 = 1(mod 3) and this relation is correct.

Thus, what can we conclude about division of integers using modular arithmetic? Let
us just compare the two different cases 14 = 2(mod 3) and 10 = 4(mod 6) together.
The most important difference is the modulus used. In the relation 14 = 2(mod 3) that
works uses odd modulus while the relation10 = 4(mod 6) that doesn’t work uses even
modulus.

We can generalize to this statement: when dividing both sides by 2 on, we need the
modulus to be odd. In fact, we can further generalize division on modular arithmetic by
the following two rules.

Rule 1: If ka is congruent to kb modulo m, then we can divide both sides by £,
provided that £ and m are coprime. That is, if ka = kb (mod m), then a = b (mod m)
whenever k and m are coprime

The first rule of division relies on the fact that £ and m are coprime so what if k£ and
m are not coprime?

Let us consider the relation 10 = 4(mod 6). This relation can be expressed as:
5x2=2x 2(mod3x 2).

So, 2 and 6 are not coprime because they have common factor, 2. This is the greatest
common divisor (GCD) of 2 and 6. Thus, dividing both sides of the relation by 2,
we obtain the correct relation

5 = 2 (mod 3).
When we generalize this, we get the second rule for division on modular arithmetic.
Rule 2: If is ka congruent to kb modulo km, then we can divide both sides by

k, provided that £ and m are not coprime. That is, if ka = kb (mod km), then
a = b (mod m) whenever k and m are not coprime.
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ExampLE 27

Simplify the following.

(a) %(rnod 5) (c) g(mod 7)

(b) 90+ 10 (mod 4) (d) 7+ 2 (mod 5)
Solution

Let the unknown be x. Then,
(a) 3 = x(mod 5)
4
3 =4x (mod 5)
4x =3 (mod 5)
Now, let us find the sum of a multiple of 5 and 3 which is divisible by 4. That is,
4x =3 +5 (mod 5)

4x=8 (mod5)...... dividing both side by 4 gives
x =2 (mod 5)

Therefore, %(mod 5)=2 (mod 5).
90
(b) 90 + 10 (mod 4) = B(modS) =9 (mod 4) =1 (mod 4).
(c) Let the unknown be x. Then,
g = x(mod7)

5=3x (mod 7)
3x =15 (mod 7)
Now, let us find the sum of a multiple of 7 and 5 which is divisible by 3. That is,
3x=15+7 (mod 7)
3x=12(mod 7) ...... dividing both side by 3 gives
x =4 (mod 7)

Therefore, g(mod7) =4 (mod 7).

(d) 7+2 (mod 5)= %(modS)

Let the unknown be x. Then,
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7

F x(mod5)

7 =2x (mod 5)

2x =7 (mod 5)

2x=2(mod>5) ...... dividing both side by 2 gives
x =1 (mod 5)

Therefore, 7+ 2 (mod 5) =1 (mod 5).

ExamPLE 28

Using modular arithmetic to solve for x.

(a) 5x+3 =2 (mod 11) (b) 3x = 4 (mod 7)

Solution

(a) 5x+3 =2 (mod 11)
5x+3-3=2-3(mod 11) ............ subtracting 3 from both sides give
5x = —1 (mod 11)
5x = — 1+11 (mod 11) .................adding multiple of 11 to —1
Sx = 10(mod I1) cevvvieiiiiiniininn, dividing both side by 2 gives
x =2 (mod 11).

(b) 3x =4 (mod 7)
3x=4+7mod7)............ adding multiple of 7 to 4 gives
3x=11(mod 7) ...... it is not divisible by 3. So, continue in adding multiple of 7.
3x = 11+ 7 (mod 7)
3x= 18 (mod 7) ...... it is divisible by 3. So, divide both sides by 3.
x = 6 (mod 7).

Exercise

1. Simplify the following.
(a) 20 (mod 6) (c) 72 (mod 12)
(b) 29 (mod 6) (d) 100 (mod I1)

2. Divide each of the following in the given modulus.
(a) 20+ 5 (mod 10) (¢) 24+8(mod)5)
(b) 12 +3 (mod2) (d) 9+5(mod4)
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3. Simplify the following.

(a) %(mod 7)

(b) g(mod 7

4. Find the remainder.
(a) x=22 (mod 3)
(b) x=135(mod9)

5. Using modular arithmetic solve for x.

(@) 4x = 5(mod?9)
(b) 2x = 3 (mod 5)

%(mOdS)

11 + 3 (mod 8)

x = -2 (mod 7)
x = =313 (mod 8)

3x+1 =4 (mod 7)
2x— 1 =4 (mod9)

° Modular arithmetic
° Polygonal arithmetic
° Polygonal numbers
° Triangular number
. Pentagonal number

Hexagonal number
Cyclic variable
Modulus

Square number

Division algorithm

SUMMARY

o A number which corresponds to the number of points on a regular polygon
and discrete geometric pattern of equally spaced points is called a figurate
number.

o Two integers a and b are congruent modulo m if they differ by an integer

multiple of m, that is, b a km for some k € Z. This equivalence is written a

= b (mod m). We read “a = b (mod m)” as “a is congruent to b modulo m”,

which means m|a — b.

° Let n be a positive integer. For all a, b € Z

(a) a = a(modm)
(b) [Ifa = b (mod m), then b = a (mod m).

(¢) Ifa=b(modm)andb = ¢ (mod m), then a = ¢ (mod m).
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EXERCISES

The sum of two or more numbers in a given modulo is found by first
adding the numbers before converting to the given modulo. That is, if
a = b (mod m) and ¢ = d (mod m), then a + ¢ = b + d (mod m).
The difference of two numbers in a given modulo is found by first
subtracting the numbers before converting to the given modulo. That is, if
a = b (mod m) and ¢ = d (mod m), then a — ¢ = b — d (mod m).
The product of two or more numbers in a given modulo is found by first
multiplying the numbers before converting to the given modulo. That is, if
a = b (mod m) and ¢ = d (mod m), then

ax c=bxd(modm).
If the value of 4 is increased by a multiple of B (say, kB, where £ is any
integer), then

A mod B = (4 + kB) mod B; where £ is any integer.

Addition property of modulo arithmetic is if 4, B and C are positive integers,
then

(4+ B)mod C= (4 mod C+ B mod C) mod C
Subtraction property of modulo arithmetic is if 4, B and C are positive
integers, then

(4A-B)mod C=(4 mod C—- Bmod C) mod C
Multiplication property of modulo arithmetic is if 4, B and C are positive
integers, then

(Ax B)ymod C=(4 mod C x Bmod C) mod C
Let a be any integer and d be a positive integer. Then, there exists unique g and
7 (0 < r<d) such that

a=dq+r.
d is called the divisor, a is called the dividend, q is called the quotient and r

is called the remainder.

Let a be any integer and d be a positive integer. [f a =dg + r, then a mod d = r.

1. Use the n™ term formula for polygonal numbers to find the following.

(a)
(b)

the 7™ term of triangular numbers.
31 term of square numbers.
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(c) 27" term of pentagonal numbers.
(d) 17" term of hexagonal numbers.

Simplify the following.

(@) 39 (mod7) (c) 166 (mod 8) (e) 275 (mod 8)
(b) 87 (mod?9) (d) 107 (mod 11) (f) 486 (mod 12)
Find the sum of the following in the modul given.

(a) 43 +29(mod?7) (¢) 345-205(mod9)

(b) 59+ 92 (mod 11) (d) 129 -106 (mod 13)
Evaluate each of the following in the modulo given.

(a) 18—122+23 (mod 13) (¢) 89-57-35(mod 1)
(b) 45-23+17 (mod 4) (d) 188+ 125-314 (mod 15)
Find the product of the following in the modulo given.

(a) 19x%9 (mod38) (¢) 125x16 (mod 11)

(b) 27x 21 (mod?9) (d) 39x 15 (mod 14)

If 4 =29 and B = 21, then verify that 4 mod B = (4 + kB) mod B for k= 5.
If 4=27, B=19 and C = 12, then verify each of the following.

(a) (A4+B)mod C=(4modC+ BmodC)mod C

(b) (4-B)mod C=(4 mod C—- B mod C) mod C

(¢) (4 xB)mod C=(4mod Cx Bmod C) mod C

Draw an addition @ table for arithmetic modulo 6.

Using your table,
(1) Evaluate,
A Cb4H)DBD4 (c) 26(36D4)
by 2&3)®d 4 d [(1d2)DBD4)]D4
(i1) Find the truth set of:
(a) 3bn=2 (b) nd3=4
Draw a multiplication @ table for arithmetic modulo 5.
Using your table,
(1) Evaluate,
A BR®5®HA®)) (c) 40(5®6)
by C®35®6 d [2R3)IKRMURS5]X®6
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10.

I1.

12.

13.

14.

15.

(i1) Find the truth set of:
(a) 6@®@n=0 (c) n®5=2
b) n®n=1 d 4®n=3
If today 1s Sunday, then
(a) What day of the week will it be 36 days from now?
(b) What day of the week was it 29 days ago?
If your birthday was on a Saturday last year, then
(a) on what day will your birthday fall this year?
(b) on what day of the week were you born?
Divide each of the following in the given modulus.

(a) 24+ 6 (mod 8) (c) 32+ 8(mod6)

(b) 18 +9 (mod 2) (d) 19=15(mod4)

Simplify the following.

(a) %(mod 6) (b) %(mod 7) (@) %(mod 5) (d) %(mod 8)
Find the value of x

(@) x =29 (mod4) (c) x=4(mod9)

(b) x = 225 (mod 5) (d) x =135 (mod 8)

Using modular arithmetic to solve for x.

(@) 3x=6(mod9) (c) 6x—2=0(mod4)

(b) 4x =3 (mod)5) (d) 3x+5=2(mod6)
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Chapter Outcomes

By the end of this chapter, Learners will be able to:

define and discuss indices (notation, laws);
define and discuss properties of indices;

define and discuss exponential growth;

discuss and solve negative powers;

define and discuss properties of indices;

define and discuss rational powers;

define and discuss logarithms apply the logarithms functions to solve
problems;

define and apply base ten logarithms;

solve logarithmic of numbers greater than 10;
solve logarithmic of numbers between 0 and 1;
define and discuss laws of logarithms.
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Introduction

In many applications of mathematics, we can express numbers as power of some
given base. We can reverse this question and ask, for example, “what exponent
of 3 gives 27? Our attention is then turned to the index itself. This leads to the
notion of a logarithm, which is simply index. Logarithms appear in all sorts of
calculations in engineering and science, business and economics. In this unit, we
will learn about indices and logarithms and rules for manipulating them through a
number of worked examples.

2.1 ExpONENTS (INDICES)

In many applications of mathematics, we can express numbers as a product of

certain number of factors all of which are the same. For example,
4x4=16;7x7TxT7=343;and 7 x7 x7Tx7=2,401.

Mathematics use the idea of indices to represent a product of a certain number
involving the same factor. Indices provide a compact algebraic notation for repeated
multiplication. For example,
3x3x3x3x3x3=3",

Indices are used to show numbers that have been multiplied by themselves. The
index of a number says how many times to use the number in a multiplication. The
plural of index is indices. For example,in 5 x5 x5 x5 x5 x5 x5 x5. The number
5 is written 8 times and can be written as 5%. Here, 5 is called the “base”, 8 is called
the index or exponent and 5%is called the power.

ExamMpLE 1
@ =axa
ad=axaxa

In general, for any real number a and 7 is a positive integer,
a'=axaxaxax..ntimes .

DEFINITION

If a is any real number and # is any natural number, then the n” power of a, denoted by
a", read as “ a to the power of n” is defined as:

a' =axaxax..xa
S )
n factors each equal toa *

In the expression @, ais called the base, 7 is called the index or exponent and a" is the power.
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ExAMPLE 2

Find the index and base of each expression.
(@) (“2a) (b) —5*
Solution

(a) The index is 7 and the base is —2a.
(b) Clearly, —5y*=-5xy"'=-5xyxyxyxy.
Therefore, the index is 4 and the base is only y.

AcTivity 1

1. Identify the base and the index and find the value of each of the following powers.

(2) 34 © [%] (e) (3%
(b) (-2)° (d) (=2 () (2x)
2. Evaluate each of the following powers.
(a) (-1 (d) =1y (g) (27 0 2y
(b) (1)’ (e) (-1 (h) (=2’ (k) =2y
(c) (=1)* ® 1) @ 2 O 2y
3. What do you conclude from:
(a) (—1)", when n is even? (b) (=1)", when n is odd?
4. For any real number a, show that:
(@) (-ay=-a (b) @*=(-a)’
ExampLE 3
Evaluate:
(@) (-3)° (b) —3° (c) (=5 (d) =5
Solution

(@) (-4)°=-4x-4x—-4x—-4x—-4x-4=4,096.

(b) 4°=—1x4°=—-1x4x4x4x4x4x4=—1x4096 =—4,096.
(¢) (5P =-5x-5x-5=-5x25=-125.

(d) —(-5P=-1x(5P=-1x-5x-5x-5=5x%x25=125.

Note that, in the expression (—4)° the base is —4 but in the expression —4° the base
is only 4.
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ExaMPLE 4

What is the base in (—3p)3?
Solution
The base in (—3p)° is —3p. Thus,
(3p)*=-3px-3px-—-3px-3px-3p
=(3x3xB3xBxDB)x(pxpxpxpxp)
= 243 x p° = —243p".

EXAMPLE 5

In the expression —3p°, what base does the index 5 refer to ?
Solution
Clearly, 3p°=-3xp’=-3xpXxpxpXpxp.
Therefore, the index 5 in —3p° refers only to the base p.

EXERCISES

1. Identify the base and the index and then find the value of each of the following

powers.
(@) (-5) ® 2py
(b) -3’ (g) 1P
(¢) (0.5 (h)y -2
(d) —(-4y , 2)
() —(2py ® [‘5]

2. Evaluate each of the following powers.
(@) (D* () (=D*
(b) (D> d b

G —(-0.2y
1 4
(k) [—Ex]
1 4
Q) [Ex]
() D7
® D”

3. Write each of the following expressions more concisely by using an index.

(@) gxgxgxgxqgxgq
(b)  (2xy) x (2xy) x (2xy) x (2xy) x (2xy)

© GHEHEMGHG

(d) &xa>xa*xa*xa®
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4. What is the base in each of the following powers?

(@ (=5x) © (=0.2py
(b) =7y (d) 0.5¢°
5. For any real number p, show that:
@ (2py#-2p’ (b)  (2p)*=(=2p)’

2.2 LAws or ExPONENTS (INDICES)

The detail of the laws of exponents for exponents different from positive integers
will be done in the next sections, in this section we will only see positive integral
exponents.

For any real number a,
i) a"a'=a™
EXAMPLE 6

() 255 23 =192583=1)8
(b) 37x32=372=3

m

a

(i1) —=a men
a
ExXAMPLE 7
2’ 9-5 4
? = 2 = 2

(iii) (@ =am

ExaMPLE 8
(25)3 — 2 S5x3 — 215

(iv) a". b= (ab)

ExAMPLE 9

Vx3=2x3) =6
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b

ExamPLE 10
>~
37 \3
(vi) a"=1l,a#1

ExampLE 11
(a) 5°=1 (b) 2°=1

EXERCISES

Simplify each of the following and write your answer by using a single exponent.

5 3
1. 53x52 3, 2;2 5. 24 %34
7 7 9
2 4. 2] <2 6. 256 %2
23 5/ 23

2.3 PROPERTIES OF EXPONENTS (INDICES)

Recall that to simplify an expression means to rewrite it by combining terms or
indices. To simplify expressions involving indices, we use the properties of indices.
The properties of indices may be combined to simplify expressions.

Doing the group work 1 will help you to understand the properties of indices to
simplify expressions involving indices.
Consider the product p* x p*. Both terms have the same base, p, but they are raised

to different exponents. Expand each expression and then rewrite the resulting
expression as follows:

p3xp4:p><p><p><p><p><p><g =SPXPXPXPXPXpXp=p’

3 factors 4 factors

7 factors

The result is that p* x p* =p*** = p’
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Group Work 1
1. Simplify each of the following.
(a) 32 x 34 37 o) 5
(b) 25x2° (e) 3_4 (h) [5]
© am M @ O Q)= @
2 x 3)* : 4 5 3
(@) [2] x[z we Vo
X X
2. Show that (3 x 4)*=33x4%and (3 +4)* £3° +4°
ExampPLE 12
Simplify each of the following.
(@ p*xp’ (b) (-3yx-3 (©) (2x)’ x (2x)* (d) @xa’xa’

Solution

(@) p'xp’=p™=p’

(b) (3 x-3=(3)x(3)'=(=3)"=(3)°

() (2x) x (2x)* = (2%)*" = (20)"°

d) @xaxd=(@xad)xa=()xa=d xa*=a">=a"

Here, we can also get the same result by adding the three indices in one step. That is,

a2 X aS X a3 — a2+5+3 — alO

The Product Property of Indices

For any real number a and natural numbers m and n, the product property of indices
states that

am X an — am+n

The quotient Properties of indices allows us to simplify an expression that divides
two numbers with the same base but different indices. We can simplify an expression

m

a
of the form —, where m > n.
a

ExampPLE 13

9
a

Simplify the expression -
a



Indices and Logarithms -

Solution

Let us perform the division by canceling common factors of the divisor and the dividend
as follows:

i_axaxaxaxaxaxaxaxa _/{X/{X/{X/{Xaxaxaxaxa
at axaxaxa - Axdxdxd4
_axaxaxaxa _
— 1 )
a9
The resultis —7 =a’* =a’.

a

ExampPLE 14

Simplify each of the following.

(-2)" r’ (2b) -4
@ "oy ® s © 2y @ —,
Solution
@ T2 apa- oy © L apys- oy

(=2) (2b)

p27 27-15 _ 12 (4" _ (=4’ - 9-1 — 8
(b) P @ — —(74)1—(—4) =(-4)

The Quotient Property of Indices

For any real number a and natural numbers m and n such that m > n, the quotient
property of indices states that

m

a

m—n

n

a

Suppose an indicial expression is raised to some power. Can we simplify the result?
Yes. To do this, we use the power rule of indices. Consider the expression (a*)>. The
expression inside the parentheses is multiplied three times because it has an index
of 3. Then, the result is multiplied four times because the given expression has an
index of 4.

3y2 3 3 _ ... oy — 6

(@) =a’xa =a-aaxa-aa=qg.a.a.a.a.a=a
2 factors 3 factors 3 factors
-_

2 factors
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The index of the final answer is the product of the indices. That is,
(az)z = g¥2=gb.

The Power Property of Indices

For any real number a and natural numbers m and n, the power property of indices
states that

(am)n — amxn

ExaMPLE 15

Simplify each of the following.

(a) (3% (c) ((5x)*)

®) ) (d) ((=2x))°

Solution

(a) (34)5 = 34><5 = 320 (C) ((Sx)4)7 = (Sx)4><7 = (SX)ZS
(b) (=7 =" (d) ((-2x)° = (-20) = (-20)'*

ACTIVITY 2

1. Simplify each of the following.

(—6)" (2x)" x2xy’
(a) 57 x5 © & ) Q)
(b) 8" x 81 Gm? 2 3
(©) ((20)° O 7 0 || >4
(d) 3p x 2p x 4p° (Qf%gs () @) * (¢°py
X

2. Simplify each of the following.
(@) 3px3px3px3px3p (c) (ab?) x (ab)’ x (ab?) * (ab)* x (ab?)
(®) (—2x92) x (~2xyz) x (—2xy2) * (~2x2) (d) 2a°t” X (2ab”)’
3ab®  (a’b)’
3. Evaluate each of the following indicial expression, give the final answer as an exact
simplified result.

(a) 4%+ (—4)} © (4;b23)3 9 (agz
122 (5y)° e (p?qJ
5y 3x (d) (Zpq’) Xm

36
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The Power of a Product Property of Indices

For any real numbers a and b and a natural number 7, the power of a product property
of indices states that

(ab)' = a"b"

ExAMPLE 16

Simplify each of the following.

(@) () (b) (2x) (¢) (3py (d) @by
Solution

(8) (F = (POPF =22 322 = 2y

(b) 2x)"=(2)". (x)"=128.x"=128x".

(c) (3py=(3).(py=-243.p°=-243p".

(d) (a2b3)3 — (a2)3.(b3)3 = q¥3  ph33 = g4po.

ExampLE 17

4
Simplify the expression [2] .
q

Solution

let us simplify this expression as follows:

4 PXPpXPpXPp
[ﬁ] PP DD _PXPXPXp = pf
= XXX = = sfdos
q

) q q q IXqxqxq — gxqxqxq 4"
- \ E—]
4 factors 4 factors
The Power of a Quotient Property of Indices

For any real numbers a and b and a natural number n, the power of a quotient
property of indices states that

ExampPLE 18

Simplify each of the following.

3 23 = 3 3 4
o] el o] b
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Solution
4 _4 o4
@ 3] =375
3
o p_z _ (p2)3 _ p2><3 :p_s
3 3\3 3x3 9
q q) q q
3
© (—2p>] C2p)  (D(p) -8p —8p P
. _ _ _ _ _
2q (29)° (2)-(q) 8¢’ 8¢’ q
. 3_x]4 _G0'_ @' _8lx' 8L’ 81,
(d 2 2¢ 24 16 16 16

Recall that in the quotient property of indices, we made the condition m > n so that
the difference m —n would never be zero or negative. What would happen if m = n?
In this case, we would use the zero index property to simplify the expression to 1.

ExamMPLE 19
7

Consider the expression p_7 . Let us simplify it as follows:
P

P pxXpxpxpxpxpxp _ pXPXEXPXBEX XS
P pxpxpxpxpxpxp BxExExEx x px B

If we were to simplify the given expression using the quotient property, we would have
7

p—7:p :p()
p

If we equate the two results, the result is p°® = 1.

The Zero Index Property of Indices
For any nonzero real numbers a, the zero-index property of indices states that
a’=1.

ExAamPLE 20

Simplify each of the following.

5

(@ 5
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Solution
p 5 _423 z 3
(a) ? :p5’5:p0: 1 (b) = :—4XZ—3 =—4x z33
=—4x z2"=-4x 1=-4.
ExamMPLE 21
Simplify each of the following.
a’b)® 7(x*y)’
(a) % (b) ( ; y)s
(a*b) x (a’b) (x"y)
Solution
(a2b)6 B (a2 )6 X (b)6 aIZ Xb6 B alZ X b6 B a12 X b6

@) (@*b)x(a’b)’  (a*b)x(a*) (b)’ T A xbxd’xb @%b a2 xb

12 6
a b

=7><b—6 =gl xpt=g"xp'=1x1=1.

7(x*y) 7()62)3><(y)3 Tx° %y’ Tx®xy’ x* y

(b) 2.3 o213 T T Al .3 T sl T I X gXs
(x7y)  (x7) x(») xTTXy XXy x

=7 xx'x0=7Tx1x1=7.

=7 x x66 x y373

EXERCISES
1. Simplify each expression and write the answer in simplest form.
(a) (6m’n)’ x mn (c) (8 x2%) x(3x3%
(b) (=3a’)’ x 3a ) @'¢) * (pg)y
2. Simplify each expression.
169" —12(pg’y
32 3 - ——
@ &) © T3 © T3py
2
42n+3 (GZb)3 s as
- ab) x|—
(b) 42n72 (d) (a2b)3 (f) ( ) b

3. Evaluate each of the following indicial expressions and give the final answer
as an exact simplified result.
(3m*n)* 5p°q° x3(pq’)*
(a) )= (A (b) 3 2
mn”)x(4m”) 15p°q
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12(x’y’z)’ 9P P> (p'q)*
(c) 22 (d) 735
(4x72) 6(p"q)
4. Simplify each of the following expressions.
-3
(2x)’3y)’ x 2z
(a) W (c) W , where xyz # 0
(6ab)° (12ab)’ ; p g e e
( ) (3(lb)5 (43 a3b)2 s Where ab ;é 0 ( ) I”SS3 q74

2.4 RATIONAL AND NEGATIVE EXPONENTS (INDICES)

Rational exponents

Raising a number to a power is reversed by finding the root of a number. We
indicate roots by using rational exponents or radicals. In this sub-unit we will review
definitions and rules concerning rational exponents.

Rational exponents are exponents of numbers that are expressed as a rational number,

m

L m .
that is, a”, a is the base and — is the rational exponent where n # 0.
n

DEFINITION

1
If n is a positive even integer and a is positive, then a” denotes the positive real nth root
of @ and is called the principal n" root of a. If n is a positive odd integer and « is any real

number, then a” denotes the real nth root of a.

AcTIviTY 3

1. Evaluate each of the following expressions.
1

(a) 42 ) (-8)° e) (16)*

g 1 2
(b) & (d) (—16)* ® (=32)
2. Using the rule a” x a" = a™™, simplify each of the following.
11 g1 11
(a) 62 x6? (c) 2% x24x24x24
1 11 1 1
(b) 8 x8x8 (d) 27° x27°
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ExaMPLE 22

Evaluate each of the following expressions.
1 1 1 3

(a) 9° (b) 273 (c) (—64)3 (d) 16*
Solution
! 1 1 2x 1 2
(a) 92_(9)2_(3)2: 2 -32=31=3
1 1 3x 1 3
3 3 352 g

(b) 27° —(27)3 (3°) =

3

) (- 64)3 (—64)5=«—4)3>5=<—4>5=(—4)1=—4

3
(d) 16" = (16)4 4t =2"4=24=p3=3,

1 m

We have defined a” as the n™ root of a. We extend this definition to a” which is
defined as the m™ power of the n™ root of a. A rational power indicates both a root
and a power.

DEFINITION

If m and n are positive integers, then

a" =\a") »

1
provided that a” is a real number.

25 13
Some examples of rational power are: 23, 7°, 127, 1912, 2717, etc.
1

Note: a"is not real when a is negative and n is even. According to the definition
3 3 5 2

of rational power, expressions such as (—=16)2, (—=29)*, (—64)% and (—1)3 are not
defined because each of them involves an even root of a negative number.
The exponent indicated in a ratlonal power can be evaluated in either order. That is,

I
a”

or 8

v

1 2 1
—(a ) prov1ded that a” is a real number. For example, 83 = ( ) =22=4

(82) = 643—4

wh\)
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A negative rational exponent indicates reciprocal just as a negative integral exponent

does.

ExampLE 23

2 2
@ giol_o 1 _1_1 @ 7io o 1 _1_1
2oy 22 4 2 239
e g 27 (o73)
ExamMpLE 24
Evaluate each of the following expressions.
3 3 2 2
(a) 49° (b) 512¢ (c) (3125)° (d) 128 7
Solution
3 1y
(a) 492 :(492) =7°=343
3 1y} 1y}
(b) 5124 :(5124) :((44)4) =4 =64
2 1y? 1\?
(c) 3125 :(31255) :((55)5) =52=25
d ( 1)"‘ ( - 1 1
d) 128 7 =\128") = 277) =t=—=—
(d) 2) > 16

The rules of integer exponents also hold true for the rational powers as well.

Rules for Rational Exponents

The following rules are valid for all real numbers @ and b and rational numbers

p . Sy . .
and —, provided that all indicated powers are real and no denominator is zero.
q

m p  m.op
(1) a"xa’=a" "1
m p m_p
(i) a"+a'=a" 1
r
5
() \a") =am 1

n

m m m

(V) a” xb" = (ab)"

o b

(Vi) a” =b" =(a+b)"

b

a

a

b

m m
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(vii) a_% = [9]” (viii) If a” = b, then a=b"
a
Group Work 2
1. Simplify each of the following.
377 (4) 4 5
@ (%] *|3 (©) (=125 x(25) ?
. 32)" (16)"
(b) 81 *x9? @ |37 X 37
2. Solve for x.
3 2
(a) x*=8 (c) x=(—243)°
2 4
(b) 2x3=-64 d) x =625

ExAMPLE 25

Evaluate each of the following.

(a) 8°x82 (c) 95 x(—27)}
1 1 252
(b) (~32)"0 x(~32)} @ =5

6
Solution 25

1 1

11 2
(a) 83X8§:83+§:86 — 86 — &3 :(83) = 22=4,

1 1

(b) (—32)° x(=32)° =(-32)

L+l El 3 5><é

078 = (=32 = (-2 =(-2) *=(-2p=-8.

(©) 9% x(=27)% = (9x—27)° = (~243)° = ((=3)°)° = (=3) = (-3)' = 81.
IS

3 1 1 1
(d) =253 6=256 =256=252=(5")2=5 2=5!=5,

1

256

ExXAMPLE 26

Solve for x.
3 4 3 8
(@) x =125 (b) 3x* =243 (©) x=(-32)° ) x =256
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Solution

3 2 _2 e 11
(a) If x 2 =125, then x=125 3. Thus, x =125 3 :((125)3) =5’2=5—2=g
There fore, x = L .
25 .
& & d El 1
(b) If 3x® = 243, then x* = 81 and thenx = 81¢. Thus, x — 81* :(814) =33=27.
3 1y 1y
© x= 32 =l27) = ()] = c2r=s
8 =)
(d) If x > =256, then x =256 ®.
3 ( 1)’3 A 1
Thus, x =256 ® =\512° :((28)8) =2 ==y
EXERCISES
1. Evaluate each of the following.
2 3 4 _ 4
(a) 8 (d) 492 (g 27° () 125°
4 3 3 4
(b) 83 (e) 16* (h) 10000* (k) (—125)°
3 3 S 3
(c) 92 () 32° (i) 42 (1) 1287
2. Use your calculator to evaluate each of the following, correct to 2 decimal
places where necessary.
3 4 2
(a) 632 (d) 7293 (g) 1005
4 3 4
(b) 323 (e) 81° (h) 98°
3 2
(c) 298* (f) 10241
3. Evaluate each of the following.
o 64)° 32
(a) 324x32 2 (c) [—] %22
125 25
2 2 1 2 _1
(b) 273 x(—125)3 (d) 10°x10%x(100) 2
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2 3

93 %33
© —

3 13

94 3215
O =<

323 94

4. Simplify each of the following.

2 4
(a) a’xa’ (d)
(b) (x*y)? @)
2 1
(€)  (8x%)3 x (64x'*)6 0

5. Solve for x.
3

x* =27
9

6x2 =3072

(a)
(b)

Negative exponents

(2

(h)

1

1
(472a12) 2 ><(971614)2

2 2
83 %125 3
3 3
625 4+ x16*
p76q73 3 p2r74S72 *%
rs q*4 ]
1
© (x*»)° 3
1 6
(x*»)?
L (bfg)i B b§
4
] m X2
b3 x b*
s
x 3=1024
5
x 3 =243

We define negative power as the multiplicative inverse of the base raised to the

positive opposite of the power.

Group Work 3
3 3333 BAEE 1 1
Lo Lot 37 T aaaxanans  Axfxdnfxaax3  3x3x3 3 owplify the
following.
23 45 54 23 32 39
a) = b) L c) d Zx= 2
@ 2 ® L @ 2 @ L @ 3
2. Compare the following pairs of numbers.
z 41 5 41
(a) 27 an 4 (C) 53 an i
3 3’ 22 2
b) — and — il z
(b) Y 3 (d) >3 and [3]
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3. Discuss the relationship between:

1 1
(a) ? and 2°° (b) 37" and 3—4

4. Completing the following table. What do you notice when 2" is divided by 2
each time? Does this pattern continue when # is zero or negative?

n —4 -3 -2 -1 0 1 2 3 4
2" 24 273 272 27! 20 2! 22 23 24

1 1 1 1 1
Value E or 2—4 Z or ? 5 2 4 16

A negative exponent is defined as the multiplicative inverse of the base raised to the
power which is opposite to the given power. For example, 273, 37 and 7* stand for

1 1 d 1 el
2—3, 3—5 an 7—4 , respectively.

AcTIVITY 4

1. Write each of the following negative powers into fraction.

(a) 53 (c) 83 (e) 137*
(b) 47 (d) 10 (f) 100
2. Write each of the following into negative power.
1 1 1 1 1 1
@s OF ©x @F OO O

3. Compare the following pairs of number.
2 2 3 =2 {5 ]3 [3 ]3
a) |—| and [— b) |=| and |-
@ [3] a3 ©) [2] ana 2

DEFINITION

Any non-zero number raised to a negative exponent is the reciprocal of the same power

1
with positive exponent. That is, fora#0andn e N, a " = —.
a
ExampLE 27
Simplify and write the answer as a non-negative exponent.
23
(@ 3° (b) 27 (c) 57 (d) o

46
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Solution
374—i—i b 2—5—i—L 5—1—l—l
(@ 3*=5 =5 (b) 2= 5 = © 5'=57 =3
2} 2%x2x%2

IxZ 1 1

(d) 2_7_ 2><2><2_2><2><2><2_

X
2x2X2x2x2x2x2  ExZxZx2 2
2
=23

We have a set of rules or laws of negative exponents which makes the process of
simplification easy.

“ 29

Rule 1: The negative exponent rule states that for every number with negative
exponent (—n), take the reciprocal of the base and multiply it accordlng to the value
of the exponent. That is,

1 1 1 1 1 1. 1
a"=—= ; =—X—X—X...X—(n times) =|—

a” axaxaxX..Xa(ntimes) 4 g a a a)
Rule 2: The rule for a negative exponent in the denominator suggests that for every
number “a” in the denominator and its negative exponent (—), the result can be
written as:

1
,=a'=axaxax..xa (ntimes).

a
ExaMPLE 28

Simplify each of the following.

3) 3)°
(@ |= (b) |5
4 2
Solution
il
3 1 1 _4
@ S Era e
i
) 3 1 111 4 2x2 2 g[g]z
® 12 3 3.3 3x3 979 3x3 373 (3
S 272 2x2 4
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Note: If @ and b are non-zero real numbers, then it is always true that for n > 0.

i) L)

ExaMPLE 29

Verity that:

o B

Solution

@ 2]“ ] | i 5 []“

—_ = 4: :—4:—4_— .

5 2y 2,222 20 2° (2
575755 5

= X
5
N EI . 1 _ 1 _10° (10}
Olo) "5y 2.3,3 7 ¥ 3
— 3
[10] 10 10 10 10
EXERCISES

1. Write each of the following negative powers as a nonnegative exponent.

0

() 5° (© 77 (e) z_ (2)
_ 3 4"
) 37 CI O (b)
2. Write each of the following into negative power.
1 1 1
(a) 3—7 () 2T5 (e) ?
1 1 1
b (d) - O -5
3. Simplify and give the answer in simplest fractional form.
g ol e
@ |5 © |3 © |5 g
3)° 8"
(®) [g] (@ [g] 2

(-2)~

(=3)°

(-3)°
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4. Evaluate each of the following.

N RN
(a) 272+3 (c) = + e
o (2

5.  Simplify the expression (2* + 3?)2 by using the rule of negative exponents.

2.5 ExPONENTIAL FuNcTIONS AND EQUATION

’Introduction

DEFINITION

A function f'of the form f'(x) = a*, @ > 0 and a # 0 is called an exponential function with
base a.

ExampLE 30

f(x) =2~ is an exponential function.
Some of the order pairs of this function are (1, 2), (2, 4), (3, 8), (4, 16), (5, 32),

R

ExampPLE 31

X
g( x) — [l] is an exponential function.
3
Here g(l) = %, g(2) = é,g(—l) =3, g(=2) =9, ... or some of the ordered pairs of g

e [1, %] [z, é] (—1,3), [z, é] (~2,9)

Note

®  Domain of f (x) = a*, a > 0 is the set of all real numbers.

®  Rangeof f(x) =a', a> 0and a# 1 is the set of positive real numbers
and if a = 1, then the range is {1}.
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Graphs of exponential functions
Graph of y =2~

Consider the exponential function f'(x) =2* ory =2*

>
o0
ENQ.
N | —

The domain of y = 2* is the set of all real numbers, the function is continuous. By
using the ordered pairs obtained from this table and using the fact that the graph is
continuous, we can sketch the graph by connecting the points by a smooth curve.

4‘y 40
3 3
2 2
1
x

4 3 2 1 2 2l 1 2 3
-1 -1

Graph Ofy =2 Graph ()fy =2

Graph of y = (%) ory=2"~

To sketch the graph of f(x) = %] or y= [%] or y=2"

-2 | -1]0 1 2 3

4 2 1

oo | —

1 1
2 4

If the graph of y = 2* and y = 27 are plotted on the same coordinate axes, we can see
that one is the mirror image of the other about the y-axis.

Note

2
1. In the exponential function y = 2x ...... base 2

(@) Ifx>0, theny> 1.

From the graph of y = 2x and y = [1] :
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(b) Ifx<0,then0<y<].

(c) Ifx=0, theny=1. .
In the exponential function y = l]
(@) Ifx>0, thenO<y</I.

(b) Ifx<0, theny>1I.

(c) Ifx=0, theny=1.

The function y = 2* is increasing while the function y = [E is decreasing.

X

Consider the exponential functions y =2, y = 3* and y = 4* drawn using the

4

: 1 i ’
same coordinate axes (a) and y = [—] , y= [5] and y= —] drawn on the

same coordinate axes (b).

y

y=4*or )’:1%]

We can make the following comparisons

1.

Forx >0
(@) 4>3>2

o -4

For x <0

(a) 4<37<2¥
no(1y (1)

b) |=| <|=| <|=

® 5 <[] <{3
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ExaMPLE 32

(2) Ifx =2, then (b) If x = —2, then
42 > 32 > 22 4‘72 < 3*2 < 2*2

ExampLE 33

(a) Ifx= -2, then (b) Ifx= -2, then
=6 ) <6 <)
— > > | — — <|— < |=
2 4 2 3 4

The exponential function y = a*
Let us see the behaviors of y =a*, a > 0, and its graph.

3

In the exponential function y =a*, a > 0.
1. The y-intercept is a’ = 1 and the graph of y = a* cross the y-axis at (0,1).
2. No x-intercept (the graph will not cross the x-axis).
The graph of y = a* is completely above the x-axis.
The x-axis or the line y = 0 is a horizontal asymptote.
y = a* will never be 0.

(a) For 0 <a <1, the graph approaches the positive x-axis as x increases to
very large number and far up for large negative x.
(b) For a > 1, the graph approaches the negative x-axis as x decreases and
the graph will be far up as x increases.
3. The function is continuous, and graph will take the following pattern.

suy

4

3

y=a" 0<a<l ’ y=a’ a1
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(a) Fora> 1, the function y = a* is increasing.

If b > ¢, then a” > a°.

(b) For 0 <a <1, the function y = a* is decreasing.

If b>c, thena’ < a“

(c) Fora=1, the function y = @* is constant.

5. Fora>1

(a) Ifx>0,thena*>1.

6. ForO0<a<1

(a) Ifx>0,then0<a*<I.

7. Fora>b>1

(a) Ifx<0,thena* <b

8. ForO0<a<b<l

(a) Ifx<0,thena*>>"
9. y=a"1is a one-to-one function

Exponential equations

(b)

(b)

(b)

(b)

Ifx<0,then0<a*<1.

If x <0, then a* > 1.

If x > 0, then a* > b*.

If x>0, then a* < b".

In exponential equations there is a variable exponent. In solving exponential
equations, we will use the exponential properties and in solving such equations it is
important to note that if ¢* = 1, then x = 0. It is due to a® = 1, where a # 0.

ExaMPLE 34

Solve 2* =32
Solution

We can write 32 = 2°
P=P= 5=5

Therefore, Solution set (SS) = {5}.

ExAMPLE 35

Solve 3* =81
Solution

We can write, 81 = 34
3=3"= x=4
Therefore, SS ={4}.
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ExamPLE 36
Solve 2571 =8
Solution
We can write 8 = 23

==
>x+1=3
x=2

Therefore, SS ={2}.

ExampLE 37

Solve 62+ 1. 22+1, 321 — /6
Solution
(6x2x3)>"= 6%
11
= 36="1= (36)EX5

::>2x+1:l

:>2x=__3
-3

= x=—

-3
Therefore, SS= [?] .

ExampLE 38

x 2x-1
Solve {16 . &
81 27

O |~

Solution

[2]4x ‘ z]3(2x1) B [2]2
3 3 3

4x+3(2x-1) 2
3
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=4x+32x—-1)=2
=4x+6x-3=2

= 10x=5
1
xX=—
2

Therefore, SS= {%} .

ExampLE 39

2x—1 3x
Solve the equation L0 . 21 =3
81 4 2
Solution
2 4(2x-1) 2 —2(3x) (2 —(x-1)
3 3 3
Note
a_ [2]
b \a
=

[z] _ [z]‘”‘” .........
3 3

=>8x—4-6x=—(x—1)
>2x—-4==x+1
=3x=5

5
:>x:—
3

Therefore, S.S = {%}

ExampPLE 40

Solve the equation 4*'= | 2x;1 , x5=0

(It is a linear Equation)
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Solution
"= 2x;1 ......... squaring both sides
= (226~ Dy :2%1
=4x -4 = xl
X

=4x’ - dx=x-1

=4x*—5x+1=0......... (It is a quadratic Equation)
=4x*—4x—-x+1=0

=S4x(x—1)-1(x-1)=0

=>x-1)4x-1)=0

= x=lorx= i, Therefore, SS = «[1, %}

EXERCISES
Solve each of the following equations
2x-1 —3x+3 3x
v R
2. 8% -1 62(%5) 2 8 23
; . o 5 4 —x+3 8 5-3x B 3)
T3 x310 =27 9 127 P
6. Draw the graph of y = 2* and y = 2" using the same coordinate axes.
7.  What is the domain of y = 3%, what is its range?
8. For what values of x is 2 greater than 1?
9. For what values of x is 2> 37

10. Ifa*> b, for x > 0, then how do you compare a and b?

2.6 ExPONENTIAL GROWTH AND DECAY

Exponential growth is the increase in number or size at a constantly growing rate.
In exponential growth, a population’s per individual growth rate stays the same
regardless of the population size, making it grow faster and faster until it becomes

56



Indices and Logarithms -

large. Exponential growth is a pattern of data that shows greater increases with
passing time creating the curve of an exponential function.

Opening Problem

(a) Suppose there are 15 fishes in an aquarium. After one year they had increased to
135.

(b) Ifthe fishes are growing exponentially, then:

(c) At the end of five years, how many fishes will there be - ;
in the aquarium?

(d) At the end of ten years, how many fishes will there be =
in the aquarium?

(e) How many years will it take for the number of fishes
to be double? Figure 1.

(f) What will be the exponential growth formula to represent the given word problem?
What is exponential growth? If something is increasing or growing rapidly as a
result of a constant rate of growth applied to it, then it is experiencing exponential
growth.

Exponential growth can be modeled with the exponential function
y=f(x)=ab*,wherea > land b > I.

In the equation y = f (x) = ab", x is the exponent, a is the starting amount when
x =0 and b is the base, rate or growth factor and it is a constant and it is greater
than 1.

ExamPLE 41

The figure 2 represents an exponential growth. In fact, it is the graph of the exponential
function y = 2*. The general form of an exponential function is y = ab*. Thus, if y = 2%,
thena=1and b =2.

The table given below shows some points that we Y

could have used to graph this exponential growth. Try y=2°

to locate some of these points on the graph as shown in

Figure.2.

x |4 |-3 |2 |-1 |0 1234‘ ——10.) bx
1 JL L JL

Y 116 |8 |4 |2

1 2 4 8 16
Figure 2.
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1. Determine whether each of the following functions represents exponential growth or

not. 2 x
@ y=x @r0=3[3
(b) y =2 (©) y=§x2

©) y=4 ® y=10(0.2y

2. Suppose a population of mice rises exponentially by a factor of four every year starting
with 4 in the first year, then 16 in second year, 64 in the third year and so on.

(a) By what factor is the population growing in each year?

(b) What will be the population of the mice in the fifth year?

(c) How many years will it take for the number of mice to be 5127

(d) Drive the exponential growth formula to represent the given word problem?

ExamMPpLE 42

Suppose there are 8 mice in a cage. They had increased to 72 after two months.

Assuming the growth continuous exponentially.

(a) What will be the exponential growth formula to represent the given word problem?

(b) How many mice will there be in the cage at end of five months?

(c) How many mice will there be in the cage at end of ten months?

(d) How many months will it take for the number of mice to be 648?

Solution

(a) Recall that the general form of an exponential function is y = f(¢) = ab'.
Here, a = 8 mice, ¢t = 2 months and after two months, f(2) =72 mice. Thus,
72 = 8(b)* implies 9 = b* and b = 3.

Therefore, the exponential growth formula will be y = 8(3)".

(b) £(5)=8(3)°=1,944 mice.

(¢) £(10)=28(3)""=8 % 59,049 =472, 392 mice.

(d) 648 =8(3)" implies 81 = 3’ and then 3* = 3. Hence, ¢ = 4.

Therefore, it will take 4 months for the number of mice to be 648.

There are many real-life applications of exponential growth such as population growth,
compound interest and bacteria growth.
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1. Population Growth

Population growth is the increase in the number of people in a population. The
population growth rate is the rate at which the number of individuals in a population
increases in a given time period.

For example, suppose the population of a certain city was 2.5 million in 2000.
Then, every year after that, the population has grown by 2%. This is an example of
exponential growth. Notice that the rate of growth is 2% or 0.02 and it is constant.
This is important since the rate of growth cannot change.

Let us find the exponential function.

Year 2001 or 1 year after:

2,500,000 + 2,500,000 x 0.02 = 2,500,000(1+ 0.02)
=2,500,000(1.02)
=2,500,000(1.02)".

Year 2002 or 2 years after:

2,500,000(1.02) + 2,500,000(1.02) x 0.02 = 2,500,000(1.02) [1+ 0.02]
=2,500,000(1.02) (1.02)
=2,500,000(1.02)".

Year 2002 or 3 years after:
2,500,000(1.02)* + 2,500,000(1.02)*(1+0.02) = 2,500,000(1.02)*(1 + 0.02)
=2,500,000(1.02)*(1.02)
=2,500,000(1.02)
Following this pattern, suppose that x is the number of years since 2000,
2,500,000 is the starting amount and 1.02 is the rate or growth factor. Then, y
=2,500,000(1.02)".
Comparing this exponential function with y = ab*, we see that a = 2,500,000,
b=1.02.
The growth of population, p, at the end of ¢ years with growth rate » can be given
by the formula:
p=pl+7),
where p, is the original number of populations.
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ExamMPLE 43

A certain town has a population of 400,000 that is increasing at the rate of 5% each year.
Approximate the population of the town after 6 years.

Solution
Given: P =400,000, r = 5% = 0.05 and ¢ = 6 years. Required: P =?
P=P/(1+r)y= P=400,000(1 +0.05)° = 400,000(1.05)°
=536,038.
Therefore, the population of the town at the end of 6 years is approximately 536,038.

2.  Compound Interest

When interest is added to the principal at the end of each period, it counted into
principal. The total amount due at the end of the period is called the compound
amount. For example, David lends L$5,000 to his friend at annual interest of 6%
compounded annually. Notice that the rate of growth is 6% or 0.06 and it is constant.
Let us find the exponential function.

1 year after:
5,000 + 5,000 x 0.06 = 5,000(1+ 0.06) = 5,000(1.06) = 5,000(1.06)".

2 years after:
5,000(1.06) + 5,000(1.06) x 0.06 = 5,000(1.06) [1+ 0.06] = 5,000(1.06) (1.06)
=5,000(1.06)".

3 years after:
5,000(1.06)* + 5,000(1.06)* (0.06) = 5,000(1.06)* + 5,000(1.06)* (0.06)
=5,000(1.06)*(1+ 0.06)
=5,000(1.06)*(1.06)
=5,000(1.06)".
Following this pattern, suppose that x is the number of years, 5,000 is the starting
amount and 1.06 is the rate or growth factor. Then, the exponential function will be
y = 5,000(1.06)*. Comparing this exponential function with y = ab*, we can see that
a=5,000, b =1.06.
If a principal P is invested at an annual rate of », compounded annually, then the
amount after ¢ years is given by

A=P(+r)
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ExampLE 44
John deposits L$10,000 in a bank that pays 8% compound interest anually. How much
money will he have after 11 years without withdrawal?
Solution
Given: P =10,000, »=8% =0.08 and = 11. Required: 4 =?
A=P( +r)=A4=10,000(1 + 0.08)" = 10,000(1.08)"
=23,316.40.
Therefore, after 11 years, John will have L$23,316.40.

3. Bacterial Growth
One of the most prevalent applications of exponential functions involves growth
and decay models.
An exponential growth or decay function is a function that grows or shrinks at a
constant growth rate. The equation can be written in the form

y = abr,
where, a is the initial or starting value, b is the growth factor and x is the number of
time intervals that have passed.

ExamMPLE 45

There were 72 fishes in a pond. They had increased to 216 after six months. If the fishes
are growing exponentially, then how many fishes will there be in the pond at the end of
two years?

Solution

Here, a = 72, x = 0.5year and y = 216. Thus, the exponential growth function is,
y=T2(by"

Since there were 216 fishes after six months, we have

1
216 = 72b% implies that 3 =52 and then squaring both sides give b = 9.
Here, we can observe that b =9 and 9 > 1, as it is exponential growth. Now, we have to
find the number of fishes at the end of 2 years. So, we substitute x =2 and b = 9 in the
equation y = 72(b)".
y="7209) =72(9)* =72 x 81 = 5,832.
Therefore, at the end of two years, there will be 5,832 fishes in the pond.
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EXERCISES

1. James invest L$25,000 in a bank which pays 8% compound interest. How
much money will he have after 10 years without withdrawal?

2. In a certain culture there were 30 bacteria initially. They had increased to
60 after one hours. If the bacteria is growing exponentially, then how many
bacterias will there be at the end of 8 hours?

3. A sum of money deposited at compound interest double itself in 5 years. If
the interest is being compounded annually, in how many years will it amount
to four times itself?

4. In 2010, there were 100 inhabitants in a certain town. If population has
increased by 4% every year, then how many residents will there be in 5 years?

5. The bear population increases at a rate of 5% per year. There are 1500 bear this
year. Write an exponential growth function that models the bear population.
How many bears will there be in 10 years?

2.7 LOGARITHMS

The logarithm of a number is the index or exponent by which another value must
be raised to produce an equivalent value of the given number. For example, in the
indicial expression, 4° = 64, the base is 4 and the index or exponent is 3. We write
this expression in logarithm as log, 64 = 3.

We read this as “logarithm of 64 to the base 4 is 3.”

HistoricaL NOTE

Logarithms were developed in the 17% century by the Scottish
mathematician, John Napier(1550—1617). He was the first mathematician
to devise the idea of the logarithm, naming it logarithm from the Greek
root’s logos, meaning proportion and arithmus meaning number because '
he used it to relative numbers to another value.

The logarithm has changed very much since its introduction into the
world of mathematics, it began as a way to make the multiplication and ~ John Napier
division of large numbers into an easier form looking up value in a table and them adding
them for multiplication and subtracting them for division and from there it has evolved
into the logarithm known today as the inverse of the exponent.
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In general, the logarithm of a positive real number x with respect to base a and a # 1
is the index or exponent by which a must be raised to yield x.

ExaMPLE 46

(a) Since 3*= 81, we can say that log 81=4.
(b) Since 10° = 100,000, we can say that log,, 100,000 = 5.

The following activity will help you learn how to convert indicial or exponential
statements to logarithmic statements and vice versa.

ACTIVITY 6

1. Complete the following table.

Indicial (exponential) statement  Logarithmic statement

53=125 log,125 =3
27=128

log,,1000 =3
7* =343

log, 1,296 = 4
10*= 10,000

log, 512=9

2. Convert each of the following indicial (exponential) statements to logarithmic
statements. 5 1
(a) 2= 1,024 (b) 6*=216 (c) 83 =4 (d) 814=3

3. Convert each of the following logarithmic statements to indicial (exponential) statements.

2
(2) log 16 = g (b) log,256 =8 (c) log,125=3 d. log,9= B

In general, for a fixed positive number b # 1 and for every real number a > 0
¢ =log, a if and only if b° = a.

From the above statement, we can note that every logarithmic statement can be
converted into an indicial (exponential statement) and vice versa.

Note: The value of log,” is the answer to the question “to what power must b be

raised to produce a”.
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ExaMPLE 48

Write each of the following in logarithmic statement.

1 2

(a) 16*=2 (c) 10003 =100
(b) 9*=6,561 (d) 8*=4,096
Solution

1
(a) From 16* =2, we deduce that Jog 2 =

N

(b) From 9*= 6,561, we deduce that log, 6561 = 4.

2

(¢) From 10003 =100, we deduce that log,,1000 = %

(d) From 8*= 4,096, we deduce that log 4096 =4 .

ExaMPLE 49

Write each of the following as an exponential statement.

(a) log,128 =7 (b) log,625 =4 (c) log, i = —% (d) log,,;3= 1
Solution

Recall that log,a = y if and only if 5" = a. Thus,

(a) log,128 =7 means 27 = 128.

(b) log,625 = 4 means 5* = 625.

1

(c) lo L 6475—_1
—=—— mean
C g644 3 eans (64) 4

1 1
(d) log,;3= 5 means (243)5 =3.

ExampLE 47

Evaluate each of the following.

(a) log,1024 (c) log,,10
(b) log 343 (d) log,27
Solution

(a) To find log,1024, let us answer the question that “to what power must 4 be raised
to get 1024?77
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(b)

(c)

(d)

Since 4° = 1024, we get log,1024 = 5.
To find log,343, let us answer the question that “to what power must 7 be raised
to get 34377
Since 7° = 343, the logarithm of 343 to base 7 is 3. Thus, log 343 = 3.
To find log, 10, let us answer the question that “to what power must 100 be raised
to get 10?”
1
Since 1002 =10, the logarithm of 10 to base 100 is % Thus, log,, 10 = %

To find log, 27, let us answer the question that “to what power must 81 be raised
to get 277”.
3

Since 814 = 27, the logarithm of 27 to base 81 is % Thus, logg, 27 = %

EXERCISES

1.

Convert each of the following indicial (exponential) statements to logarithmic
statements

(a) 10°= 1000000 ) 7¢=2401
1 L1
(b) 25:5 (g) 92:5
3
(c) 31255 =125 () 57 g
2
(d) 64° =16 (i) 10'=10
2 =
243 5 = — ' 25 ==
(e) > g 3 .

Convert each of the following logarithmic statements to indicial (exponential)
statements

() log,,0.027 =3 M) log, % _
(b) log81=4 (2) log,9 :%
©) log 32 :2 (h) log,5=1
(d) log,0.1=-1 (1) log1=0
(e) log,l6=4 () log,,3 :é



- Mathematics — Grade 11 Textbook

3.

Evaluate each of the following.
(@) log,243 () log,243

(b) log,625 ) 1
(g) Oglo 100

(c) log,16

@ log, 4 () log, 190

© log41 (i) log,l6
10 (G) log 128

2.8 LAwSs AND PROPERTIES OF LOGARITHMS

There are anumber of rules known as the laws of logarithms. These allow expressions
involving logarithms to be rewritten in a variety of different ways. The laws apply
to logarithms of any base but the same base must be used throughout a calculation.

Group work 2.4

The following Group Work will help you to observe different laws while performing
different types of logarithmic operations.

1.

66

Compute
(@) log,32 +log,16; compare the result with log (32 x 16).
(b) log,,1000 + log,, 0.001; compare the result with log,, (1000 x 0.001).
() log27 +log,81; compare the result with log, (27 x 81).
(d) log625x ZLS; compare the result with log 625 — log 25.
From your answers, can you suggest a possible for simplification for
log_x +log y?
Compute
(@) log,32 —log,64; compare the result with log, (32 + 64).
(b) log,,10000 — log,, 100; compare the result with log , (10000 + 100).
(c) log,243 —log,27; compare the result with log, (243 + 27).
1

1
—log. — - ith [125+
(d) logs125—log, 55 > compare the result with [ 25] .

From your answers, can you suggest a possible answer for the simplification of
log x—log »?
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3. Compute

(a) 3log,4; compare the result with log,(4)’ .
(b) 2log,16; compare the result with log, (16)2.

1 1
© 3 log; 81 compare the result with log,(81)2.

From your answers, can you suggest a possible answer for the simplification

of m log  x?

4. Compute
(@) log4 (c) log,25
(b) log,10 (d) log,,100

From your answers, can you suggest a possible answer for the simplification
of log,a, wherea>0and a = 1?

5. Compute
(@) log,1 (c) log,l
(b) log.1 (d) log,,1l

From your answers, can you suggest a possible answer for the simplification
of log,1, wherea>0 anda = 1?

Suppose
x=a" and y=a",
then the equivalent logarithmic forms are
log x=mandlog, y=n.
Using the product property of indices, we get
xy=a"xa"=a""
Now the logarithmic form of the statement xy = a” *" is log, xy = m + n. But,
m =log x and n =log_y so, putting these results together, we have

log xy=m+n=1log x+log y.

I. Product Law of Logarithm
If a, x and y are positive real numbers, where a # 1, then

log (xy) =log, x +log_ .
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ExamPLE 50

Use the product law of logarithm to simplify each of the following.

(a) log,8 +log,5 (b) log A +log, B (c) logx +log,x
Solution

(a) log,8 +1log5=log, (8 x 5) =1log,40.

(b) log, A4 +log,, B=log (4 xB)=1log 6 AB=log AB.

(c) log,x +log, x =log,(x x x) = log, x.

ExampLE 51

Show that log,27 + log,9 = log (27 x 9).
Solution
log,27=3 andlog, 9 =2.
log,27 +1og,9=3+2=35; and
log, (27 x 9) = log, 243 =5.
Hence, log, 27 + log, 9 = log, (27 x 9)
3+2=5.
Therefore, log, 27 + log, 9 = log, (27 x 9) is verified.

Suppose
x=a"and y=a",

then their equivalent logarithmic forms are
log x=mandlog y=n

Consider x + y.

Using the quotient property of indices, we get

y a

In logarithmic form log, [i] =m—n. But, m = log x and n = log, y so, putting
y
these results together, we have
X
loga[—]:m—nzlogax—logay‘
y

This leads to the following law.
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I1. Quotient Law of Logarithm

If a, x and y are positive real numbers, where a # 1, then

log, [f] =log, x—log, y '
Y

ExaMPLE 52

Use the quotient law of logarithm to simplify the following.

(a) log, 162 —log,3 (b) log, 560 —log,7 —log,5
Solution

(a) log, 162 —log,3 =log, [%]= log.81 =4.
(b) log, 560 —log, 7 — log, 5 =log, 560 — (log, 7 + log, 5) = log, 560 — log, (7 x 5)

=1log,560 — log,35=log, [%] =log,16 =4.

Suppose x = a”, or equivalently log x = n. Suppose we raise both sides of x =
a" to the power m:

x"=(a")".

Using the power property of indices, we can write this as
x"=am.

Thinking of the quantity x” as a single term, the logarithmic form is:
log x"=mn=mlog x.

This leads to the power law of logarithm.

I11. Power Law of Logarithm

If a and x are positive real numbers, where a # 1, and k is any real number, then

log x*=klog x.

ExaMPLE 53

Use the power law of logarithm to simplify the following.

(a) log, (4x)’ (b) 3log,8
Solution
(a) log, (4x)* =2log, 4x (b) 3log,8 =log, 8 or log, 512
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In addition to the above laws of logarithms, there are other important laws of logarithms.

Six Additional Laws of Logarithm

If a and x are positive real numbers, where a # 1, and £ is any real number, then

(i) log, x* =klog, x (iv) log a*=x

1 (v) log a=1
(i) 08— =—log,x (vi) log 1=0
(i) @ =x

ExamMPpPLE 54

Evaluate each of the following logarithms.

(a) log, 27 +log, 81 (b) log, 2 —log, 162

Solution

(a) log 27 +log, 81=log, 3*=3log, 3 +4log, 3 =3 +4)log3 ="7log, 3="7(1)=7.

1
(b) log,2 —log,162= log, [5] =log3*=-41log3 =-4(1)=—4.

AcCTIVITY 7

1. Using one of the laws of logarithm, simplify each of the following.

(a) log, x* —log, x* (b) Slog2 +4log 3 — 3 log 4
2. Determine the value of the following logarithms.
(a) log,27 (c) log,,25 (e) log,,512
(b) log,128 (d) log,,3 (f) log,,343
3. Evaluate each of the following
(a) log,l (c) log4" () 16""
(b) log,7 (d) p=’ (D) log,5 ’
4. Write the following expressions in terms of log x, log y and log z.
3 3.2
(a) logx’y © log X Zy
(b) log xyz? (d) log X
vz
5. Given thatlog 2 =x, log 3 =y and log 5 =z, express the following expressions in terms
of x, y and z.
(a) log 12 (c) log%5
(b) log 200 (d) log 120
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The next law of logarithms, tells us how logarithms to different bases are related.

Change of Base Law of Logarithm

If x, a and b are positive real numbers, where a # 1 and b # 1, then
log, x

i log, x =
(1) g5 log b

1
i log, x=——-
(i) S log b

X

ExAMPLE 55

Simplify each of the following logarithmic expressions using change of base.
(a) log,, 16

(b) log,, 243

Solution

log,16  log, 2* _4log,2  4(1) 4

log, 32 B log, 2’ B 5log, 2 50 5

(a) log,, 16=

4
Therefore, log,, 16= 5

log,243  log,3’ 5log;3 5M 5

log,27 log,3* 3log,3 3(1) 3°

(b) log,, 243=

5
Therefore, log,, 243 = 5

This law enables us to calculate the logarithm of a number to any base from a
calculator which calculates the logarithm of a number to only one base.

ExampPLE 56
If your calculator has only logarithms to base 10 on it, how can you find log, 9?
Solution
By change of base of law of logarithm, we have

log, 9 _ log?

log.9 = = :
< log,,5 log5
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This last expression can be evaluated by any calculator which can evaluate logarithms
to base 10. So, using scientific calculator, we can obtain that log, = 0.9542 and
log, = 0.6990. Thus,

log.0 — 1089 _ 0.9542

9= = ~1.3651 .
log5 0.6990

Therefore, log, 9 ~ 1.3651.

EXERCISES

1.

Evaluate each of the following expressions.

(@) log,8 (d)
(b) log, 9 @)
© oz, — ®

Simplify each of the following expressions.
(a) log, (22)
(b) log, 49~
(c) log, 8 xlog, 256
(d) 7+log, 37
Evaluate each of the following logarithms.
(a) log,27(log 4 +logl0’) log,10
(b) 1610g4 3 + 21710g2 4 Slog5 49 + 10g1 8
2

(¢) log,a®>—4log, 1

a
(d) log,75—1log, 3 +log, 81
Simplify each of the following.

(@) log, 25 +1log, 125 (c)

(b) log, 256 —log, 32 (d)

1 1
0o —
%936
1 1
0o, —

€27 31
1 1

0g, —

58
1
log 16 + logg 52 —
log,;8

log8 + log5 — log4
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5. Iflog2=0.3010 and log 3 = 0.4771, then find each of the following without
using a calculator or a logarithm table.

(a) log5s (c) log30
(b) log24 (d) log36

6. Giventhatlog?2 =x,log3 =y and log 5 =z, express the following expressions
in terms of x, y, and z.

@ log15 © log$
(b) log22.5 ) log 112.5

Rewrite the logarithmic expression log b x log , ¢ as single logarithm.
8. Letx=2"and y =44 Then, express log, (x’ y) in terms of p and g.
Let log 2 = x and log 5 =y, then find log , 200 in terms of x and y.
10. Using a scientific calculator, find the following logarithms.
(@) log,I8 (c) log, 19
(b) log>S (d) log,25

2.9 LoGARITHMIC FUNCTIONS AND EQUATIONS

Recall that a function of the form y = f(x) = a*; @ > 0, a # 1 is called an exponential
function. Its domain is the set of all real numbers. In this sub-unit, we introduce
logarithmic functions.

More precisely logarithmic function can be defined as follows:

DEFINITION

If x and a are positive real numbers such that @ # 1, then y = f'(x) = log_x is called the
logarithmic function with base a, and y = log_x if and only if @* = x.

Domain of logarithmic function is the set of all positive real numbers. That is,
domain of logarithmic function is {x € R:x >0} and its range is the set of all real
numbers, R.

ExAMPLE 57

(a) y=Ilog,x is alogarithmic function
(b) y=log, (x —2) is a logarithmic function
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The expression y = log x is equivalent to ¢’ = x and indicates that the logarithm y
is the exponent to which b must be raised to obtain x. The expression y = log x is
called the logarithmic form of the equation, and the expression & = x is called the
exponential form of the equation.

ExaMPLE 58

(a) log,16 is an exponent to which 2 must be raised to obtain 16. We can write this as
2% = 16. Clearly this exponent is 4. Thus log, 16 = 4.

(b) log, 27 is an exponent to which % must be raised to obtain 27. We can write this
3

as [g] = 27 . Solving this equation for x, we get 3*=3*and -x=3 orx=-3.

Thus, log, 27 =-3.

3

Note: log 0 is not defined and if x <0, then y =log x is not defined.

ExaMPLE 58

Express each of the following equations in an exponential form.
4
(a) log,64=3 (b) log ,,81= 5

Solution

From the definition of the logarithmic function, we know log_x =y if and only if a” = x.
Thus,
(a) log,64 =3 ifand only if 4’ = 64.

s N S
3:

(b) log 2781=§ if and only if 273 =81 because 27° = (3°)? =3 3=34=38l.

ExAMPLE 58

Express each of the following equations in a logarithmic form.
(a) 5*=625

3

S I
325=—
(b) 3
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Solution

From the definition of the logarithmic function, we know ¢ = x if and only if log, x = y.
Thus,

(a) 5*= 625 ifand only if log, 562 = 4.
3

-= 1 1 3
b) 32 > =— ifandonly if log —=——.
(b) - il ==

To study the properties of the graph of y =log x;a>land y=log x; 0 <a <1, let

us sketch the graphs of y =log,x and ¥ = log, x.
2

To sketch the graph of y = log, x by converting it to exponential form:

Group Work 2.5
1. Draw the graphs of f(x) =log,x and f(x) =log, x using:

(a) Different coordinate systems }
(b) The same coordinate system.

2. Evaluate each of the following.

(@) log,1 (¢) log1,wherea>0,a#1

(b) log,10 (d) log,a, wherea>0, a#1
3. Find the domain and range of each of the following logarithmic functions.

(a) y=log,x (c) y=log(x—1)

(b) y=log,2x (d) y=log,(2-x)

Exponential form of y = log, x is x = 2. Let us consider some ordered pairs which
belonging to y = log, x as listed in the table below.

1 1 1
- | = |31 |2]| 4] 8|16 X
8 | 4 | 2
3|2 -1|0[1]2|3]4 }log”
. . >X
Using the table of values obtained above, we can (1,0)
plot the points and then connect them with a smooth

curve to sketch the graph of y = log, x as shown in

. Figure 3.
Figure 3.
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In a similar manner, let us consider some ordered pairs ¥ =log, x as listed in the
table below. 2

Y

3

N | —
B =
oo | —
—_
o

(1. 0)

>X

=log; ¥ Using the table of values, we can plot the points and

2 connect them with a smooth curve to sketch the graph

Figure 4. of y=1log, x as shown in Figure 4.
R 2
T If we sketch the graphs of y =log x and V= log, x in
| y= : : 2
| ” log, x the same coordinate system, we can obtain the graph
\\ K as shown in Figure 5.
- >X
— The graph of y=log, x can be obtained from
Y= 10g1 x 2
2 the graph of y = log, x by reflecting the graph of
Figure 5.

y = log, x about the x- axis. In other words, the graph

of y=log, xis the mirror image of the graph of y = log, x and they are symmetric
2

about the x-axis as shown in Figure 5.
The Activity 8 will help you to summarize the basic properties of the graphs of

y=log,xand y=log, x.
2

ACTIVITY 8

Study the graphs of the logarithmic functions y = log,x and y =log, x to answer each

of the following questions. ’

(a) What is the domain of each function?

(b) What is the rage of each function?

(c) Find the point where the two graphs intersect.

(d) For which value of x is y = log, x negative? Positive?

76
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(e) For which value of x is y = log 1 x negative? Positive?
2
(f) Does y =log, x increase as x increases?
(g) Do the graphs cross or touch the y-axis?
(h) Is the graph of each function smooth curve and continuous?

From the above discussions, we can deduce that a logarithmic function defined by
y = log x with a > 1, has similar properties with the graph of y = log x. Observe
Figure 6.

1/ y

y= loga x;a>1

> X
(1,0) (L0 x

\W

O<acx<l

Figure 6. Figure 7.

Similarly, if 0 < a <1 the graph of y =log_x has similar property with the graph of
y=log, x.

2
Therefore, graph of y = log_ x, for 0 <a <1 behaves as in the case of y =log, x as
shown in Figure 7. 2

Thus, the graph of the logarithmic function

g(x) = log, x can be obtained from the graph of the
2
logarithmic function f(x) = log x by reflecting the

graph of the logarithmic function f'(x) = log _x about
the x-axis. In other words, the graph of g(x) = log, x

y=log x
O<ax<l

2
is the mirror image of the graph of /' (x) = log_xand
they are symmetric about the x-axis as shown in
Figure 8. Figure 8.
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Basic Properties of the Logarithmic Functions /' (x) = log, x; b>0and b # 1

1. The domain is the set of all positive real numbers, {x e R:x> 0}.
2. The range is the set of all real numbers, R.
The graph intersects the x-axis at the point (1, 0). Thus, the x-intercept is
(1, 0).
The graph never cross or touch the y-axis. Thus, there are no y-intercepts.
The graph is smooth curves and continuous with no corners and gaps.
If b > 1, then the logarithmic function is an increasing function.
If 0 < b < 1, then the logarithmic function f is a decreasing function.
(1) If0<x<l1,theny=1log, x<0andy=-log x>0.
(i) Ifx>1,theny=1log,x>0andy=-logx<0.

XNk

Logarithmic equations

An equation is called logarithmic equation, if the variable is part of a number whose
logarithm is to be taken.

In this section, we will see how to give solutions of equations which involve
logarithms by applying the properties studied.

In solving logarithmic equation, note that if log x = 0, then x = 1. In solving any log
equation you note that x > 0.

ExaMPLE 58

Find the truth set of log (x —7) =0

Solution

log(x-7)=0

Here x —7 >0 or x > 7. The universe is {x: x > 7}.
log(x —7) =0 implies x—7 =1 or x =8.

Therefore, S.S = {8}.

ExaMPLE 58

7
Solve log(2x — 7) = 0, domain ={x S X > 5}
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Solution

2x-T7=1

2x=38

x=4

Therefore, S.S = {4}.

ExampLE 58
Find the truth set of log (29x — 5) = log,(x — 7) + 5
Solution
log (29x —5) —log,(x —7) —log,32=0 ....uselog32=5
(29x—5)

22 —B2)

29x—5
(x—7)(32)
32x—224=29x-5
32x —29x =-5+224

3x=219
x=&:73
3

Therefore, S.S ={73}.

EXERCISES

1. Express each of the following equations in an exponential form.

(a) log49=2 (c) log,243= %
3
(b) log128=7 (d) log512= S
2. Express each of the following equations in an logarithmic form.
(a) 7°=343 (c) 3°=729
2 3y
(b) 643 =16 (d) 8l 4 —_—
27
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3. Evaluate each of the following.

(@) log,,1 (d) log,27
(b) 1go 1000 (e) log,,256
© log, 21_7 ® log,, 10000
4. Find the domain and range of each of the following logarithmic functions.
(@) y=log,x (¢) y=log,(x-3)
(b) y=logsx (d) y=log,(1-x)

2
5. Draw the graphs of the logarithimic functions y = log x and y =log, x using

the same coordinate system. 5
(a) What is the domain and rage of each function?
(b) Find the point where each function crosses the x-axis.
(c)  Which function is increasing and which is decreasing?
(d) For which value(s) of x is y = logx negative? Positive?
(e) For which value(s) of x is y =log, x negative? Positive?
6. Solve for x. s
(@) log,x=1 (¢) log,x=3
(b) log,x=4 (d) log, 128 =x

2.10 LoGARITHM TABLE

In general, when we write a number N in the scientific notation of the form a x 10"
the “a” part is a number greater or equal to 1 but less than 10 and hence its logarithm
can be read from a common logarithm table. This logarithm is a positive decimal and
is called the mantissa of the logarithm of the number. The factor, 10” is an integral
power of 10 and hence its logarithm is its exponent, n. This integral value of logarithm
of the number is called the characteristic of the logarithm. Therefore, the common
logarithm of a number is equal to the characteristic plus the mantissa.

The common logarithm table is a table of mantissas. The mantissa can be given to
any number of decimal place, but in most of the logarithm tables it is often given
only to four decimal places.
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In a logarithm table the first column headed by N lists the numbers from 1.0 to 9.9.
The remaining columns are headed respectively by the digits from 0 to 9 as shown
in the table below.

I 0000 | 0043 | 0086 | 0128 | 0170 | 0212 0253 | 0294 = 0334 | 0374

Il 2788 | 2810 | 2833 | 2856 | 2878 | 2900 | 2923 | 2945 | 2967 | 2989
IR 3010 3032 3054 | 3075 | 3096 | 3118 | 3139 | 3160 3181 3201

XMl 4624 | 4639 | 4654 | 4669 | 4683 | 4698 | 4713 | 4728 | 4742 | 4757
BRI 4771 | 4786 | 4814 | 4800 4820 | 4843 | 4857 | 4871 | 4886 | 4900

Xl 5011 | 5922 | 5933 | 5944 | 5955 | 5966 | 5977 | 5988 | 5999 | 6010
MR 021 | 6031 | 6042 | 6053 6064 | 6075 | 6085 | 6096 | 6107 | 6117

Il 6902 | 6911 | 6920 | 6928 | 6937 | 6946 @ 6955 | 6964 | 6972 | 6981
PR 6990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 | 7067

X 7709 | 7716 | 7723 | 7731 | 7738 | 7745 | 7752 | 7760 | 7767 | 7774
W 7752 | 7789 | 7796 | 7803 | 7810 | 7818 | 7825 | 7832 | 7839 | 7846

I 0956 | 9961 | 9965 | 9969 | 9974 | 9978 9983 9987 9991 | 9996

The base ten logarithm of a number is the power to which 10 is raised to give that
number.

ExampLE 58
Find the common logarithm of each of the following numbers using common logarithm
table.
(a) 19,500 (b) 598,000 (c) 60.90 (d) 3,940,000
Solution
(a) First, express 19,500 in scientific notation. That is, 19500 = 1.95 x 10

Now, let us find the row which starts with 1.9 and find the column headed by 5.
Thus, we read 2900 at the intersection of the row wich starts with 1.9 and the
column headed by 5 as shown in the table given above. Thus, log 1.95 = 0.2900.

19500 = 1.95 x 10* ... (Expressing the given number in scientific notation).
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(b)

(©)

(d)

=10 x 10* ....... (From common logarithm table, we obtain

log 1.95 = 0.2900).
= 1002 (By product property of exponents).
= 10420,

Therefore, log19500 = 4.29
Here, 4 is the characteristics and 0.29 is the mantisa of the logarithm.
First, express 598,000 in scientific notation. That is, 598,000 = 5.98 x 10°.

Now, let us find the row which starts with 5.9 and find the column headed by 8.
Thus, we read 7767 at the intersection of the row which starts with 5.9 and the
column headed by 8 as shown in the table given above. Thus, log 5.98 = 0.7767.

598,000 =5.98 x 10° ... (Expressing the given number in scientific notation).

=10%7%7 x 10° ......... (From common logarithm table, we obtain
log 5.98 =0.7767)

= 100776745 (By product property of exponents).

= 1057767,

Therefore, log 598.000 = 5.7767.
Here, 5 is the characteristics and 0.7767 is the mantissa of the logarithm.
First, express 60.90 in scientific notation. That is, 60.90 = 6.09 x 10'.

Now, let us find the row which starts with 6.0 and find the column headed by 9.
Thus, we read 7846 at the intersection of the row starts with 6.0 and the column
headed by 9 as shown in the table given above. Thus, log 6.09 = 0.7846.

60.90 =6.09 x 10'..... (Expressing the given number in scientific notation).
=10%7¢ % 10" .............. (From common logarithm table, we obtain
log 6.09 = 0.7846).
= 1007846 . (By product property of exponents).
= 1017846

Therefore, log 60.90 = 1.7846.
Here, 1 is the characteristics and 0.7746 is the mantissa of the logarithm.
First, express 3,940,000 in scientific notation. That is, 3,940,000 = 3.94 x 10°.

Now, let us find the row which starts with 3.9 and find the column headed by 4.
Thus, we read 5955 at the intersection of the row which starts with 3.9 and the
column headed by 4 as shown in the table given above. Thus, log 3.94 = 0.5955.

3,940,000 = 3.94 x 10° ... (Expressing the given number in scientific notation).
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=10%%% x 10°...... (From common logarithm table, we obtain
log 3.94 = 0.5955).
= 100395 (By product property of exponents).

= 1065955,

Therefore, log 3,940,000 = 6.5955.
Here, 6 is the characteristics and 0.5955 is the mantissa of the logarithm.

EXERCISES

1. Find the common logarithm of each of the following numbers using common

logarithm table.

(a) 19.50 (d) 89,400
(b) 1090 (e) 959,000
() 9,080 (f) 6,790,000

2. Write the mantissa and characteristic after finding the logarithm of each of the
following numbers.

(@ 75 (d) 405,900
(b) 890 (e) 955,400
(c) 95,000 (f) 2,785,000

2.11 EVALUATING LoGARITHMIC EXPRESSION

To evaluate and simplify logarithmic expressions we can always use the propreties
discussed in section 2.8

ExAMPLE 58

The following statements describe the relationship between logarithmic form an
exponential form.

2 1
(a) 25225(:)10g255:% (c) {62 :5<:>log6255:Z
: SO 1 -1
4P _2 2 _1 (d) 273 =—<log, —=—
(b) [—] =—&log, —=— 827
9) 37 %373 3 33
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ExaMPLE 58

Evaluate each of the following logarithms

1
() log, 2 (b) log, /49 © log,J&
5 8 32
Solution
27 X —x
(a) Letlog,® =x& [i] :2@ [2] — [ﬂ]
5] 9 8 4 8
—2x 3
A [E] :[3] <:>—2x:3<:>x:_—3
2 2 2
Therefore, log, 27_23 ,
8 2

1 2

(b) Let log73/E:y(:>7y:%/E@W:@?@W:ﬁ (:)y:%
3 2
Therefore , log7\/4— :g.

(c) Let logli/g:y (:)[%] :[3%]3 o (2,3)y _ (275)5

= _
&2 =23 <:>—3y:T<:>y:§

9
Therefore, log, ,#L = 2
sV32 9

As we have seen from the definition of logarithmic function, it is the inverse of
exponential function. Thus, the basic laws of exponents have their counter parts for
logarithms. A summary of these laws was given in section 2.8:

EXERCISES

1. Evaluate each of the following by using the above properties.

(a) log, (16x 32) (b) 2log38



Indices and Logarithms -

() 10log,,100 (H log32
1 (g) log,8
(d) log, [3—2] 1

(h) log,4x log2

(©) log [%]
1 8 1) log 8

2.12 BASE 10 LOGARITHMS
The common logarithm of a number x is the power or exponent to which “10” has
to be raised to be equal to x.

Logarithms to base 10 are called common logarithms.

. . 1 1
In the expression 10" the exponent x can be negative. For example, m and 00 are

the same as 10" and 102, respectively. Their logarithms are the exponents —1 and —2.

ACTIVITY 9

1. If the base of the logarithm is 10, then:
(a) What is the logarithm of 100,000?
(b) What is the logarithm of 107?

2. When the base changes from 10 to a, then:

(a) What is the logarithm of 1? (b) What is the logarithm of a"?
3. Compute the following common logarithms. .
log 10 log—
(@) log © logrs
(b) logl (d) log 0.00001

ExaMPLE 58

(a) log, 1000 =3 is equivalent to 1000 = 10°, where 10 is the base 3, is the exponent
and 1000 is the number.

1 . . 1 _ . .
(b) log,,—— =—3 is equivalent to ——=10"", where 10 is the base, -3 is the
1000 1000

exponent and —— is the number.
1000
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A common logarithm is usually written without indicating its base, 10. That is,
log,,x is simply denoted by log x. For example, log, 19 can be written as log 19 and
log,, 100 can be written as log 100.

DEFINITION

For any x > 0, the common logarithm of x is defined as logarithm of x to the base 10.
That is, log,x or log x.

ExaMPLE 58

Find the following common logarithms.

(a) log10,000 (¢) log0.00001
(b) log 1,000,000 (d) log 0.000001
Solution

(a) log 10,000 = log 10,000 = 4, because 10* = 10,000.
(b) log 1,000,000 = log1,000,000 = 6, because 10° = 1000,000 .

R 10°7°.
100000 10°

1 :%:10—6_
1000000 10

(c) log,, 0.00001 =1log 0.00001 = — 5, because 0.00001 =

(d) log,, 0.000001=1log 0.000001 = -6, because 0.000001 =

EXERCISES

1.  Write each of the following numbers in an exponential form with base 10.

(a) 10, 000 © —1
1,000,000
(b) 10, 000,000 (d) 0.00000001
2. Find the logarithm of each of the following numbers.
(a) 10,000,000 (c) 0.0000001
(b) 108 (d 107
3. Compute the following common logarithms.
(a) log0.1

(b) log 10000000
1
0000

(©)  log— log 0.0000001

86
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4. Compute the following common logarithms.

1 1

(a) log(100 x 1000) (e) log [E X m]

1 1
(b) log 100 + log 1000 (H) logﬁ + logm
(c) log(10° x 107) (g) log(0.001 x 0.00001)
(d) logl0° +logl0’ (h) 1log0.001 +log 0.00001

5. Use the definition of the logarithmic function to find the value of x.

(@) log,x=3 (c) log 1000=3
(b) log,,x=-5 (d) log 10000 =-4

Using scientific calculator
The “Log” function on a scientific calculator is a key that allows s

us to work with logarithms. Logarithms are ways to figure out o
what exponents we need to multiply into a specific number.

For example, using the “Log” function on the number 100 el . -
would reveal that we have to multiply the base number of 10 |EEaE o
by itself two times to be equal to the number 100.

The following steps are important to find the logarithm of a
number using scientific calculator.

Step 1 : Type the number into the scientific calculator.

Step 2: Press the “Log” button on the calculator. The number
immediately seen on the screen is the exponent for the original number we entered.

Assuming that the base number is 10, to find the given original number we have to
multiply 10 by itself the number of times we see on the screen.

ExAMPLE 58

Find the logarithm of 10,000 using the scientific calculator.

Solution

Step 1: Type the number 10,000 into scientific calculator.

Step 2: Press the “Log” button on the calculator.

So, pressing “Log” will result in the number “4” appearing on the screen.
To check it, perform the product: 10* =10 x 10 x 10 x 10 = 10000.
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ExaMpPLE 58

Find the commonlogarithm of each of the following numbers using scientific calculator.

(a) 190 (b) 97.50 (c) 6,470 (d) 980,000
Solution
(a) 190 =19x10%........ (Expressing the given number in scientific notation).

= 107788 x 10% ...... (Type 1.9 into the calculator and press “Log”,
you obtain 0.2788).

= 10027882 ... (By product property of exponents).
= 102.2788
Therefore, log 190 = 2.2788.
(b) 97.50 =9.75x10"...... (Expressing the given number in scientific notation).
=10%%0x 10" ...... (Type 9.75 into the calculator and press
“Log”, you obtain 0.9890).
= 10098901 . (By product property of exponents).
= 10198%
Therefore, log 97.50 = 1.9890.
(c) 6470 =647 x10°....... (Expressing the given number in scientific notation).
= 100819 x 10% ...... (Type 6.47 into the calculator and press
“Log”, you obtain 0.8109).
SBIEE s (By product property of exponents).
= 1038109
Therefore, log 6470 = 3.8109.
(d) 980,000 =9.8 x10°...... (Expressing the given number in scientific notation).
=102 x 105 ...... (Type 9.8 into the calculator and press
“Log”, you obtain 0.9912).
=105 (By product property of exponents).
— 105‘9912

Therefore, log 980,000 = 5.9912.

EXERCISES

1. Express each of the following numbers in scientific notation.
(a) 259 (c) 405.90 (e) 829,000
(b) 5.06 (d) 87,950 (H 2,095,000
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2. Use common table of logarithm to compute the following.

log 50 (e) log65
log 29.5 () log729

3. Find the common logarithm of each of the following numbers using scientific

(a) log2.49
(b) log1.27
calculator.

(a) 2.85

(b) 79.50
(¢) 3,950

(d) 75,800
(e) 247,000
) 1,002,000

2.13 LoGARITHMIC OF NUMBERS GREATER THAN 10
AcTivity 10

1. How does scientific notation differ from standard notation?
2. Write each of the following numbers in scientific notation.

(a) 607.8

(c) 768000 (d) 9,032,000

3. Write each of the following numbers in scientific notation.

(a) 8329

(b) 3.5 x 10* x 4.8 x 10°

(c) 2.5 x 10° + 4.8 x 10°
(d) 9.45 x 10°— 3.2 x 10°

4. Find common logarithm of each of the following numbers.

(a) 25
(b) 109

(c) 2,950
(d) 590,000

Scientific notation is a way of expressing any number, especially a very large or a
very small number, in a concise and convenient fashion using powers of 10.

A way of expressing numbers N in the form N =a x 10", where 1 <a <10 and n is

an integer, is said to be scientific notation.

ExaMPLE 58

Express each of the following numbers in scientific notation.

(a) 8,560

(b) 489.5

Solution

(a) 8,560=28.56 x10°
(b) 489.5=4.895 x 10?

(c) 56,109
(d) 1,725,000

(c) 56,109 =5.6109 x 10*
(d) 1,725,00 = 1.725 x 106



- Mathematics — Grade 11 Textbook

2.14 LoGARITHMS OF NUMBERS BETWEEN 0 AND 1

Any number N between 0 and 1 can be expressed in the form N = a x 10", where
1 <a <10 and 7 is a negative integer. In other words, any number N between 0 and
1 can be expressed in the form

N=ax 10", where 1 <a < 10.

1. Identify the numbers that are greater than 1 and the numbers that are between 0 and 1.

(a) 0.99 (c) 12.09 (e) 0.90099

(b) 1.0001 (d) 0.00009 (f) 27.0009
2. Write each of the following numbers in scientific notation.

(a) 0.025 (c) 0.00005 (e) 0.0000095

(b) 0.00890 (d) 0.9032 () 0.10200000
3. Find the common logarithm of each of the following numbers.

(a) 0.1 (c) 0.00295

(b) 0.105 (d) 0.000099

4. Consider the following table and study the relationship between the number of zeros
to the right side of the decimal point and the characteristic of the logarithm.

Number Scientific notation Characteristic
0.7285 7.285 x 107! -1
0.07285 7.285 x 1072 -2
0.007285 7.285 x 1073 -3
0.0007285 7.285 x 10+ -4
0.00007285 7.285 x 107 5

5. Write the characteristic of the logarithm of each of the following numbers.
(a) 0.54 (b) 0.1045 (c) 0.00030 (d) 0.0000205

The characteristic of the logarithm of a number between 0 and 1 is negative.

ExampLE 58
Find the common logarithm of 0.000457.
Solution

Since the number of zeros on the right hand-side of the decimal point is 3, the characteristic
is —4. Its mantissa is obtained in the table of common logarithm as 0.6599. Therefore,
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the characteristic and the mantissa of the logarithm of 0.000457 are —4 and 0.6599
respectively.

So, we have a logarithm whose integral part is negative and the decimal part is positive.
Therefore, log 0.000457 = -3 + 0.6599 = -2.3401.

ExaMPLE 58

Find the logarithm of each of the following numbers using table of common logarithm.
(a) 0.60 (b) 0.0197

Solution

(a) First, express 0.60 in scientific notation. That is, 0.60 = 6 x 107

Now, let us find the row which starts with 6.0 and find the column headed by 0.
Thus, we read 7782 at the intersection of the row which starts with 6.0 and the
column headed by 0 as shown in the table given above. Thus, log 6.0 = 0.7782.

0.60 =60x10"........ (Expressing the given number in scientific notation).
=10%7"8 % 10" ........ (From common logarithm table, we obtain
log6.0 = 0.7782).
= 10077825 (By product property of exponents).

— 10—0.2218
Therefore, log 0.60 = — 0.2218.
Since log 0.60 = (-1) + 1 — 0.2218
=(-1)+0.7782,
—1 is the characteristics and 0.7782 is the mantissa of the logarithm.
(b) First, express 0.0197 in scientific notation. That is, 0.0197 = 1.97 x 10

Now, let us find the row which starts with 1.9 and find the column headed by 7.
Thus, we read 2945 at the intersection of the row which starts with 1.9 and the
column headed by 7 as shown in the table given above. Thus, log 1.97 = 0.2945.

0.0197 =1.97 x 102 ... (Expressing the given number in scientific notation).
=10%% x 102 ......... (From common logarithm table, we obtain
log1.97 = 0.2945).

= 1002452 ... (By product property of exponents).

= 10-1:7055
Therefore, log 0.0197 = — 1.7055.

log 0.0197 = (-2) + 2 — 1.0.7055 = (-2) + 0.2945. So, -2 is the characteristics and
0.2945 is the mantissa of the logarithm.



- Mathematics — Grade 11 Textbook

ExaMPLE 58

Find the commonlogarithm of each of the following numbers using scientific calculator.
(a) 0.00985 (b) 0.000029

Solution

(a) 0.00985 =9.85 x 107 .... (Expressing the given number in scientific notation).

=10%3 % 107 (Type 9.85 into the calculator and press “Log”,
you obtain 0.9934).
= 1009834 (By product property of exponents).

— 1020066

Therefore, log 0.00985 = —2.0066.
(b) 0.000029=2.9 x 10°... (Expressing the given number in scientific notation).

= 10%462* x 10-° (Type 2.7 into the calculator and press “Log”,
you obtain 0.4624).

= 10046245 ... (By product property of exponents).

— 1045376

Therefore, log 0.000029 = —4.5376.

EXERCISES

1. Express each of the following numbers in scientific notation.

(a) 0.25 (f)  0.0000012

(b) 4.95 (2) 2.8x10°x3.4x10%
(c) 209.50 (h) 1.528 x 102 +4.5 x 10°!
(d) 0.007950 (i) 7.25x10% —4.59 x 10?

(e) 0.0008295
2. Use common table of logarithm to compute each of the following.

(a) log0.45 (d) log 0.00275
(b) log0.029 (e) log0.000093
(c) log0.80 () log0.729
3. Find the common logarithm of each of the following numbers using common
logarithm table.
(a) 205 (c) 0.25 (e) 0.000405
(b) 7.5 (d 19 (H 0.125
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(g) 0.075 (1) 0.002090 (k) 0.0959
(h) 0.1090 (G) 0.000450 (I) 0.000068
4. Find the common logarithm of each of the following numbers using scientific
calculator.
(a) 0.395 (c) 0.00895 (e) 0.000054
(b) 0.0795 (d) 0.0005 () 0.00000729
5. Find the mantissa and characteristic of the logarithm of the following numbers.
(a) 0.45 (c) 0.0099 (e) 0.000955
(b) 0.09 (d) 0.000405 () 0.0000785
. Indices . Characteristics
° Exponential growth ° Common Logarithm
° Negative powers . Properties of indices
° Rational power . Population growth
. Logarithmic function . Bacteria growth
° Logarithm table . Laws of logarithms
° Base ° Exponent
. Power . Scientific notation
° Mantissa ° Compound interest
° Index

SUMMARY

° If a is any real number and # is any natural number, then the n™ power of a,
denoted by a”, read as “a to the power of n” is defined as:
a'=axaxax..xa

[ —)
n factors each equal to a

. In the expression a”, a is called the base, 7 is called the index or exponent and
a" is the power.

. The growth of population, P, at the end of ¢ years with growth rate » can be
given by the formula:
P=P(1+r),
where P, is the original number of populations.
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If a principal P is invested at an annual rate of 7, compounded annually, then
the amount after ¢ years is given by

A=P(1 +r)
An exponential growth or decay function is a function that grows or shrinks
at a constant percent growth rate. The equation can be written in the form

y = ab’,
where, a is the initial or starting value, b is the growth factor and x is the
number of time intervals that have passed.

Any nonzero number raised to a negative exponent is the reciprocal of the

. " . a1
same power with positive exponent. That is, fora#0andn >0, a” =—.

al’l
. 1
(i) Fora#0,a'=—.
a
(i1))  Ifaand b are nonzero real numbers, then it is always true that for n > 0.

i) -G

The Product Property of indices

(i) For any real number a and natural numbers m and n, the product
property of indices states that
amx an — am+n
(i)  For any real number a and natural numbers m and » such that m > n,
the quotient property of indices states that

(iii)  For any real number @ and natural numbers m and 7, the power property
of indices states that
( am)n = am'n
(iv)  For any real numbers a and b and a natural number 7, the power of a
product property of indices states that
(ab)' = a'b"
(v)  For any real numbers a and b and a natural number n, the power of a
quotient property of indices states that

[z]" _a
b b"
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(vi)  For any nonzero real numbers a, the zero-index property of indices
states that

a=1.
1

If n is a positive even integer and a is positive, then a” denotes the positive

real n™ root of @ and is called the principal n™ root of a. If n is a positive odd
1

integer and a is any real number, then a” denotes the real n* root of .

If m and n are positive integers, then

m "
an — an
1

provided that a" is a real number.

(i) a” is not real when « is negative and # is even. According to the
3 3

definition of rational power, expressions such as (—=16)2, (—29)*,
5 2

(—64)% and (—1)* are not defined because each of them involves an
even root of a negative number.

(i1))  For a fixed positive number b # 1 and for every real number a > 0,
c=log, aifand only if b= a
If x and a are positive real numbers such that @ # 1, then y = f'(x) = log x
is called the logarithmic function with base a, and y = log_ x if and only if
a’=Xx.
Basic Properties of the Logarithmic Functions f(x) = log,x; b>0and b # 1
(i)  The domain is the set of all positive real numbers., {x € R:x >0},
(i)  The range is the set of all real numbers, R .
(i11))  The graph intersects the x-axis at a point (1, 0). Thus, the x-intercept
is (1, 0).
(iv)  The graph never cross or touch the y-axis. Thus, there are no
y-intercepts.
(v)  The graph is smooth curves and continuous with no corners and gaps.
(vi) Ifa>1, then the logarithmic function is an increasing function.

(vil) If0<a <1, then the logarithmic function fis a decreasing function.
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(viii)  (a) If0<x <1, theny=log,x <0 andy=—log, x> 0.
(b) If x> 1, then y =log,x >0 and y = —log, x < 0.

° For any x > 0, the common logarithm of x is defined as logarithm of x to the
base 10. That is, log, x or log x.

. The common logarithm of a number x is the power or exponent to which
“10” has to be raised to be equal to x. Logarithms to base 10 are called
common logarithms.

° A way of expressing numbers N in the form N = a x 10", where 0 <a < 10
and » is an integer, is said to be scientific notation. If a number is greater or
equal to 1, then n which is the power of 10, is positive.

EXERCISES

1.

Write the simplified form of each of the following expressions.

2 3 373
(a) 27 (c) 27 (e) [3] (@ 5=
-3
2\ 3
(b) -2 @ -2 (0 [—] (h) [5]
3
Use the properties of indices to simplify each of the following expressions.
_6 x
(a) 3*x3° (d) @b (0 L G 2
\ a 4
1
(b) [83] () (Bm’y (h) &y ) 77
7x74
% RN p73q71r2 x|
() 236 H |2 i 220 () [—]
16% 2x %y pqr
Simplify:

81x °y 2 B -
(a) Xy Xy
27x—3y—5 x3y2
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Change each logarithmic form to an equivalent indicial form.

(a) log,27=3 (e) log,32= %
1
(b) logg, 4= 5 6)) log,, 32 = g
1
(C) 10g2 i = _5 (g) 10g10 1 = O
(d) log, —= 4 (h) log,0.0001 =—4
>81 3

Sole for x.

(a) log,x=7 (e) log,128=x (i) log, 8l=x
2] : 3

(b) log,8l=x ()  log,s 5 =X (1) log,x= 5

(c) log,9=x (g) log,0.0001 =x

(d) log,x= % (h) log 8=3

Use laws of logarithms to write each of the following expression as a single
logarithm.

(a) log,, 3 +log 25 (d) log x’+log bx*
(b) log 24 —log, 8 () 3log, x+2log, y
(c) 3log,5—2log, 15 (f) log, x’y —log x)°

Given that x = 27 and y = 44

(a) Express 32xy as a power of 2.

(b) Find log, (x*)’) in terms of p and g.

Simplify each of the following logarithms.

(a) log,2xlog, 3 xlog, 4 xlog 5 xlog, 6 xlog, 7
(b) log,1024 - Tog, 16

(c) log, 21 +1log, 77 +log, 88 —log, 121 —log, 24
(d) 3log?+2log,3 - 6log,, 4

Evaluate each of the following.

9 3
log——2log —
Bg 4%

@ log12 —log6 (¢) logg25 (log 3 + log, 2) x log,10
d) 31 25 71 5 1 6
(b) log8+log5—log4 (@) 3log,, 27 —2log,, o=+ logy,
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10.

I1.

12.

13.

14.

15.

Express each of the following numbers in scientific notation.

(a) 0.28 (f)  0.0000038

(b) 8.95 (g) 3.5x10*x2.8x 107
(¢) 909.50 (h) 4.58 x 10" +4.58 x 10?
(d) 0.005790 (i) 9.35x10*—5.28 x 10*

(e) 0.0008925

Find the logarithm of each of the following numbers using table of common
logarithm.

(a) log4.39 (e) log 0.000405 (1) log 0.002090
(b) log9.5 (f) logl125 (G) log0.00888
(¢) log0.35 (g) log 500

(d) log27 (h) log0.99

Given thatlog 2 =x, log 3 =y and log 5 =z, express the following expressions
in terms of x, y and z.

(a) log?25 (b) log4.8 (¢) log6.25 (d) logl14.4
Using a scientific calculator, find the following logarithms.
(@) log, 28 (b) log,9 (c) log, 29 (d) log, 45

The predicted population of a certain city is given by P =200, 000°%, where
t is the number of years after 2020. Predict the approximate population for the
year 20257

If L$80,000 is invested at a rate of 4% compounded yearly, then what is
approximate amount of L$ at the end of 3 years?
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Chapter Outcomes

By the end of this chapter, you will be able to:

define and discuss surds;

simplify surds;

simplify products and quotients of surds;

define compound interest in relation to simple interest;
define and discuss interest formulae;

define and discuss depreciation and hire purchase.
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Introduction

In this topic, we will learn about square roots of whole numbers which produce
irrational numbers, that is, numbers which cannot be written as fractions or as a ratio
of two positive integers. These are called surds. The concept of surds with basic
operations has been introduced in this topic. In addition, we will learn about simple
interest and compound interest.

In chapter 2, you studied about the concept of base and index and laws of indices.
In this sub topic, you will learn about surds which are numbers whose square roots
cannot be determined in terms of rational numbers.

HistoricaL NOTE

It is known that AL-KHWARIZMI (the Persian guy who we get the name
“Algorithm” from) identified surds as something special in mathematics
and this mute quality of theirs.

In or around 825 AD he referred to the rational numbers as ‘audible’ and
irrational as ‘inaudible’... this was later translated to the Latin surdus
(“deaf” or “mute”). So, “surd” is derived from the Latin surdus.

Square roots of numbers that cannot be simplified into whole numbers are called
surds. Irrational numbers which are in the form of roots are called surds. For example,

V2. 5. 5. 7. = and V6 are imrational

i 2
numbers while \/_ \/— \/— and \/— are . What is rational number?

tional b recurring decimal?
rational numbers. C .
2. What is irrational number?

Group Work 3.1 3. What are fractional indices?
1. Discuss the conclusion that “if it 4. What is the exact result of 4
is a root and irrational, it is a surd. and /5 ?
But not all roots are surds.” 5. Determine whether each of the
2. Are indices, surds and logarithms following numbers is a surd.
closely related? Present and (@) 2 (e) V16
explain your answer to your group. (b) V4 ® 9
3. Distinguish between rational and () V6 (2) V25
irrational numbers. (d) V13 (h) V32
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Surds are nothing but square root representation of irrational numbers that cannot be
expressed in fractional or recurring decimals

DEFINITION

A general surd is an irrational number of the form a(/; , where a is a rational number and

4/; is an irrational number, where 2/ is called a radical.

ExampLE 1

Determine whether each of the following numbers is a surd or not.

(@ 7 (©) V12
(b) o d 15
Solution

When we express surds, we have to fix the decimals, and we get nonterminating and
nonrecurring decimals.

(a) V7 =2.6457513.... Since this decimal is not recurring, /7 is a surd.
(b) Jo=3x3=3....... Since 3 is a whole number, NG is not a surd.
(c) J12 =3.4641016 . . .. Since this decimal is not recurring, V12 is a surd.
(d) J15 =3.8729833 . . ... Since this decimal is not recurring, V15 is a surd.

As we can see from the above example, the surds have a decimal which goes on
forever without repeating, and that makes them irrational numbers.
Key Point

e  [fapositive whole number is not a perfect square, then its square root is
called a surd. A surd cannot be written as a fraction.

®  Asurdis an example of an irrational number.

EXERCISES

1. Convert the following rational numbers to decimals.

3 42 3

(a) 5 (C) 3 (e) 7 Z
3 7 1
(b) 5§ (d) o ® 107

102
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2. Convert the following rational numbers to fractions.

(a) 0.12 (c) 0.8 (e) 0427
(b) 0.96 (d) 0.53 ) 0.125
3. Determine whether the following real numbers are rational or irrational.
() 8 (© 36 © |8

25
®) 14 (d) g ) Jsa

4. Determine whether the following real numbers are surds or not.
(@) 21 (©) o4 (e) 21
b V27 (CRNED () ios

5. Decide if the following numbers are surds.

39 12 V75
@ 2 © (= © 2
N J30 162
(b) - (d) T (f) >

3.2 REpucTION OF SURDS TO BAsic ForMm

If Va cannot be reduced any further, it is said

to be in its basic form. For example, V2 , 3 , L. List all perfect square numbers

.. . up to 100.
V11 . f . . .
\/g ’ ﬁ ’ » efc. are surds in its basic forms 2. Write the highest square factor

Before \/; can be reduced further, “a” must of 24, 45, 50 or 80.
contain a factor which is a perfect square. 3. Write the following surds in the
Let us take some other surds which are a bit Sy 51 .
complex such as J32. & ‘/371 (d) 344

b) 5v24 €) 545
32 =J16x2 =/4x4%x2 =42,  Here, () () 54

c
V2 is a surd. Therefore, 4+/2 is also a surd. (©) o8 (H s00

So, we can say that if any number is in the
form of a\/; , where /p 1s a surd then a\/; is also a surd.

103
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Knowing the common square numbers like 4, 9 16, 25, 36, ..., 100 is very helpful
when simplifying surd expressions.

Surds can be simplified if the number within the surd has a square number as one
of its factors.

EXAMPLE 2

Write the highest square factor of the following numbers.

(a) 48 (c) 98
(b) 75 (d) 125
Solution

(a) The highest square factor of 48 is 16 because 16 x 3 = 48.
(b) The highest square factor of 75 is 25 because 25 x 3 =75.
(c) The highest square factor of 98 is 49 because 49 x 2 = 98.
(d) The highest square factor of 125 is 25 because 25 x 5 = 125.

ExAaMPLE 3

Write the following surds in the simplest form.

(@) 20 (b) 32 () 75 (d) /300
Solution

(@) V20 =4x5 =Vax5 =2x5 =25.

(b) 32 =16x2 =16 X2 =4x2 =42,

(©) V75 =425x3 =/25x/3 =5x/3 =53.

(d) /300 =100x3 =100 x+/3 =10x+/3 =103 .

Key Point

®  When simplifying surds, look for square factors of the number inside the
square root and then use

(1) axa=a

(i) axb=ax~b
a a

(111) ;Zﬁ

104
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ExampLE 4
Write the following surds in the simplest form.
© S0 @ =
(a) 2418 (b) 3200 6 9
Solution

(@) 218 =2/9x2 =2x/9x~/2 =2x3x2 =62 .

(b) 3v/200 =3100x 2 =3x/100 x/2 =3x10x~/2 =303 .
54/80 _ 5J16x5 _5><\/E><\/§ _5><4><\/§ _20><\/§
=== _

© 6 6 6 6
_Zx10x+5 1045
7 x3 3

75 _ 75 _\25x3 _V25x43 _ 5x43 543

“ o 3ixs 3 33

EXAMPLE 5

Express each of the following surds as a square root of a positive integers (or as /n )

(a) W2 (b) 243 (c) 45 (d) N
Solution

(2) 32 =3x3x2 =/9x2=1/18.
(b) 23 =V2x2xB3=v4x3 =12
() 45 =Jaxax~/5 =16x/5 =/80.
(d) 5v7 =/5x5x7 =V25x7 =175

EXERCISES

1. Find the highest square factor of each of the following numbers.

(a) 96 (b) 175 (c) 162 (d) 720
2. Simplify the following surds.
(@) /80 ) 128 (@) 147 () 405
(b) 500 © 175 (h) o7 (k) <363
(©) 98 ®  f20 @ 12 () 338

105
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3. Simplify the following surds.

(a) 524 ©) 5V4s (€ 398 @) 2463
(b) 344 ) 63200 () 4125 (h)  74/80
4. Simplify the following surds.
@ 2 @ B @ 2% G A0
7
B G @ MR w0 M
© 480 n B G &
5. Simplify the following.
12 80 56 27
(a) 5 (©) ? (e) % (g) E
18 45 15 12
® 5 @ 5, M = 0
6. Express the following surds as a square root of a positive integer (or as Jn )
@ V2 © 82 (€ 1037 (g 1243
(b) 73 ) 910 H 113 (h) 16v5

3.3 ADDITION AND SUBTRACTION OF SURDS

Surds can be added or subtracted only if they are like surds, that is, if they have the

same value under the radical sign.

ExAMPLE 6

Simplify each of the following
(@ 3V2+72
(b) 123-73

Solution

(@) 3W2+72=CB+72=1012.
(b) 1243-73= 12-7)3=5\3.

106

(©) 72 +32
(d) 675 —192
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(©) V72432 = V36x2 +/16x2 = 36 x/2 + /16 x+/2 = 65/2 + 442
=(6+4)2=102.

(d) V675 192 = V225x3 —\/64x3 = 225 x /3 — /64 x /3
—15v3 —83 =(15—8)\3= 73 .

Key Point

In general, we have addition or subtraction law of surds with the same radicals.

1.  Addition law of surds with the same radicals

ab +e\b =(a+ )b .

2. Subtraction law of surds with the same radicals.
a\/g—c\/zz(a—c)\/g,

ExAaMPLE 7

Simplify each of the following.

(@ 6V3+43+543 (©) 243 12 + 275
(b) 8/5—3V5+25 (d) ~200 ++/8 —/32
Solution

(@) 6\3B+43+5V3= (6+4+513=15/3.
(b) 8535 +25=(8—3+25=75.
(©) N243 — V12 +24/75 = /81x3 —/4x3 + 24/25%3
= BIx\3—V4xB3+2425%x3
= 9x/3-2x3+2x5x/3=9V3-2/3+10+3
= (9-2+10\3=17/3.
(d) ~200 ++/8 =32 = V100x2 +~/4x2 —/16x2
= 100 x+/2 + V4 x2 =16 x+/2
= 10x+2 +2x~32—4x2 = 1042+ 242 - 42
= (10+2—4)2=82.
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Note

(D \/Z—i—\/Zi\/a—i—b (IT) \/_—\/Zixla—b

ExAMPLE 8

Simplify each of the following.

(a)

5v2 +43 + 682 - 243 (b) 83+2J7—53-47

Solution

(@) 5V2+43+6\2-23 =52 +6/2+43-23

= 5+ON2+(@—2V3 =112 +243.

(b) 8V3+247 —5V3 - 47 = 8353+ 27 —-4/7

= B=V3+2-HVT = 3327,

EXERCISES

1.

4,

108

Simplify each of the following.

(a) 15636 — 46 d) 8345373

(b) 711 +6311-3411 (€ 35-8/5+245

© 35-7J5+9/5 ® 5310 - 7310 + 3410
Simplify each the following.

(@) 56 ++24 35 @) 7V3+4a5+33 -5
(b) V50 +6v3-+/8 @ 5V2+63-32+43
(©) 810 +4y5 90 (0 6vs+211-3J5 11
Simplify each the following.

(a) 10v5-4V3-53+25 (d)  ~28+~27 +/63 4412
(b) 611310 — 411 - 210 (e) 85 —~20++/45-5V6
© 3W12+248 50 -+/75 0 J72-8+83 108
Expand and simplify each of the following expressions.

@) ~23++/6) d)  Q+V3)a+3)

(b) V62 ++/8) @ (B=5)3+2V5)

(©) 327 ++12) 0 B+v2)8-+2)
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3.4 PropucT AND QUOTIENT OF SURDS
The product of two unlike surds cannot be rational. Let Ja and Jb be unlike
surds, then +/a x~/b cannot be rational number. In like manner, the quotient of two

unlike surds cannot be rational. Let va and /b be unlike surds, then Ta cannot
b

be rational number. In this sub-topic, we will learn the product and quotient of surds.

Product of surds

In multiplying surds, surds are combined using multiplication rule to write as a
single surd, simplified where possible.

AcTIviTy 3

1. Use calculator to find a decimal approximation for V5x+7 and for |35 .

2. What do you notice about the result from question 1? Try other pairs of surds to see if
your conclusion is correct.

3. Simplify the following surds.

(a) V3x+5 (b) Joxiis (©) V5x320 (d) V80x+50
4. Simplify each of the following.

() 2/3x35 (b) 5v7x2y7 (©) 3V2x248 (d) 2/3x5/27
5. Simplify each of the following.

(@) V8x/6x~2 (©) \/g(\/a—i-\/g)

(b) 242x3V2x+3 (d) 2v2(72 —13)

When simplifying surds such as V48, we write V48 =v16x3 =16 x~/3 = 4x+/3
— 43 , Where we use the fact that \/axb = Ja x~/b . This can be used in reverse to
simplify the product of two surds.

We know that: \/Exﬁzz; \/Ex\/gzxand \EX\E:S.

So, multiplying surds that have the same number inside the square root gives a
rational number.

Suppose we were asked to simplify the expression /300 x NEE
300 x4/50 =+/100x3 x /25 % 2 = /100 x~/3 /25 x 2
—10x+/3x5xv2 =10x5x3x2 =506 ,

which cannot be simplified any further.

When multiplying surds, we simply multiply the numbers inside the square roots.
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Key Point
®  The following formulas may be used to simplify expressions involving
surds:
() VaxVa=a (iil)  avd xbd = ab\Jd*
(i)  ~Naxb=1lab
ExAMPLE 9

Simplify each of the following.

(a) J6x+24 (b) 342 x 24/54 (©) J5x~10x2 (d) V2 x3V2 %3

Solution
(a) JEXJZ_ZMZMZWZ\/EX\/EZIZ
(b) 32 x2/54 =3x2x2 x/54
— 6x\2x54 — 6x~/36x3 = 6x/36 X3 = 6x6x/3 =363
(© V5xV10x3/2 =4/5x10x2 =100 = 10x10 =10 x+/10 =10.
(d) \/5x3\6><x/§:3x\/m:3x\/§x\/§x\/§:3x2x\/§:6\/§,

ExampLE 10

Simplify each of the following.

(a) 318 ++/8) (b) 232(32 -/8)
Solution

@ VBH/18+8) =3x8 +3x+8 =\3x18 +3x8 =54 +24
— J9%6 +ax6 = VI X6 +34x~6 =3x/6 +2x/6
=36+ 246 =56

() 2v2(\/32 —/8) = 242 x/32 = 24/2 x+/8 = 24/2x32 —2/2x8 =264 — 2416
ZZXM—ZXM :2><\/§><\/§—2><\/Z><\/Z

=2x8—-2x4 =16—8=38.

Quotient of surds

In dividing surds, surds are combined using division rule to write them as a single
surd, simplified where possible.
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Suppose we were asked to simplify the
1. Divide the following surds. expression \/M+ \/%:
@ V842 (©) 80 ++45
(b) Vi8++6 (d) i08++32 ~— /2000
)N ) V2000 = /40 =
2. Simplify each of the following. \/E
a) 1243 +3v2 C) 3v2 +248 2000
(@) 124332 (©) 32248 _ /350 =352

(b) 9y5x345 (d) 3v6 =527

3. Determine whether the simplified

forms of each of the following = \/5 X \/5 =5x \/5 = 5\/5 , which
expressions are rational or irrational.  cannot be simplified any further.

(a) V80++20 (d) 3V10+2V45 When dividing surds, we simply divide
(b) V50 ++12 (e) 332+58  the numbers inside the square roots.

(c) V75448 (f) 3450 2418

Key Point
° The following formulas may be used to simplify expressions involving surds:
(i) Ja+a=1.

i Y L LR
(i) ﬁfﬁ_ﬁ—\g—m-

\/Z a |b
(i) abrefa =222 |2
C\/Z c\d

ExampLE 11
Simplify the following expressions.
1245 326
@ Jie2=v27  (b) V2045 () — @ S5
Solution
(a) \B(J@+\/§)=\Bxﬁ+ﬁw§=\/3><18+\/3>< — /54 +~/24
— %6+ JAx6 = V9 x/6 +/4x1/6 =3x~/6 +2x+/6

=36+ 246 =56

(b) 242(\/32 —/8) = 242 x/32 — 242 x+/8 = 24/2x32 — 2/2x8 = 2/64 — 216
= 2X8X8 —2x+4x4 :2><\/§><\/§—2><\/Z><\/Z

=2x8—-2x4 =16—-8=8.
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Solution
\/@+\/7—:\/@ \/81x2:\/ﬁ \/7:9><\/§:2:§.

(a) V72 B6x2 36x+2 6x42 6 2

., Jas Y20 _ [0 _ JT J‘ 222

() V2045 == =5 = 373

© 1245 _ 12x/9x5 _ 12x49x45 _12x3x45 36 V5 _,
35 3x+5  3xd5 3x5 35
W26 _ 326 3 [26 3.5 32

()5J_ W s\ S 5

Rationalizing the Denominator

Another  technique to  simplify
expressions involving surds is to
rationalize the denominator. This means
removing a surd from the denominator.

In a fraction, if the denominator is
a surd, then we need to convert the
denominator into a rational number and
this conversion is known as rationalizing
the denominator. This changes the surd
denominator, which is irrational, into a
whole number.

The fraction L is a surd. To rationalize
NE)

the denominator, we multiply by the

fraction —3Which is equal to 1. When
NE]

we multiply by this number, we do
not change the value of our original
expression. We obtain

| \/Ezﬁ

370 B

-

112

1. Identify the denominator of each of
the following expressions.

2 25 V8

(a) 3 (c) o (e) 5

®*2 @k 0

5 9 32

2. Rationalize the denominator of the
following surds.

@L @B @B

b s i

b) 2 4 g

Or OF 95

3. Rationalize the denominator of the
following surds.

(a) ! ¢ __3
- Y EE
b) 4 d 2
()3_ﬁ ()@_@
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Key Point
.. a . )
° A fraction in the form of E, when the denominator \/Z 1s a surd.

° To convert a surd ﬁ into a rational number, multiply both the numerator

and the denominator by Jb . That is,

a \/; ax\/z a\/Z

NRRN AN AN S

ExampLE 12

Rationalize the denominator of the following surds.

(a) i i 10 \/g

(b) () ——= d) —
6 1
Solut\i/o_n \/g \/_5 \/E
8 _ 8 6 _ 8xJ6 sJo 4o
@ 5 V6 %6 Yoxdb 6 3
6 6 3 6x3 6
(b)) —==_"xX2 _ =—:26~
\/5 \6 3 \/§><\/§
(© 10 _ 10 JE 10x+/15 :10\E:£
W5 5 V15 Jisxdis 15 3
(d) ﬂzﬁxﬂ V8 % \/E_\/%:\/16x6:\/ﬁxx/g:4xx/g:£
Ji2 V12 V12 Jizxdiz - 12 12 12 12 3
Note

If the denominator of a fraction contains an expression of the form:

(1) Jn+m , then rationalize the denominator by multiplying both numerator
and denominator by vn —m.

(i1) Jn —m, then rationalize the denominator by multiplying both numerator
and denominator by Jn+m.

(111) Jn +m , then rationalize the denominator by multiplying both
numerator and denominator by Jn—m )

(iv) Jn—m, then rationalize the denominator by multiplying both
numerator and denominator by Jn ++Im.
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ExampPLE 13

Rationalize the denominator of the following surds.

(a) 4 (b)L
2-43 V3442
Solution
ot 4 2+\/_ 42 ++3) 4><2+4><\/§=8+4f_ as a3
2 \/’ 2\/’ 243 2-3)2+V3) 22-B)  4-3
) 6 f\f 6(x/3-+/2) _ 63 -632
ﬁ+f 2 B2 BB (B -2
B2 _ g o
3-2
EXERCISES

1. Simplify each of the following.

(@) Vi2x\3 (d) ~20x~/50 (g) SV8xa/32
(b)  24x+/75 (e) 632x3/8 (h) 58 x86
() ~2x+9%0 0 6J3x86

2. Simplify each of the following.
(a) 23G3+2) (©) 3545 -+20)
(b) 3232 +4/18) ) 2v6(2v3-+/12)

3. Simplify the following expressions.

(a) 125++/27 (d) 216418
(b) V728 () o2l
() 9612 () 20852
4. Rationalize the denominator of the following surds.
15 25 2
@ 75 (b) 7o (c) %
5. Rationalize the denominator of the following surds.
4 3 1

@ 5 O Fm © Fon
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(g) 4080 =85
(h) 9W15=33

J6
(d) 5
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3.5 ComPOUND INTEREST IN RELATION TO SIMPLE INTEREST

When money is deposited in a bank, it commonly attracts interest; in a similar way,
a borrower must normally pay interest on money borrowed. In this sub-topic, we
will learn compound interest in relation to simple interest.

ACTIVITY 6

1. What does the word percent mean?
2. What is rate of interest?
3. Suppose you deposit L$250 in a bank account paying 6%:
(a) simple interest and leave it for two years. What will be the balance on the account
at the end of that time?
(b) compound interest and leave it for two years. What will be the balance on the
account at the end of that time?
4. Inequation 3 above, is there any difference between part(a) and (b) of the the balance of
the account at the end of two years? So, what can you say about simple and compound
interest?

The money borrowed is called the principal, usually denoted by P.
The extra money paid is called interest, usually denoted by 1.

The amount of interest depends on the principal; that is the interest is certain percentage
of the principal. This percent is called the rate of interest, or rate.

When money is borrowed, the borrower agrees to pay back the principal and the
interest within a specified period of time.

There are two basic ways of calculating the amount of interest paid on money
deposited: simple interest and compound interest.
Simple Interest

If simple interest is paid, interest is calculated only on the principal P, the amount
deposited (the original capital sum).

ExamMpPLE 14

John invests L$2,500 in a bank account. At the end of the year his account is credited with
8% interest. How much interest had his L$2,500 earned in the year? two years? three years?

Solution
In one year, interest = 8% of L$2,5000

_ 8 1$2.500 = L$200
100
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Since the interest is calculated on the original deposit,

the interest in two years = twice of 8% of L$2,500

=2 xix L$2,500 = L$400
100

the interest in three years = three times of 8% of L$2,500

=3 xix L$2,500 = L$600 .
100

ExaMPLE 15

James invests L$14,000 in an account that pays 7% interest. After the first year he receives
L$840 interest. What is the value of r, the rate of interest?

Solution
After one year, the amount of interest = 7% of L$14,000

L$840 = —— x L$14,000
100

L$840x100=rxL$14,000

_ L$840x100
L$14,000

Therefore, the interest rate is 6%.

Compound Interest

When the interest due at the end of a certain period is added to the principal and that
sum earns interest for the next period, the interest paid is called compound interest.
This is when interest is added (or compounded) to the principal sum so that interest
is paid on the whole amount. Under this method, if the interest for the first year is
left in the account, the interest for the second year is calculated on the whole amount
so far accumulated.

ExamPLE 16
A certain firm deposits L$25,000 in a bank account paying 8% compound interest and
leaves it for three years. At the end three years what will be the balance on the account?
Solution
Balance after 0 years = L$25,000 ................ (Intitial deposit )
Interest: 8% of L$25,000 = L$2,000
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Balance after 1 year = 1.$25,000 + L$2,000 = L$27,000.
Interest: 8% of L$27,000 = L$2,160

Balance after 2 years = 1L.$27,000 + L$2,160 = L$29,160.
Interest: 8% of L$29,160 = 1L.$2,332.80

Balance after 3 years = L.$29,160 + L$2,332.80 = L$31,492.80.

ExAmPLE 17
Mary's invests L$12,000 in a bank account which pays interest at the rate of 6% per
annum. Calculate the value of her investment after 4 years.
Solution
At an interest rate of 6% per annum, the value of her investment after one year is:

L $12,000 —i—ix L$12,000 =L$12,000+0.06 x L$12,000 =1.06 x L$12,000
100 =L$12,720.
After two years, the investment is worth
1.06 x L$12,720 = L$13,483.20
and after three years,
1.06 x L.$13,483.20 =1$14,292.20
At the end of four years, the value of Mary’s investment will be:
1.06 x L.$14,292.20 = L$15,149.73.

EXERCISES
1. Calculate the interest payable and the total amount owing on the following
deposits at simple interest.
(a) L$1,500 borrowed for 5 years at 8% per annum.
(b) L$2,000 invested for 4 years at 9.5% per annum.
(c) L$500 borrowed for 2 years at 10% per annum.
(d) L$2,500 invested for 6 months at 8% per annum.

2. What is the actual rate of simple interest if L$4,000 deposited for 3 years
attracts interest of L$1,440?

3. For how long would L$1,000 have to be left in an account paying 5%
compound interest per annum to give a balance of L$2,000?

4. A boy borrows L$100 from his sister and promises to pay back L$1.00 a
month later. What is this as an annual rate of simple interest?
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5. Calculate the amount accumulated after three years at compound interest in
the following cases.

(a) L$500 deposited at 15% per annum.
(b) L$1000 borrowed at 10% per annum.
(c) L$1200 borrowed at 8% per annum.
(d) L$25 000 borrowed at 12% per annum.

3.6 INTEREST FORMULA

The interest formula includes two types of interests. These are simple interest and
compound interest. In this sub-topic, we will learn both types of formulas.

AcTIVITY 7

1. What do you call the amount of money a lender recives for lending out money?
2. Robert borrowed L.$2,000 from a bank for a period of ¢ years. If the bank charged simple
interest at a rate of 6% per annum, how much interest is to be paid by him to the bank?

3. Patricia deposits L$2,000 in a bank account paying 6% compound interest and leave it
for ¢ years. What will be the balance on the account at the end of 7 years compounded
yearly?

Simple Interest Formula

When the money paid as interest is the same every year, the interest is called simple
interest.

Key Point
®  The formula for calculating simple interest is:
I =Pxrxt

e  where, I is interest earned, P is principal (amount invested), 7 is rate of
interest (as a decimal) and ¢ = time

° The total amount owing can then be calculated by adding 7 to P. That is,
A=P+1

ExamMPLE 18

Michael borrowed L$35,800 from a bank for a period of 5 years. If the bank charged
simple interest at rate of 9% per annum, how much interest was paid by the borrower?
Find the total amount paid.

Solution
Here, the principal, P is L$35,800, rate of interest R is 9% or 0.09.
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Using the simple interest formula, we have
=P xrxt=1%$35_800x 0.09 x 5=1%16,110.

Therefore, the man paid L$16,110 as the interest to the bank.
A=P+1=1%$35,800+1% 16,110 =01%51,910.

Therefore, the total amount at the end of the second year is L$51,910.

The following are the main formulas used in calculating simple interest, principal,
time, rate and amount.

1. To find simple interest, we use the formula:
I=Pxrxt

2. To find the principal, we use the formula:

pzi
rxt

3. To find the time (number of years) we use the formula:
1

t:
Pxr

4. To find the rate of interest, we use the formula:
1

’/‘:
Pxt

5. To find the amount, we use the formula:
A=P+1
ExampLE 19
A sum of money was deposited for 5 years at the rate of 6% simple interest. Calculate the
sum deposited if the simple interest received by the depositor is L$3,685.
Solution
Let P be the sum deposited. Given that /=L$ 3,685.50,
T'=5 years and R = 6% = 0.06. Thus, using formula (2) we have,
I L$3,685.50  L$3,685.50

rXxt 0.06x5 03
Therefore, the sum deposited was L$12,285.

P= =L9$ 12,285.

ExAamPLE 20

At what rate of simple interest will the sum of L$ 2,950 becomes L$5,428 in 7 years?
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Solution

Here, P =1$2,950; T =7 years and A= L$5,428. Thus,
I=A4A—P =1%5428 -1$2,950 =1$2,478.

Hence, using formula (4), we have

I 1$2478  L1$2478

Pxt  L1$2,950x7 L$20,650

Therefore, the rate of interest is 0.12 or 12%.

=

ExampLE 21
For how long would L$5,000 have to be deposited in an account paying 4% simple
interest per annum to give a balance of L$6,000?

Solution
I=A4—P =L$6000— L5000 = L$1000.
I _  L$,000 1,000

= Pxr L$5.000%0.04 200

t 5

Therefore, 5 years is required to get the given balance.

Compound Interest Formula

The compound interest is calculated after calculating the total amount over a period
of time based on the rate of interest and the initial principal.

ExAMPLE 22

William invests L$20,000 in a bank account which pays compound interest at the rate of
7% per annum. Calculate the value of his investment after 3 years.

Solution
At an interest rate of 7% per annum, the value of his investment after one year is

A=P+Px——xt
100

=1$20,000+ L$20,000 % 0.07
=1$20,000(1+ 0.07)

=1$20,000(1.07)" = 1.$21,400.
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After two years, the investment is worth
A =1$20,000(1.07) + L$20,000(1.07)x0.07

=1.$20,000(1.07)[1+0.07]
=1.$20,000(1.07)(1.07)

=1.$20,000(1.07)* = L$22,898.
At the end of three years, the value of William's investment will be:
A =1$20,000(1.07)* + L$20,000(1.07)* x0.07

=1$20,000(1.07)*[1+0.07]
=1$20,000(1.07)*(1.07)

=1$20,000(1.07)° = 1.$24,500.86.
Similarly, at the end of t years, the value of William's investment will be:
A =1$20,000(1.07)'

Key Point
° If a principal P is invested at an annual rate of », compounded annually,
then the amount after ¢ years is given by
A=P(1+r)

ExaMPLE 23

Linda deposits L$10,000 in a bank that pays 8% compound interest. How much money
will she have after 11 years?

Solution

Given: P=10,000, »r =8% = 0.08 and r=11. Required: 4="7?
A=P(+47r) = A=10,000(1+0.08)"" =10,000(1.08)"" = 23,316.40.
Therefore, after 11 years, Linda will have 1.$23,316.40

Suppose a sum of money called principal P, is deposited in a bank that pays an annual
interest rate » compounded at a regular interval of time n times per year. Then, the

. N ) : L
compounding period is— months. The interest rate per period is given by —. In ¢ years
n

there are nt compounding periods.

121



- Mathematics — Grade 11 Textbook

Key Point

e  [fasum ofmoney called principal P, is deposited in a bank, that pays an
annual interest rate » compounded n times per year, the total accumulated
amount 4 in ¢ years is given by:

nt
A:P[Hﬁ]
n .

ExamMPLE 24

If Susan invested L$12,000 at compound interest 8%, then what will be the amount of
money at the end of 3 years compounded,

(a) yearly (b) semiannually? (c) quarterly?

Solution

(a) Given: P=1812,000, =8% =0.08, =1 and = 3. Required: 4 =?

1x3

4= P[l +L] =12000(1+0.08)"" =12000(1.08)’ = 15,116.54
n
Therefore, after 3 years, Susan will have L$15,116.54
(b) Given: P=1812,000, =8% = 0.08, =2 and ¢ = 3. Required: 4 =?
nt 0 08 2x3
A= P[1+1] = 12000[1 +T] = 12000(1.04)6= 15,183.83.
n

Therefore, after 3 years, Susan will have L$15,183.83.
(¢c) Given: P=1$12,000, = 8% =0.08, n =4 and ¢ = 3. Required: 4 =?
0.08

nt 4x3
r .
4= P[l +;] = 12000[1 +T] =12000(1.01)' = 15,218.90.

Therefore, after 3 years, Susan will have L$15,218.90.

EXERCISES

1. How much interest would be earned on an investment of L$24,500 at 4.5%
interest for 2 years?

2. For how long would L$5,000 have to be left in an account paying 4% of
simple interest per annum to give a balance of L$6,000?

3. William deposited L$4,340 in an account. At the end of the three years if he
received L§130.20 interest. What was the rate of interest?

4. Jessica deposits L$2000 in a savings account at a bank, which has a rate of
6%.
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(a) Find the amount, 4, of money in the account after 3 years subject to
compound interest.

(b) Find the total interest during the three years

5. Richard borrowed L$500 for four years and agree to pay 6 % compound
interest for this period. What amount will he have to pay back?

6. The value of a computer depreciates at a rate of 20% per annum. A new
computer costs L$1200.

(a) What will be its value after 2 years?
(b) What will be its value after 6 years?
(c) What will be its value after 10 years?

7. Sarah deposits L$7500 in a savings account that has a rate of 6%. The interest
is compounded monthly.

(a) How much money will she have after five years?
(b) Find the interest after five years.

8. Suppose L$25,000 is deposited in a saving account paying an annual
interest rate of 8%. How much money is accumulated in 5 years if interest is

compounded:
(a) yearly (c) quarterly?
(b) semiannually? (d) monthly?

3.7 DEPRECIATION

All fixed assets such as machinery, building, furniture etc. gradually diminish in
value as they get older and becomes worn out by constant use in business.

AcCTIVITY 8

1. What is depreciation?

2. A computer was bought for L$1,200. Its value depreciated at the rate of 12% per year.
Find its value after two years.

What is hire purchase?

4. What are the advantages of hire purchase? Discuss with your friends.

(98]

The monetary value of an asset decreases over time due to use, wear and tear or
obsolescence. This decrease is measured as depreciation.
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ExaMPLE 25

A motorcycle was bought for L$6,250. Its value depreciated at the rate of 9% per annum.
Find its value after two years.

Solution
Present value of motorcycle after 0 years = L$6,250
Depreciated rate: 8% of L$6,250 = 0.08 x L$6,250 = L$500.
Value of the motorcycle after 1 year = L$6,250 — L$500 = L$5,750.
Interest: 8% of L$5,750 = 0.08 x L$5,750 = L$460
Value of the motorcycle after 2 years = L$5,750 — L$460 = L$5,290.

When the value of an item decreases with increase of time, then we say that the value of
the item depreciates year by year. So, depreciation is the process of deducting the total
cost of something bought for business.

Key Point

e  [f the rate of depreciation is » (as a decimal) per year and the present
value of the asset is V, then the depreciated value, A4, at the end of ¢ years
is given by
A=V(1-r)

ExaMPLE 26

In 2022, the value of a new car is L$1,350,000. It depreciates 5% each year. How much
will the car be worth in 20277
Solution
Given: V'=1$1,350,000, » = 5% = 0.05 and t = 2027 — 2022 = 5 years.
Required: 4 =?
A=V (1—r) =135000(1—0.05)° = 135000(0.95)’ = 1,044,604.27
Therefore, the value of the car in 2027 will be L$1,044,604.27.

ExamMPLE 27

A printing company bought a machine for L$250,000. The rate of depreciation is
10%. Find the depreciated value of the machine after 3 years. Also, find the amount of
depreciation.

Solution
Given: V' =1$250,000, » = 10% = 0.1 and ¢ = 3 years.
Required: 4 = ? and the amount of depreciation.
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A=V(1-r) =25000(1—0.1)° =135000(0.9)’ = 182,250
Therefore, the value of the machine will be L$182,250.
Amount of depreciation =} — 4
= 250,000 — 182,250 = 67,750.
Therefore, the amount of depreciation after 3years is L$67,750.

While a type of credit called personal contract purchase is perhaps the most popular
option, the likes of leasing and hire purchase have been around for a while. Hire
purchase is an arrangement for buying something, where the buyer makes an initial
down payment and pays the balance plus interest in installments.

ExamMPLE 28

A pair of shoes costs L$2,000 when paid in cash. But there is an option to buy it under
the hire purchase scheme, which is that one has to pay a deposit of 40% of cash price and
8 weekly installments of L$156.25. Calculate the purchase price and the extra amount
under this hire purchase scheme.

Solution

Initial deposit = % x 2000 = 800.

Total amount paid in Installments = 156.25 x 8 =L$1,250.

Total amount of the pair of shoes under hire purchase scheme = 800 + 1,250
=152050.

Extra money paid = 2050 — 2,000 = L$50.

EXERCISES
1. The present cost of an article is L$20,000. What would be its cost after 2 years
if the rate of inflation is 30%?

2. Alaptop computer depreciates by 25% per year. If it costs L$2,000, what will
it cost after 2 years?

3. Amanpurchasedacarin L$500,000. In the first year of purchase, it depreciated
18%. What will be the value of the car after one year?

4. A car bought for Birr 1,800,000 depreciates by 10% a year. After, how many
years can one buy the car at about half its original price?

5. The value of a new car in 2022 is L$1,500,000. It depreciates 8% each year.
How much will the car be worth in 2030?
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6.

Under a scheme, the purchase price of a refrigerator was L.$7,000, if 15%
of the total amount is to be paid as deposit and the rest is to be paid with
interest rate of 10% per annum in 2 years in 2 equal installments. Calculate
the amount of each installment.

Key TERMS

Surds . Present value

Principal ° Rationalize the denominator
Hire purchase . Simple Interest

Percentage . Compound interest
Depreciation ° Rate of interest

SUMMARY
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A general surd is an irrational number of the form a(/; , Where a is a
rational number, (/; is an irrational number and %/ is called a radical.

If a positive whole number is not a perfect square, then its square root is
called a surd. A surd cannot be written as a fraction, and is an example of an
irrational number.

When simplifying surds, look for square factors of the number inside the
square root and then use

(i) ~axa=a (ii) Jaxb =ax+lb (iii) \/%:%
The following formulas may be used to simplify expressions involving surds:
@) Vaxa=a (i) avd xbN/d = abd

(iiy axb=+ab

The following formulas may be used to simplify expressions involving surds:

() a+a=1
T
(i) ﬁfﬁ-ﬁ_ﬁ_m

N j_a¥b_a o
a c c\/g 7

(iii)
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.. a . . .
A fraction in the form of T is a surd, when denominator \/Z is a surd.
b

To convert a surd T into a rational number, multiply both numerator and
b
denominator by Jb . That is,
@ _a b axb_alp
Voo bbb bxlb b
If the denominator of a fraction contains an expression of the form:
(1) \/; + m, then rationalize the denominator by multiplying both
numerator and denominator by \/; —m.
(11) \/; —m, then rationalize the denominator by multiplying both
numerator and denominator by \/; +m,
(ii1) \/; +\/Z , then rationalize the denominator by multiplying both
numerator and denominator by \/; — \/Z .

(iv) \/Z —\/E , then rationalize the denominator by multiplying both
numerator and denominator by \/; +Nm .

The formula for calculating simple interest is:
I =Pxrxt.

where, [ is interest earned, P is principal (amount invested), » is rate of
interest (as a decimal) and ¢ = time

The total amount owing can then be calculated by adding / to P. That is,
A=P+1

The following are the main formulas used in calculating simple interest,

principal, time, rate and amount.

(1)  To find simple interest, we use the formula: 7 = Pxr xt.

(i1))  To find the principal, we use the formula: P =——

rxt
(iii))  To find the #ime (number of years) we use the formula: ¢ = Bt
Xr
1
(iv)  To find the rate of interest, we use the formula: r = T
X

(v)  To find the amount, we use the formula: / = 4- P
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. If a principal P is invested at an annual rate of 7, compounded annually, then

the amount after ¢ years is given by

A=PA+r) .

° If a sum of money called principal P, is deposited in a bank, that pays an

annual interest rate » compounded at a regular interval of time » times per

year, the total accumulated amount A4 in ¢ years is given by:

A:P[Hi]
n .

° If the rate of depreciation is 7 (as a decimal) per year and the present value of

the asset is V, then the depreciated value, A4, at the end of ¢ years is given by

Determine whether the following real numbers are surds or not.

ﬁ‘ﬁ\l
SIS | Wi

(e)
®

(©)

A=v(-r)
EXERCISES
1.
(a) 28 (©)
(b) 48 (d)
2. Decide if the following numbers are surds.
348
— c
(a) 7 ()
242
(b) — (d)
3. Simplify the following surds.
(a) 40 () 216
(b) /800 (d) ~256
4. Simplify the following surds.
@ 2v63 (b) 345
5. Simplify the following surds.
V27 J72
(@ 737 (b) &
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(c)

(e) V169

() 392

(e) \/E
63

® 67
(@) 243
(h) 972
d) 4500
(d) @
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10.

I1.

12.

13.

14.

15.

2./45 2./600 34147 3./98
() =3 ® 30 (2) > (h) 7
Simplify the following.
15 27 108 80
(a) " ®) © @ s

Express the following surds as a square root of a positive integer (or as~/n )

@) 63 (b) 12 © 1742 @ 7410
Simplify each of the following.
@ xm © Wi2x2m
(b) 5080 (d) 3v12x2424
Simplify each of the following.
(@) 2452v3-42) (©) 5(/80-+20)
(b) 2V3(\/48++/18) () 3v2(73-+/48)
Simplify the following expressions.
(a) /320 =30 (c) 20/80+4+/5
(b) 16254 (d)  12/18+332
Rationalize the denominator of the following surds.
12 20 23 J8
il by == ND ~NO
(a) NG (b) NG (c) EP (d) NT
Rationalize the denominator of the following surds.

3 5 4 9
@ %5 ©® Fn 9 Fe 95

For how long would L$2,000 have to be left in an account paying 5% interest
per annum to give a balance of L$3,000?

A boy borrows L$300 from his sister and promises to pay back L$3.00 a
month later. What is this as an annual rate of interest?

Calculate the amount accumulated after three years at compound interest in
the following cases.

(a) L$600 deposited at 9% per annum.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
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(b) L$2000 borrowed at 10% per annum.

How much interest would be earned on an investment of L$20,000 at 5% for
3 years?

For how long would L$8,000 have to be left in an account paying 4% of
simple interest per annum to give a balance of L$10,000?

William invests L$2,500 in an account. After the first year he receives L$150
interest. What is the rate of interest?

Jessica deposits L$4000 in a savings account in a bank, which has a rate of
8%.

(a) Find the amount, A, of money in the account after 5 years subject to
compound interest.

(b) Find the interest.

Richard borrowed L$5,000 for four years and agree to pay 8 % compound
interest for this period. What amount will he have to pay back?

The value of a computer depreciates at a rate of 10% per annum. A new
computer costs L$1000.

(a) What will be its value after 3 years?
(b) What will be its value after 5 years?

Sarah deposits L$8,000 in a savings account that has a rate of 8%. The interest
is compounded monthly.

(@) How much money will she have after 3 years?
(b) Find the interest after 3 years.

Suppose L$5,000 is deposited in a saving account paying an annual interest
rate of 10%. How much money is accumulated in 3 years if interest is
compounded:

(a) yearly (¢) quarterly?
(b) semiannually? (d) monthly?

A laptop computer depreciates by 20% per year. If it costs L$3,000, what will
it cost after 3 years?

A man purchased a car in L$800,000. For the first year of purchase, it
depreciated 12%. What will be the value of the car after one year?
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Chapter Outcomes

By the end of this chapter, you will be able to:

132

define and solve variation;

define and solve inverse variation;
define and solve joint variation;
define and solve partial variation.



Introduction

In mathematics, we usually deal with two types of quantities. These are variables
and constants. If the value of a quantity remains unaltered under different situations,
it is called a constant. On the contrary, if the value of a quantity changes under
different situations, it is called a variable. In this topic, we will learn about direct
variation, indirect variation, Joint variation and partial variation.

4.1 DIRECT VARIATION

If two quantities are related in such a way that if an increase in one quantity produces
a proportional increase in another quantity or if decrease in one quantity produces
a proportional decrease in another quantity, then the two quantities are known as
direct variations.

Think of a number n, multiply the number 7 by 8, divide the result by 2, add 5, and then
subtract 4 times the original number n

Side length (s) in cm 1 2 3 4 5 6 7 8 9 10
Perimeter (P) in cm 4 8 12 16 20 24 28 32 36 40

1. Answer the following questions by referring the table given above.
(a) What happens to the perimeters, when the length of sides of a square is doubled?
Tripled?
(b) What will be the lengths of side of a square, if the perimeter of the square is 120
cm? Write a mathematical statement that will relate the two quantities involved?
(c) What happens to the length of side, when the perimeter of the square is doubled?
Tripled?
(d) What will be the perimeter of a square, if the length of side of the square is 40 cm?
Write a mathematical statement that will relate the two quantities involved?
2. If x and y vary directly, as x decreases, what happens to the value of »?
3. Which of the following shows direct variation?
(a) The cost (C) of pen and the money required to buy the pen.
(b) The time (7) taken to travel and the distance (d) covered.

(c) The time (¢) required to perform the given amount of work to the number of
persons (p) working.

(d) The area (4) of a rectangle to its width.
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4. Write a mathematical equation for the following statements.

(a) The cost (C) of a rice varies directly as its weight (/).

(b) The circumference (C) of a circle varies directly as the length of its radius.
5. Write an equation where y varies directly as x.

(a) y=28 whenx=7 (¢) y=12whenx=3

(b) y=6 whenx =8 (d) y=63 when x = 81

When two quantities are related to each other, their changes may follow a certain pattern.

ExaMPLE
Suppose the cost of 1 kg of sugar is L$2, then what would be the cost of 2 kg? 3 kg? 4
kg? 5 kg? and 6 kg?
Solution

Cost of 1 kg of sugar is 1 x L$2. Similarly, cost of 2 kg is 2x L$2 = L$4; cost of 3 kg is
3x L$2 = L$6; cost of 4 kg is 4x L$2 = L$8; cost of 5 kg is 5x L$2 = L$10; and cost of
6 kg is 6 L$2 =L§12.

These pairs of values are shown in the table given below.
Weight (W) of sugar (in kg) 1 2 3 4 5 6
Cost (C) (in Dollar) 2 4 6 8 10 12

From the table, we observe that, as the weight (W) varies the cost (C) also varies.
Comparing each value of C to its corresponding value of 7, we notice that all six sets of
values result in the same ratio when reduced to its lowest terms:

w2 s 5 B WU 12

C 1 23 4 5 6
If a relationship exists between two quantities(variables) so that their ratio is a constant,
that relationship between the quantities(variables) is called a direct variation.

In every direct variation, we say that one quantity (variable) varies directly as the other
or that one quantity (variable) is directly proportional to the other. The constant ratio is
called a constant of proportionality (or constant of variation).

DEFINITION

The quantity y is said to be in direct proportion to the quantity x, written as y a x, if there
exists a nonzero constant number k such that

y = kx,
where k is called the constant of variation or constant of proportionality.
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ExAMPLE

(a) If y =4x, then y is directly proportional to x.

(b) If x= el y » then x is directly proportional to y.
5

It is important to indicate the order in which the variables are being compared before
stating the constant of proportionality (or constant of variation).

EXAMPLE
4
(a) In comparing y to x, if Y- 1 the constant of variation is 4.
X

(b) In comparing x to y, if L= % , the constant of variation is %

Two quantities x and y are said to be in direct proportion if they increase or decrease
together in such a manner that the ratio of their corresponding values remains

constant. That is, —=/k where k is a positive number, if x and y are in direct
variation or vary directly.

EXAMPLE

The table, shown below, gives pairs of values for the variables x and y.

X 1 2 3 10 ?
y 8 16 | 24 ? | 1,600

(a) Show that one variable varies directly as the other.

(b) Find the constant of variation by comparing y to x.

(c) Express the relationship between the variables as a formula.
(d) Find the values missing in the table.

Solution

x_lx_ 2 2+2 1 x 3 33 1

nd — - = _ =

d = — = p— .
y 24 24:3 8

y 8y 16 162 8
Since the given pairs of values have the same ratio, x and y vary directly.

.. 8 .
Constant of variation = 2 = 2 = 8 . Thus, the constant of variation is 8.

X

b
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Let us write a proportion that includes both the variables and constant of variation as

1 . .
= o By applying the cross product, we obtain, y = 8x.

When x =10, find ¥. Thus,
y=8x=28(10)=280
When y =1,600, find x . Thus,
1,600 = 8x
x=1,600-+8 =200

Direct variation is the simplest type of variation and in practical life we can find
many situations which can be co-related with direct variation.

ExAMPLE

The weight of 20 meters of copper wire is 0.9 kg. Find the weight of 170 meters of the
same wire.

W:
Let us represent the problem in the table as follows:

[

Wire in meters 20 170

Weight in kg 0.9

L1

Whenever the length of the wire increases, the weight of the wire also increases.
Therefore, the length of the wire is directly proportional to the weight of the wire and the
weight of the wire will be greater than 0.9 kg.

20 _09
170 w

=

20xw=0.9x170

. 0.9x170 :E 765
20 20

Therefore, 170 meters of wire weighs 7.65 kg.
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ExaMPLE
A worker is paid L$120 for 8 days work. If he works for 20 days, how much will he be paid?
Solution
Let us represent the problem in the table as follows:

[

Number of days 8 20

Ammount paid 120 D

L1

Whenever the days increases, the amount of dollars paid also increases.

Therefore, the number of days is directly proportional to the amount of money he is paid
and the amount of money will be greater than L$120.

8 _120
20 D
8x D =20x120

_20x120 _ 2400 _ 3y

8 8
Therefore, he will be paid L$300.

w

EXERCISES

1.  Which shows direct variation?
(a) Speed (v) of a vehicle and the distance (d) travelled in a fixed time interval.
(b) Change in weight and height among individuals.

(c) The number (n) of books and the amount of money (m) required to buy
the book.

(d) The number of days to the color of cars crossing the road

2. If 4 varies directly as B and the value of 4 is 60 when B is 40, what is the
equation that describes this direct variation of 4 and B?

3. At light bulb factory, 4 out of every 25 light bulbs are defective. How many
light bulbs would we expect to be defective out of 350 light bulbs?

4. If 25 meters of cloth costs L$ 337.50, then

(a) what will be the cost of 40 meters of the same type of cloth?
(b) what will be the length of the cloth bought for L$ 810?
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5.

8.

A baker uses 1800 grams of flour to make 3 loaves of bread. How much flour
will he need to make:

(a) 2 loaves (b) 5 loaves (¢) 9 loaves (d) 4 loaves
If 10 liters of petrol costs L$191.50, then calculate the cost of:
(a) 3 liters (b) 7 liters (c) 17 liters (d) 37 liters

Henry bought 12 laptop computers for L$12,600. Find the cost of 8 laptop
computers.

If the weight of 12 sheets of thick paper is 40 grams, how many sheets of the
same paper would weigh 2.5 kg?

4.2 INVERSE VARIATION

If two quantities are related in such a way that if an increase in one quantity produces
a proportional decrease in another quantity or if decrease in one quantity produces
a proportional increase in another quantity, then the two quantities are known as
inverse variations.

ACTIVITY 2

I.

2.
3.

Consider the table values shown below.

X 2 4 6 8
y 24 12 8 6

(a) What happens to the value of y, as x increases?

(b) What happens to the value of x, as y increases?

(c) Write a mathematical statement to represent the relation between x and y?
(d) Find the constant of variation?

If y varies inversely as x and y = 48 when x = 10, find y when x = 32.

Which shows inverse variation?

(a) The number (n) of students and the time (#) required to clean the class.
(b) The time (¢) taken to travel and the speed (v) to cover a fixed distance.

(c) The number (n) of workers to the time (#) taken to finish the job.

(d) The number of girls in a class to their height (4).

4. Express each of the following statements into mathematical equation.

(a) The number of hours (/) required to complete a certain job varies inversely as the
number of machine () used to do the work.
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(b) The number of pizza slices (P) varies inversely as the number of person (7) sharing
the whole pizza.
5. Write an equation where y varies inversely as x.
(a) y=48 whenx =6 (c) y=3whenx=8
(b) y=8 whenx=6 (d) y=45when x =27

In inverse variation the quantity (variable) changes reversely when one of the
quantities(variables) increases, the other one decreases.

In general, two quantities x and y are said to be in inverse proportion if an increase
in x causes a proportional decrease in y and vice-versa, in such a manner that the
product xy, of their corresponding values remains constant.

DEFINITION

The quantity y is said to be inverse proportion to the quantity x, written as y a —, if there
X

exists a constant number & such that ¥ = —; k£ # 0. The number £ is called the constant
of variation. X

EXAMPLE

(a) If y= 1 , then y is inversely proportional to x or x is also inversely proportional to
X

vy with constant of proportionality 1.
(b) If xy =7, then y is inversely proportional to x with constant of proportionality 7.

EXAMPLE

Suppose that two towns A4 and B are 144 km apart.

(a) Write down the formula for the time # hours taken when the journey from 4 to B is
undertaken at a speed of v km/h.

(b) Ifthe car is driven at 24 km/h, how long does it take to complete the journey?
(c) Ifthe trip takes 90 minutes, what is the constant speed a car would need to travel at?
Solution

We know that distance = speed x time or d = vt.

. d
(a) Since d = vt, we can find the formula for ¢ as t =—. Thus, ¢t = 144 .
v v
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(b) When v=24, we get t = Cohe 6 hours.
24

g

(¢) Since d =vt, we can find the formula for v as v=—. Since 1 hour = 60 minutes,

t
90 minutes is equal to 1% hours. Thus, when ¢ = 1% = % , we get
v:i:ﬂ: 144><g = 96 km/hour.
t 3 3
2
ExXAMPLE

Six pipes are required to fill a tank in 1 hour and 20 minutes. How long will it take if only
5 pipes of the same type are used?

Solution
Let the desired time to fill the tank be ¢ minutes and let us represent the problem in the

table shown below.

Number of pipes 6 5

Time in minutes 80 t

L1

Whenever the number of pipes decreases, the time required to fill the tank increases.
Therefore, the number of pipes is inversely proportional to the required time and the time
required will be greater than 80 minutes.

6_1t

5 80

Sxt=6x80

t=6X80 :ﬂ — 96.
5 5

Therefore, time taken to fill the tank by 5 pipes is 96 minutes or 1 hour and 36 minutes.

ExAMPLE

If 15 workers can build a wall in 48 hours, how many workers will be required to do the
same work in 30 hours?
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Solution
Let w be the number of workers employed to build the wall in 30 hours and let us represent
the problem by the table given below.

Number of workers 15 w

Number of hours 48 30

L1

Whenever the number of hours decreases, the number of workers to build the wall in
30 hours increases. Therefore, the number of workers is inversely proportional to the
number of hours and the number of workers will be greater than 15 workers.

15_30
w48
wx30=15x48
15x48 720
W: = — =
30 30

Therefore, 24 workers are required to finish the work in 30 hours.

EXERCISES
1. Which shows direct variation?
(a) The number of days to the number of machines to produce a given
number of articles.
(b) The width of a rectangle and its length when its area is fixed.
(c) The money deposited in a bank and the interest earned.
(d) The length of the road and the number of cars using the road.

2. Ifx and y are inversely proportional and when x = 3, y = 12, then determine
whether each of the following is not a possible pair of corresponding values

of x and y?
() x=8andy=4 (c) x=6andy=38
(b) y=12andx=4 (d y=4andx=9

3. y is inversely proportional to the variable x. When x=7, y=9. Find the
formula for y in terms of x.
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4. It is given that y is inversely proportional to x. When x=4, y=20. Find

(a) the value of y when x=6
(b) the value of x when y =45.

5. A car covers a distance in 45 minutes with an average speed of 60 km per
hour. What is the average speed to cover the same distance in 30 minutes?

6. If two men take 14 days to pick the apples from a tree. How many days will
it take seven men to do the same job?

7. A farmer has enough food to feed 20 animals in his cattle for 6 days. How
long would the food last if there were 10 more animals in his cattle?

8. A school has 8 periods a day each of 45 minutes duration. How long would
each period be, if the school has 9 periods a day, assuming the number of
school hours to be the same?

4.3 JOINT VARIATION

Joint variation is the same as direct variation with two or more quantities. Joint
variation describes a situation where one variable depends on two or more other
variables and varies directly to the product of each of the other quantities.

1. Discuss the relation between direct and joint variation. What is their difference?
2. z varies jointly with x and y. If x =2, y = 3 and z = 4, write the variation equation and
find z when
x=6andy=2.
3. z varies inversely with x and directly y. If x = 4, y = 48 and z = 2, write the variation
equation and find x when z = 8 and y = 96.

4. If z is jointly varying with x and y and z= 6 when x =3 and y =4, find z when x = 7 and
v = 4. Find the constant of variation.

5. The variable x is in joint variation with y and z. When the values of y and z are 4 and
6, x 1s 16. What is the value of x when y =8 and z = 12?

ExXAMPLE

Area A of a parallelogram varies jointly as the base b and altitude 4 vary. That is,
A =kbh
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ExaMPLE
If B varies jointly as 4 and C and B =36 when 4 =24 and C =6, find C when B = 8§ and
A=15.
Solution
From the given information, B oo AC, so B =kAC. Putting 4 = 18, B=136 and C = 6 we get,
36=kx18%x6
36 =k x 108
36 1
108 3
So, we will have the formula: B = lAC
Now, when 4 = 15, B =6, we get

6=lexC
3
6=5xC
c-$.
5

DEFINITION

If more than two variables are related directly or one variable changes with the change
product of two or more variables it is called as joint variation. If x is in joint variation
with y and z, written as x a yz, if there exist a constant & such that:

x=kyz.

EXAMPLE
Find the equation of variation where a varies jointly as b and ¢ and a = 36 when b = 3
and c = 4.
Solution
The equation for the given problem of joint variation is: A= kbc
36 =kx3x4
36=12k
k=223
12
Therefore, the required equation of variation is:
A=3bc

143



- Mathematics — Grade 11 Textbook

ExAMPLE

The variable x is in joint variation with y and z. When the values of y and z are 2 and 3,
x is 16. What is the value of x when y = 8 and z = 12?

Solution
The equation for the given problem of joint variation is

x=kyz,
where £ is the constant.
16=kx2x3
16=6k
=52
6 3

So, substituting the value of £ the equation becomes: x = % yz.
Now, when y =8, and z = 12, we get

x:§x8><12:256.

EXAMPLE

The area A4 of a triangle varies jointly as the base b and the altitude / of the triangle. If
A =65 cm?> when b =10 cm and /4 = 13 cm, find the area of a triangle whose base is
8 cm and whose altitude is 11 cm.

Solution
A = kbh
65=kx10x13
65 =130k
_ 65 _1
130 2°
Thus, the equation of variation is
A= lbh .
2

Now, when b =8, and 7 = 11, we get

A:%XS cmx11lem =44 cm?.
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EXERCISES

1. z varies jointly with x and y. If x =5, y = 1 and z = 10, write the variation
equation and find z when x = 12 and y = 2.

2. z varies jointly with x and y. If x = 7, y = 3 and z = 14, write the variation
equation and find y when z = 8 and x = 3.

3. A varies jointly with B and C. B =8, C =3 and 4 = 2, write the variation
equation and find » when 4 = 12 and B = 16.

4. A simple interest varies jointly as principal and time. If L$2,500 left in an
account for 5 years, then the interest is L$625. How much interest would be
earned, if you deposited L$7,000 for 9 years.

5. A 1isinjoint variation with B and square of C. Where 4 = 144, B=4 and C =
3. Then, what is the value of 4 when B =6 and C =4?

6. The area 4 of a triangle varies jointly as the base b and height 4. Area = 12
cm? when b =6 cm and /4 =4 cm. Find the base when 4 =36 m? and 2= 6 cm.

7. zvaries jointly as x and y. If z= 16 when x =4 and y = 6, find the constant of
variation and the equation of the variation.

8. Find an equation of variation in which y varies jointly as x and z and y = 45
when x = 18 and z = 10. Find y when x = 20 and z = 30.

4.4 PARTIAL VARIATION

A relationship between two variables in which the dependent variable is the sum of
a constant number and a constant multiple of the independent variable.

AcTIVITY 4

1. What is partial variation? Discuss the difference between joint variation and partial
variation.

2. Does the graph of an equation that represent partial variation pass through the origin?

3. x is partly constant and partly varies as y. x = 15 when y = 3 and x = 23 when y = 5.
What is the value of x when y = 10?

4. m is partly constant partly varies as square of n. When n =2, m =16 and when n = 5,
m=58.
(a) What is the relationship between m and n?
(b) Find the value of m when n = 3.

5. Give some common formulas that are examples of partial variation.
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Partial variation can be written in the form y = kx +c, where x and y are variables
and k and c are some real constants. y = mx + ¢ (where m and ¢ are constants) is an
equation of straight line which can be an example of partial variation because, we
can see that y varies partially according to the value of x.

DEFINITION

If there is a relationship between two variables where the dependent variable is the
sum of a constant multiple of the independent variable and a constant number, then the
relationship is called partial variation. In other words, a quantity y is partly constant and
partly varies directly as x, then the law of variation can be expressed as

yoa+tx,
That is,
y=atkx,
where a and k are constants.

EXAMPLE
x is partly constant and partly varies as y. If x =45 when y = 10 and x = 87 when y =24.
Find
(a) The formula connecting x and y. (b) x when y=18.
Solution
(@) x=a+ky
A5=a+ 10k..ccccooiiiiiii (1)
8T =a+24 koo, (2)
To solve simultaneously, subtract eq. (1) from eq. (2), we get
42 =14k
=2 s
14
To solve for a, we substitute 3 for & in eq. (1),
45 =a+10(3)
45=a+30
a=45-30=15
Therefor the formula connecting x and y is: x = 15 + 3y.
(b) Now, let us find x when y = 18.
x=15+3(18)=15+ 54 =69.
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ExAMPLE

b is partly constant and partly varies directly as c whenc=5,b=7 and whenc=7,b=38.

(a) Find the equation connecting b and c.

(b) Find b when ¢ =11

Solution

(a) b=a+ke
7=a+ 5k
8=a+Th 2)

To solve simultaneously, subtract eq. (1) from eq. (2), we get
1=2k
1

k==
2

To solve for a, we substitute the value of £ in eq. (1),

=gt 2
5.9

a="7 ——=—.
2 2 9 1 1
Therefore, the equation connecting b and c is: b = 5 +5c or h= 5(9 +¢)
(b) Now, let us find » when ¢ = 11.

20 _

1
b=—-0O+11) = 10.
2( ) 2

EXAMPLE

m is partly constant with p and partly varies as square of g. When p = 2 and ¢ = 3,
m =24 and when p=3and ¢ =2, m=17. Find m when p=4 and ¢ = 5.

Solution
m=ap + bg*
24=2a+9bh . (1)
17=3a+4b ... (2)

Now, let us solve equation (1) and eq. (2), simultaneously as follows:
{2a+9b:24|x3:>_{6a+27b:72
3a+4b=17|x2 6a+8b =34
195 =38
b=2
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To solve for a, substitute b =2 in eq. (1)

24=2a+9(2)
24 =2a+ 18
2a=06

a=3

Thus, we have the formula: m = 3p + 24
Now, when p =4, and g = 5, we get
m=3(4)+2(5)* 12 + 50 = 62.

EXERCISES

1. Ifx varies jointly as m and the cube of n, and x = 600, m =5 and n =4, find e
when m = 10 and n =5.

2. [Itis given that p varies directly as g and is inverse to the square of r. If ¢ = 60
and » = 2, then value of p is 120. Find the value of p when ¢ =27 and r = 3.

3. Suppose y is partly constant and partly varies as x. When y = 12, x = 3 and
when y =18, x = 6. Find

(a) The formula connecting x and y.
(b) The value of y when x = 4.

4. Suppose m is partly constant and partly varies as n. When m = 1, n = 2 and
when m =4, n=6. Find

(a) The formula connecting m and n.
(b) m,whenn=9
5. The quantity 4 is partly constant and partly varies as B.
(a) Write the formula connecting 4 and B.
(b) When 4 =2, B=10and when 4 =20, B=12. Find B when 4 = 4.

KEeyYy TERMS

o Variation ° Joint variation
° Constant of variation ° Inverse variation
o Direct variation ° Partial variation
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Variation -
SUMMARY

° The quantity y is said to be in direct proportion to the quantity x, written as

v a x, if there exists a nonzero constant number & such that y = kx, where £ is
called the constant of variation or constant of proportionality.
° The quantity y is said to be inverse proportion to the quantity x, written as y

. ) k
o l , if there exists a constant number & such that y = —; k == (0 .The number
X X

k is called the constant of variation
. If more than two variables are related directly or one variable changes with the
change in the product of two or more variables it is called as joint variation.

If x is in joint variation with y and z, written as x a yz, if there exist a constant
k such that x = kyz.

. A quantity y is partly constant and partly varies directly as x, then the law of
variation can be expressed as y a (a + x). That is, y = a + kx, where a and k
are constants.

EXERCISES

1. The commission (C) of a salesman varies directly to the amount of his sales
(S). How will his commission change when his sales are tripled?

2. Amelia is reading a 374-page novel for her English class. It takes her 6 days
to read the first 132 pages. If she continues to read at the same rate, how many
more days will it take her to finish the novel?

3. A contractor estimates that 3 persons could paint the wall in 8 days. If he uses
12 persons instead of three, how long should they take to complete the job?

4. 1If 30 persons can reap a field in 17 days, then how many persons should be
engaged to reap the same field in 10 days?

5. If p varies jointly as ¢ and r and p= 30 when g = 5 and » = 3, find p when g =
6 and » = 8.

6. The area 4 of a triangle varies jointly as its base b and height 4. If its base is
8 cm and heighr is 7 cm, it has an area of 28 cm?. Find the base if its height is
5 cm and its area is 16 cm?.

7. The volume (V) of a circular cylinder varies jointly to the square of the radius
(r) of the base and its height (%) with &t as the constant of variation. If the radius
is fixed and / is doubled, how is V affected?
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8. yis partly constant and partly varies as x. When x =4, y =0 and when x = 12,
y=40.
(a) Find the equation connecting x and y.
(b) Find y when x = 3.

9. yvaries partly as x and partly as the square of x. When x = 2, y = 4 and when
x=5,y=65.
(a) Express y in terms of x.
(b) Find y whenx =38

10. The cost C (in L$) of making a call partly constant and partly varies with the

number of seconds, # spends on the call. A call of 1 minutes 5 seconds attracts

L$8 while a call of 2 minutes attracts L$29. Calculate the cost of making a
call of 3 minutes 10 seconds.
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Chapter Outcomes

Learners are able to apply concepts of statistics, ratio, rates and percentages to
solve problems on these topics. The students will be able to analyze and interpret or
explain practical data and solve problems relating to scale drawing , ratio, rates,
and percent.

By the end of this chapter, you will be able to:

define and discuss quadratic functions;

define and solve quadratic equations;

solve quadratic equation by factorization;

solve quadratic problems;

solve quadratic equations by completing the square;
draw quadratic graphs;

solve quadratic equations graphically.
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Quadratic Functions and Equations -

Introduction

A special type of polynomial equation that you will work with a lot is a quadratic
equation. Quadratic equations are used to solve many real-life problems such as
solving motion problems in physics, area-based problems and in other fields of
science and mathematics. In this topic, we will learn about quadratic functions,
quadratic equations, quadratic problems and solving quadratic equations by
factorization, completing the square and graphically.

5.1 QuabraTic FUNCTIONS

The word “quadratic” is derived from the word “quad’” which means square because
the variable gets squared. In other words, a quadratic function is a polynomial
function of degree 2. A quadratic function has a minimum of one term which is of
the second degree. It is an algebraic function.

AcTIviTy 1

1. Do you know that when a rocket is launched, its path is described by the solution of
a quadratic function?

2. What is linear function.

3. Explain the difference between linear function and quadratic function.

4. What is the domain?

The single defining feature of quadratic function is that they are of the second degree
or of degree two. This means that in all quadratic function, the highest exponent
of x in a nonzero term is equal to two. For example, fix) = 2x%, g(x) = x> +3x -8,
y="T-x*+ 3x and y = 3x? —5x + 7 are quadratic functions.

DEFINITION

A quadratic function is a function of the form

y=f(x)=ax*+bx +c,
Where a, b and ¢ are real numbers with g = 0. The domain of a quadratic function is the
set of all real numbers, R.

In interval notation, the domain of any quadratic function is (-, ©).

ExaAaMmPLE 1

The following functions are quadratic functions.
(a) filx)=2x*+4x -5, wherea=2,b=4and c=-5.
(b) fix)=3x*-16, wherea=3,b=0and c=-16.
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ExAMPLE 2

(¢) g(x)=5x—x? wherea=-1,b=5and c=0.
(d) y=x*, wherea=1,b=0and c=0.

y

[ CRIN

-4 -3 -2 - (0, 0)l 2 3 4

£ b b oL

Figure 1.

ExAMPLE 3

The most basic quadratic function is f{x) = x?, whose
graph is shown in Figure 1. Its shape is called a parabola.
The point (0, 0) is called the vertex of the parabola. As

. shown in the graph, the domain of /'(x) = x? is the set of all

x-values. That is, the set of all real numbers, R. The range
of a quadratic function is the set of all y-values such that
y2>0.

Given a quadratic function f{x) = x*> + x —6. Find,

(a) the value of y when x =3

(b) the value of y when x =2

(© /(-4
(d) f(0)

Solution

() f(3)=3+3-6=9+3-6=12-6=6.
(b) f(2)=2>+2-6=4+2-6=6-6=0.
©) fA)=4+4-6=16+4-6=20-6=14.
d) £(20)=0>+0-6=0+0-6=0—6=—6.

ExAMmPLE 4

Let f(x) = 3x* —bx + 8 be a quadratic function. Then find the value of b if f(-2) = 24.

Solution
f(=2)=3(-2)>-b(-2)+8
24=12+2b+38

24 =20 + 2b.

4=2b

b=2

Thus, the value of b is 2 and the quadratic function is: f(x) = 3x*> — 2x + 8

154



Quadratic Functions and Equations -

EXERCISES

1. Determine whether each of the following functions is quadratic or not.

(a) f(x)=2x-2x+5 (c) y=5x-3
(b) y-—3=2x7 (d) h(x)=5-3x*+4x
2. For each of the following quadratic functions, identify a, b and c?
Quadratic function (a) (b) (c)

(@ f(x)=x*+2x-3
(b) |g(x)=-2x>—-4x+9

() y=x*—=x+2

(d) [f(x)=9—4x?
3. Letf(x)= —x*+ 4x + 7 be a quadratic function. Then,

(a) find x= i
2a

(b) evaluate f [i] )
2a

4. Given a quadratic function /' (x) = —2x? + x + 3. Find,
(a) the value of y when x = —1 () f(0)
(b) the value of y when x =2 (d f(3)
5. Letf(x)=ax?+ 2x — 3 be a quadratic function. Then find the value of a, when

f(=3)=27.

5.2 QuabraTiC EQUATIONS

The quadratic equations are second-degree equations in x that have maximum two
solutions for x. These two solutions for x are also called the roots of the quadratic
equations. We shall learn more about the roots of a quadratic equation in the next
sub-topic.

A quadratic equation in one variable also called a second-degree polynomial equation
in one variable. A second-degree equation in one variable is an equation in which the
variable is raised to the second power. For example, 2x*> + x — 6 =0, 3y> =7y — 4 and
3x? + 13x + 12 = 0 are quadratic equations.
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What is equation?

What is the first condition for an equation to be a quadratic equation?
What is the standard form of a quadratic equation?

Find the zeros of each of the following quadratic functions.

@) fx)=x*+1

(b) g(x) =2x* — 6x

©) fx)=x*-x-2

(d) f(x)=x*+5x+6

5. What is the domain and range of quadratic function?

> =

DEFINITION

An equation that can be written in the form
ax*+bx+c=0,

where a, b and c are real numbers with a = 0,is called a quadratic equation in x. The
given form is called standard form.

ExXAMPLE 5

The following equations are examples of quadratic equation in the form: ax? + bx + ¢ = 0.
(a) 2x* 2x—-5=0,witha=2,b=-2and c =-5.

(b) 3x*+ 6x=0,witha=2,b=-2and c=0.

(¢c) 5x*—25=0,witha=5,b=0and c =-25.

To ensure the presence of the x? term, the number a, in the general expression ax? + bx + ¢

cannot be zero. However, b or ¢ may be zero. For example, 4x* + 3x =0, 2x> — 3 =0 and
6x? = 0 are also quadratic equations.

Frequently, quadratic equations occur in nonstandard form but where necessary they
can be rearranged into standard form.

ExAMPLE 6

(a) 2x?+ 5x = 8 can be rewritten as 2x* + 5x — 8 = 0.
(b) 3x?=9x — 8 can be rewritten as 3x*> — 9x + 8 = 0.
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ExampLE 7

Which of the following are quadratic equations in x?

(@) ¥*+x*-2x=17 1
(e) gxz—x+2 =0

(b) x¥*+3x=7

() X**+5x=0 () i_2x+4:0
2

(d) x*=9 X

Solution

All the above equations are quadratic equations except (a) and (f).

ExXAMPLE &

For each of the following quadratic equations identify a, b and c.
(@) 2x(3x—5)=0
(b) B-2x)(x+4)=0
Solution
To identify a, b and c, first multiply the expressions to eliminate the bracket.
(@) 2x(Bx)—2x(5)=0
6x> — 10x = 0.
So, 6x* — 10x = 0 is a quadratic equation, with a =6, b =—10 and ¢ = 0.
(b) B-2x)(x+4)=0
3x+4)—-2x(x+4)=0
3x+12-2x*-8x=0
=2x*=5x+12=0.
So, —2x* — 5x + 12 = 0 is a quadratic equation, with a = -2, b =—-5 and ¢ = 12.

EXERCISES

1. Find the zeros of each of the following quadratic functions.

(@ fx)=x"-1 (©) f()=x"+x-2
(b) g(x)=3x*-9% (d fx)=x*+x-6
2. Rewrite the following expression into standard form of quadratic equations.
(a) 2x*=6 () Sx+6=x
(b) x*=2-x (d) 2x*—5=3x*+7x+7
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3. Which of the following are quadratic equations in x?
(a) X*+x*=7+2x
(b) xX*+3x=7-x*

© §x2+8=1—5x

(¢) x*+6x=9 H x¥P+5=0
2, (g 2x*+5x-3=0
@ J+x=3 (h) x'+2=x
4. For each of the following quadratic equations identify a, b and c.
(a) x(2x+3)=0 (c) x+3)2-x)=0
(b) 2x+3)(x+2)=0 (d 2x-52x+5)=0

5.3 SoLvING QUADRATIC EQUATIONS BY FACTORIZATION

To solve a quadratic equation, ax® + bx + ¢ = 0, we must find values of the unknown
variable x which make the left-hand and right-hand sides equal. Such values are
known as solutions or roots of the quadratic equation.

1. What is factorization?

2. Explain the difference between solving quadratic equations in comparison to solving
linear equations.

3. Factorize each of the following expression.

(a) 18x —3x? () X+ Tx+ 12

(b) »*—49 (d) 6x?—x—12
4. Factorize each of the following quadratic equations.

(a) 2x*—4x=0 () x—x*+12=0

(b) X>+5x+6=0 (d) 2x*’+x-6=0

Factored quadratic equation can be solved using the zero—product principle.

Zero-Product principle

If the product two numbers is zero, then one of these factors must be zero. That is,
for any real numbers p and ¢, if p x g =0, then either p =0 or ¢ = 0.

To solve the quadratic equation ax?> + bx + ¢ = 0, we factorize the expression
ax* + bx + ¢ into linear factors, whenever possible, and solve the linear equation
using the fact that p x ¢ = 0.
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1.  Solving Quadratic Equations of the form ax’ + bx= 0 by Factorization

The quadratic expression of the form ax® + bx =0 can be factorized as:
ax*+bx =0
x(ax+b)=0
x=0orax+b=0
x=0o0r x= —2.
a

ExampLE 10

Solve each of the following quadratic equations.
(a) 2x*+6x=0 (b) 14x—-7x>=0
Solution
(a) The common factor of 2x* and 6x is 2x. Thus,
2+ 6x=0
2x(x+3)=0
2x=00rx+3=0
x=0orx=-3
(b) The common factor of 7x* and 14x is 7x. Thus,
14x —7x*=0
7x (2—x) =0
Tx=0o0r2-x=0

x=0orx=2.

2.  Solving Quadratic Equations of the form a’x>— b*=0 by Factorization.
Using the difference of two squares formula: a* — b*> = (a + b) (a —b), the quadratic
equation of the form x> — k&2 = 0 can be factorized as (x + k)(x — k) = 0 which implies
that x = —korx = k.

ExAaMPLE 9

Solve each of the following quadratic equations.

(a) 4x*—16=0 (b) 25-3*=0
Solution
(a) 4x*—16=0

(2x)*-4*=0
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2x+4)(2x-4)=0
2x+4=00r2x—-4=0
2x=—4or2x=4
x=—2o0rx=2.

(b) 25-y*=0
52-y2=0
G+»GE-»=0
S+y=0o0r5-y=0

y=-5ory=>5.

3. Solving any Quadratic Equation by Factorization

To factorize the trinomial of the form ax? + bx + ¢ = 0, where a, b and ¢ are integers
and a # 0, we consider two cases: when @ = 1 and when a # 1.

Case 1: Whena=1

If a = 1 the general quadratic equation, ax® + bx + ¢ = 0 is reducible to the equation
of the form x>+ bx + ¢ =0.

To factorize an expression of the form x* + bx + ¢, we look for two numbers: whose
sum is b and whose product is c.

To find the two numbers whose sum is » and whose product is ¢, find two factors of
¢ which adds up to b.

ExampLE 11

Solve each of the following quadratic equations.
(a) ¥*+5x+6=0 (b) x**-2x-8=0
Solution

(a) First, we find two numbers a and b such that a + b = 5, the coefficient of x,
a x b = 6, the constant term. The factors of 6 are (in pairs): 1 and 6, 2 and 3, —1 and
—6, —2 and —3. We take 2 and 3, as their sum is 5 and their product is 6. Thus, the
middle term of x*> + 5x + 6 = 0 can be splited into two as follows:

¥+2x+3x+6=0
x(x+2)+3x+2)=0
x+3)x+2)=0
x+3=0o0rx+2=0

x=-3o0orx =—2.
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(b) Factors of -8 are, in pairs, —1 and 8; 1 and —8; 2 and —4; 4 and —2. But the required
numbers are —4 and 2 whose sum is —2 and whose product is —8. Thus, the middle
term of x> — 2x — 8 = 0 can be splited into two as follows:

¥+2x—-4x-8=0

x(x+2)—4(x+2)=0

x—4)(x+2)=0

x—4=0o0rx+2=0

x=4orx=-2.
In general, in a quadratic equation of the form x*> + bx + ¢ = 0, if p and ¢ are numbers
satisfying the conditions, p + ¢ = b and p x ¢ = ¢, then

X*+bx+c=0

X+@P+qgx+pg=0

X+px+gx+pg=0

x(x+p)+qx+p)=0

x+p)(x+q)=0

x+p=0orx+¢g=0

X=-porx=-—q.
In particular, let p = g, then the expression x* + bx + ¢ is reducible to the equation of the
form x? + 2px + p*> = 0. Then it can be written as:

x+p)(x+p)=0

(x+p)*=0.

ExaAamPLE 12
Factorize each of the following.
(a) X¥*+6x+9=0 (b) x*—10x-25=0
Solution
(a) Factorsof9are £1,£3,+£9. But3+3 =6 and 3 x 3 =9. Thus,
X2+ 6x + 9 =0 can be expressed as:
X+6x+9=0
X+3x+3x+9=0
x*+3x+3x+9=0
x(x+3)+3(x+3)=0
(x+3)(x+3)=0.
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x+32=0
x+3=0
x=-3.
(b) Factors of 25 are +1, +5 and +25. But, =5 + (-5) =—10 and -5 x -5 = 25.
x*—10x-25=0

x*=5x-5x-25=0

x2—5x—-5x—-25=0

x(x—=5-5x-5)=0

x5 x-5=0

x=52=0

x—35=0

x=35.
Case 2: When a # 1
If a # 1, the general quadratic expression x? + bx + ¢ = 0 can be expressed
asax’+bx+c=0

a[x2 ~|—éx+£]:0.
a a

To factorize a general quadratic expression, ax*> + bx + ¢ =0, a # 1 it is recommended to
follow the following three steps.

Step 1: Find the product of a x c,
Step 2: Find pairs of factors of a x ¢
If a x c is positive, find a pair whose sum is b.
If a x c is negative, find a pair whose difference is b.

Step 3: Write b in terms of the sum of the pair and then factorize again.

ExamMPLE 13

Solve each of the following quadratic equations.
(a) 2x*+9x+10=0 (b) 6x>+35x—6=0
Solution

(a) The product a x ¢ is 20. The factors 20 are (in pairs), 1 and 20; 2 and 10; 4 and 5.
We need only the two numbers 4 and 5 whose sum is 9. Thus,

2x2+9x+10=0
2x2+4x+5x+10=0
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(b)

23 +4x+5x+10=0
2x(x+2)+5(x+2)=0
2x+5) (x+2)=0
2x+5=00rx+2=0
2x=—S5o0orx=-2

x:_i orx=-—2.
2

The product a x ¢ is —36. The factors of —36 are (in pairs) —1 and 36; 1 and —36; 2
and —18; -2 and 18; -3 and 12; 3 and —12; 4 and —9; —4 and 9; and 6 and —6. We

need only the two numbers —1 and 36 whose sum is 35. Thus,
6x*+35x—-6=0

6x>+4x+5x+10=0

6x*+36x—x—-6=0

6x(x+6)—1(x+6)=0

6x—-1)(x+6)=0

6x—1=00rx+6=0

6x=1lorx=-6

le orx=—06.

EXERCISES

1.

Factorize each of the following expressions.

(a) 12x+ 4x? (c) x¥*-x-6
(b) 1y2-25 (d) 2x2+7x—15
2
Factorize each of the following quadratic equations.
(a) 6x*—18x=0 (e) x¥*-x—-6=0
(b) 2x*-12x=0 ) 6—-x-2x*=0
(c) §x2—4920 (8 2¢-x-6=0
(d) 7 =0 (h) 2x*+11x+12=0
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3. Find the roots of the following quadratic equation using factorization method.

4 , 25 (c) 6x*—18x=0
a —y ——=0
@ 5%
(b) éﬁ 16=0 d)  63x— 72
4. Find the roots of the following quadratic equations using factorization method.
(a) xX*+3x+2=0 (e) x¥*—2x-8=0
(b) x¥*+4x+3=0 (Hh x¥P*+11x+30=0
(c) x¥*-5x+6=0 (g x¥*+4x-21=0
(d x¥*+7x+12=0 (h)y x*-—x-20=0
5. Find the roots of the following quadratic equations using factorization method.
@) 20+ g Xx-2=0 (d) 22 -3x-5=0
e) Ox*+7x=3
2, 3 (e)
(b)  Sx—x—=0 () 2x2+9x—18=0

- 1 (g) 3x*+5x-2=0
(c) 2lx 2x+21—0 (h) 62+ 5x—6=0

5.4 QuabRrATIC PROBLEMS

Many physical and mathematical problems are in the form of quadratic equations.
In mathematics, quadratic equations are used to solve a variety of real-life problems.
In this sub-topic, we will learn about real-life applications of quadratic equation
and we will understand the importance of quadratic equations using some practical
examples.

AcTIviTy 4

What is the quadratic equation and what is it used for?

What makes a problem quadratic?

Did you know that there are many uses of quadratic equations in daily life?

What are quadratic equations used for in real life?

Suppose you are throwing a baseball 10 m above the ground. The baseball will reach
its peak height and fall back to the ground. At time ¢, the height /# from the ground
is given by & = =27 + 8¢ + 10. Calculate the time taken by the baseball to reach the
ground.

@ BN =
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To solve word problems, we follow the following steps.

Step 1: Read the problem carefully and draw diagram whenever possible.

Step 2: List all of the unknown numerical quantities involving in the problem and call
it any letters such as p, ¢, x, v, z, etc.

Step 3: Using information given in the wording of the problem, set up a word equation
that contains words as well as numbers.

Step 4: Put in numbers in place of words whenever possible to set up an algebraic equation
containing one variable and known numerical constant.

Step 5: Solve the equation for the variable.

ExampLE 14
There is a hall whose length is five times the width. The area of the floor is 45 m?. Find
the length and width of the hall.
Solution
Let the length of the rectangle be /. and the width of the rectangle be w.
Given: /=5w, w < 0 and 4 = Ilw =45 m>. Thus,

A=Iw =w(5w)=5n?

45 = 5w’ A=45m |,
w=9

w—=9=0 ]
w+3)(w-3)=0 Figure 2.

w=-3 or w=3. but w> 0, we will only take w = 3.
Therefore, the width is 3 m and height is 5(3) = 15 m.

ExampLE 15
The three sides of a right angled-triangle are x, x + 1 and 5. Find x and the area, if the
longest side is 5.
Solution A

The longest side will be the hypotenuse. Thus, using the
Pythagoras Theorem, we can write:

BC*+ CA?> = AB?
(2R A C o 5
X +2x+1+x2=25 Flgure3
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22 +2x+1=25
2x2+2x—24=0
xX+x—-12=0
x+4)(x-3)=0
x+4=00rx-3=0
x=—-4orx=3.
We can only take x = 3 because the length cannot be negative. So, x = 3.

1 1

Area: A=— b= — x3x4=6.
2 2

ExaMPLE 16

A ball is thrown upwards from a rooftop, 80 m above
the ground. It will reach a maximum vertical height
and fall back to the ground. The height of the ball
from the ground at time ¢ is h and is given by
h=—-16¢ + 64t + 80. Find:

(a) The height reached by the ball after 1 second.
(b) The time it will take before hitting the ground.
Solution

(a) The given equation is & = —16# + 64¢ + 80.

-

I .
I .
L ]

To find 4 after 1 second, we substitute 7 = 1. bhge 4.

h=-16(1)*+64(1) + 80
=-16+ 64 + 80
=128 m.

(b) When the ball hits the ground, /# = 0.
—162+64t+80=0
Dividing the equation by —16, gives
£f—-4-5=0
t-5@+1)=0
t—5=0o0rt+1=0
t=S5Sort=—1.

The time ¢ cannot be negative, so, the time is 5 seconds.
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ExampLE 17

A rectangular garden has an area of 14 square meters and a perimeter of 18 meters. Find
the dimensions of the rectangular garden.

Solution

Let the length of the rectangle be ¢ . and the width of the rectangle is w.

P=2l+w)=18=2l+W=L+Ww=9=/¢p—9_.

A=tw=>lw=14=0O0-Ww=14=9w—w =14=nw" —9w+14=0
=>w —2w—Tw+14=0=>w(w—2)—T(w—2)=0
>W=2)w-T=0=>w—-2=00r w—T7T=0=>w=2o0r w=7

Thus, {=9—-2=T7 or {=9-7=2.

Therefore, the dimension is 2 m by 7 m or 7 m by 2 m.

ExAmPLE 18

Find two consecutive even integers whose product is 168.

Solution

Let the first even integer be x . Then, its consecutive integer is X +2

¥(x+2)=168 = x> +2x =168 =x" +2x 168 =0
—x"—12x+14x—168 =0 = x(x —12) +14(x—12) =0
=>@x—-12)x+14)=0=x—-12=0 or x+14=0
=>x=12 or x=—14,

Thus, if x=12,then x+2=124+2=14;andif x=—14,then x+2=—-14+2=—-12,

Therefore, the two consecutive integers are 12 and 14 or —14 and —12.

EXERCISES
1. The product of two consecutive integers is 132. What is the degree of the
equation you used above to find the solution? Find the two integers.

2. The length of a rectangle is greater than its width by 3 cm. If its area is 10
sq.cm, find the perimeter.

3. The product of two consecutive odd integers is 195. Find the integers.

Find the base and height of a triangle whose base is 4 cm more than six times
its height and has an area of 456 square centimeters.
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5. A rectangular tablecloth has an area 120 square centimeter. The width is 2
centimeters shorter than the length. What are the length and width of the

tablecloth?
6. An arrow is shot from the ground into the air at an initial speed of 108 m/s.
Use the formula 2 = —16¢* + vt to determine when the arrow will be 180

meters from the ground.

7. A man throw a ball into the air with a velocity of 96 m/s. Use the formula
h =—16£ + vt to determine when the height of the ball will be 48 meters.

8. Arectangular garden has an area of 14 m? and a perimeter of 18 meters. Find
the dimensions of the rectangular garden.

5.5 SoLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE

In all cases, it is not convenient to solve a quadratic equation by factorization
method. Thus, to solve the given quadratic equation, we use an alternative method,
called completing the square method. In this sub-topic, we will learn a method for
solving any kind of quadratic equation.

ACTIVITY 5

1. What is the missing constant term in the perfect square that starts with:

(a) x*+4x (c) x*+ 10x
(b) x*—6x (d) x*—2x
2. Write each of the following quadratic expression in the form (x + k)*.
(a) x* +2x + 1 () x*—8x+16
(b) x*-—6x+9 (d) 4> +4x+ 1

If x* + 8x is the beginning of a perfect square expression, what should be the constant
term?

Let us assume that the expression can be factored as the perfect square (x + k)?
where the value of constant £ is still unknown. This expression is expanded as
x? + 2kx + k?, which tells us two things:

1. The coefficient of x, which we know to be 8, should be equal to 2%. This
means that k= 4.

2. The constant number we need to add is equal to &2, which is 4% = 16.

In general, to solve a quadratic equation using completing the square method, we
follow the following steps.
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Step 1: Write the given quadratic equation in the standard form.

Step 2: Make the coefficient of x> equal to 1, if it is not.
Step 3: Shift the constant term to right hand side (R.H.S) of the equation.

2

Step 4: Add % of the coefficient of x| to both sides of the equation.

Step 5: Express the left-hand side (L.H.S) as the perfect square of a suitable
binomial expression and simplify the right-hand side (R.H.S).

Step 6: Take square root of both sides.

Step 7: Obtain the values of x by shifting the constant term from L.H.S to R.H.S.

ExamPLE 19

Solve the following equations using completing the square method.

(a) ¥*+4x+3=0 (c) *-6x+8=0
(b) x>+ 10x—-24=0
Solution
(a) ¥*+4x+3=0
X+4x =-3 (shift 3 to right hand side).
2
X*+4x+4=-3+4 ... (add [g] = 4 to both sides, where 4 is the
coefficient of x).
E+2P=1 i (express as perfect square).
x+2= i\ﬁ
x=-2+1

x=-3orx=-1
(b) X¥*+10x-24=0
X+10x=24 ... (shift —24 to right hand side).

2
X2+ 10x+25=24+25 ...... (add [%] =25 to both sides, where 10 is the

coefficient of x).
(Xx+572=49....coii (express as perfect square).
x+5=+/49
x=-5+7

x=—12orx=2
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(©)

x2—-6x+8=0

coefficient of x).

x=3P=1iiin, (express as perfect square).
x—3=44/1
x=3=l1

x=2orx=4

ExamprLE 20

Solve the following equations using completing the square method.

(a)
(b)
(©)

3x24+6x+9=0
2x*-8x—-4=0
—6x2 +6x +36=0

Solution

(a)

(b)

170

3x?+6x+9=0

X*+2x+3=0 ................(dividing both sides by 3, to make the
coefficient of x equal to I)

X+2x =-3 (shift 3 to right hand side).

x+2=+VJ-2

Since the square of a real number cannot be negative. The given equation has no

solution.

2 —8x—-4=0

xX*—4x-2=0 .................(dividing both sides by 2).

X—4x =2 (shift -2 to right hand side).
2

X*—4x+4=2+4 ... (add [%] =1 to both sides).

x=2P%=6 i (express as perfect square).

x—2=46
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(©)

x=2:|:\/€
x=2—\/€ or x:2+\/8.

—6x2+6x +36=0
X*—=x—6=0 .................(dividing both sides by —6).
X=x =6 ...l (shift —3 to right hand side).

. \E _4S
2 4 2
1 5
X=—*=
2 2
1 5
X=———0rx=—+—
2 2
x=—2o0r x=3
EXERCISES
1. Find the roots of the following quadratic equation s using completing the
square method.
(a) x*—5x+1=0 (e) x*+4x-15=0
(b) x*+8x+4=0 ) x*-6x+4=0
(c) x*—6x=5 (g) x¥*+2x=3
(d x¥*-3x-10=0 (h) x¥*-2x-35=0
2. Find the roots of the following quadratic equation by completing the square.
(a) 2x*-7x+3=0 (e) 2x*-Tx-15=0
(b) 2x*+x-4=0 H 2+y=3
(c) 2x*’—5x+3=0 (g) 5x*+9x =3

(d o6x’—x-2=0 (h) 3x*+6x—-4=0
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5.6 QuabprATIC GRAPHS

Unlike the graphs of linear functions, the graphs of quadratic functions do not look
like straight line. Specifically, the graphs of quadratic functions are U-shaped curve
called parabolas. In this sub-topic, we will learn about quadratic graphs and their
features when the coefficient of x? is positive or negative.

ACTIVITY 6

What is the difference between the graphs of linear and quadratic functions?
Define the vertex of a parabola.

What is y-intercept? x-intercept?

What is line of symmetry?

@ > BN =

Is there any difference between zeros or roots of a quadratic function and the
x-intercepts of the graph of quadratic function?

Graphs of quadratic function have the following shapes of a parabola. The orientation
of graph can be either open upwards or open downwards

depending upon the coefficient of x*> in the given 1Y

quadratic function. \
Asyouknow that the general form of quadratic function
is y = ax*+ bx + c. If coefficient of x? is greater than

zero, that is, a > 0, then the graph will open upward as \/

Y=

shown in Figure 5. The point V is the turning point or
vertex of the graph and it is the minimum point of the v
graph.

Figure 5.
ExampLE 21
Draw the graph of y = x? + 2x — 3.
Solution %
Plot the graph of given quadratic function y =x*+ 2x — 3
by taking some value for x as shown in the table below. 4

b -4 | 3 | 2| -1| 0 1 2 3 4 2

' 5 o0 3 4|30 |5 | 12]21 _4_2/24
Since, the coefficient of x? is positive, the graph will be \/ -2

an upward opening as shown in figure 6. The point V' V(-1,-3) |4

(-1, —4) is the turning point or the vertex of the graph and
it is the minimum point of the graph.

Y&

Figure 6.
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Ay If coefficient of x? is less than zero, that is, a < 0, then
4 the graph will open downward as shown in Figure 7. The
4 point ¥ is the turning point or vertex of the graph and it is

j/ the maximum point of the graph.
)
2
4

Figure 7.

[\ ]
Y=

ExamPpLE 22

Draw the graph of y = —x* + 2x + 3.
Solution
Plot the graph of the given quadratic function

y =—x*+x + 3 by taking some value for x as shown in
the table below. 1Y

Pl 4 3 2|10 |1 |2]3]4]
b 2 12 5 0| 3[4 ]3]0 -5]

Since, the coefficient of x? is negative, the graph will

4
be a downward opening as shown in figure 8. The point -4 '7 ] \

V(1,4)

V (1, 3) is the turning point or the vertex of the graph and
it is the maximum point of the graph.

When graphing parabolas, we want to include certain Figure 8.
special points in the graph.
® The y-intercept is the point where the graph intersects

the y-axis. The x-intercepts are the points where the AR

graph intersects the x-axis.
® The vertex is the point that defines the minimum or rInteroepts

maximum of the graph. e

>

|
® Theline of symmetry (also called the axis of symmetry) \ g
is the vertical line through the vertex, about which the

parabola is symmetric.
For any parabola, we will find the vertex and y-intercept. » -intercept “—— Vertex
In addition, if the x-intercepts exist, then we have to Figure 9.
determine those as well.

Given a quadratic function f(x) = ax*> + bx + ¢, find the y-intercept by evaluating the
function when x = 0. In general, /(0) = a (0)> + b (0) + ¢ = ¢ and we have y-intercept (0, ¢).
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Next, the x-intercepts, if they exist, can be found by setting f'(x) = 0. Doing this, we have
ax*+ bx + ¢ = 0. If p and q are zeros of the quadratic function f (x), then the points (p, 0)
and (g, 0) are x-intercepts.

Using the fact that a parabola is symmetric, we can determine the vertical line of symmetry

using the x-intercepts. To do this, we find the x-value by x = —2i. Therefore, the line
a
of symmetry is the vertical line x = —2i. We can use the line of symmetry to find the
a

vertex. So, the vertex is —i,f[—i] .
2a 2a

ExampLE 23

Draw the graph of f(x) = —x* —2x + 3.

Solution

Step 1: Determine the y-intercept. To do this, set x = 0 and find f{0).
f(0)=—-(0)>-2(0)+3=0+0+3=3.
Therefore, the y-intercept is (0, 3).

Step 2: Determine the x-intercepts if any. To do this, set f{x) = 0 and solve for x.
fix)=—x*-2x+3
0=-x*-2x+3
xX*+2x-3=0
x+3)x-1)=0
x+3=0o0rx—-1=0
x=-3orx=1.

Here, where f{x) = 0, we obtain two solutions. Hence, there

PRI

are two x-intercepts, ( —3, 0) and (1, 0). vl 41) ’

Step 3: Determine the vertex. One way to do this is to first i N

use x = —2i to find the x-value of the vertex and then \ .
a >

substitute this value in the function to find the corresponding -1 3

y-value. In the equation, f(x) =—x>-2x + 3, we have a = —1

and b = -2. Thus,

x:_i_ﬁ—i:_l' Figure 10.

2a 2(-1) -2
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Substitute -1 into the original function to find the corresponding y-value.
f(=)==(-1)P=2-1)+3=-1+2+3=4.
Therefore, the vertex is (-1, 4).

Using the above information, we can draw the graph of f(x) = —x*> — 2x + 3 as shown in
Figure 10.

EXERCISES

1. Find the vertex and line of symmetry for each of the following graphs of
quadratic functions.

(a) y=x>—-6x+8=0 (c) y=4x*—32x+62
(b) Ax)=x*-6x+5=0 (d 2x*+12x+16
2. Find the maximum or minimum value of each of the following quadratic
functions.
(a) y=x>-8x+12 () f(x)=2x*+4x+5
(b) fix)=x*4+2x-8 (d y=3x*+8x+4
3. Draw the graphs of each of the following quadratic functions.
(@A) f(x)=2x*—4x+8 (c) y=—x*—6x+1
(b) f(x)=-2x*—12x+3 (d y=x*—4x-5
4. Determine whether each of the following functions open upward or downward?
(a) y=x"-9%+20 (d) y=-2x*+5x+12
(b) f(x)=x>—12x+32 () y=-6x*+13x—-6
(c) y=x*+3x+4 ) y=2x-x*+6
5. Determine the x-intercepts, if they exist and the y-intercept.
(a) y=x"+4x+12 () f(x)=2x*+5x-3
(b) y=x*-13x+12 (d) f(x)=3x*—-4x-4

5.7 SOLVING QUADRATIC EQUATIONS GRAPHICALLY

Graphing a quadratic equation is a matter of finding its vertex, direction and
x-intercepts and y-intercepts. In this sub-topic we will see how to solve quadratic
equation graphically.
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AcTIVITY 7

1. Graph the equation y = 2x — 3 by plotting points.
2. Let y = 2x? —x— 3 be a quadratic equation. Then, find

(a) /(=2) (c) f(0)
(b) /(=1) (d) £(5)
1, 5
3. Let S(O)= Ex + gx —3 be a quadratic equation. Then, evaluate
b b
=—— b .

(@) 2a ®) f[ 2a]
4. When you are solving a quadratic equation graphically, what do you look for on the

graph?

Recall that the solutions of a quadratic equation are called the roots of the equation.
The roots of a quadratic equation are the x-intercepts of the graph.

ExaMPLE 24

Draw the graphs of y = x> — x — 2 using a table of values. Use the graph to find the
following:

(a) Rootsof y=x*—x—-2

(b) Vertex of the graph Ay
(¢) Line of symmetry of graph
Solution .

\EE

Figure 11.

(a) First, we make a table of points by taking some
suitable values of x. -3 -‘ié\

bl 4|3 |-2(-1]0|1|2]|3 )4
b 18/10 4 0 |-2/-2/0 /4 10
By plotting and joining the points of the table, we will

get a curve as shown in the figure 11.

(b) In the given equation, a =1 and b = —1. So, to find the vertex, we use the formula:

oot I F (VL) S MO P

Y&

2 20) 2

Thus, the vertex is [l —2]
2 4

b

(c) The line of symmetry is the vertical line x = o
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ExaMPLE 25

1.  Using the graph of the quadratic equation represented by the graph shown in

Figure 12.

(a) Find the number of roots and their values.

(b) Find the x-intercepts of the graph.

(c) Find the vertex of the graph.

(d) Find line of symmetry.

(e) Find the general equation of the quadratic

function represented by the given graph.

2. Drawthe graphs ofyy=2x*—8atable of values.

Also, evaluate the following from the graph:

(a) Number of real roots.

(b) The vertex of the graph.

(¢) Minimum value of the function.

/

A &

-3 23
-2

Figure 12.

You can determine the number and nature of roots of a quadratic equation by looking at
its graph. The x- intercepts of the graph represent the roots of a quadratic equation. If the
graph of equation cuts the x-axis at two distinct points, then the given equation will have

two distinct real roots.

The graph of quadratic equation with two distinct real roots is as shown in Figure 13.

)

N

y =

N

Figure 13. Figure 14.

Figure 15.

If the graph of an equation touches the x axis at one point, then the given equation will
have one real root. The graph of a quadratic equation with one real roots is as shown in

Figure 14.

If the graph of quadratic equation never cuts or touches the x axis, then there will be no
real root for that equation. The graph of a quadratic equation without any real root is

shown in Figure 15.
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ExaMPLE 26

Use the graph to find the zeros of the following quadratic functions.
(@) f(x)=x*+2x-3

(b) f(x)=—x+2x+8 “Sy
Solution
3

(a) First, we make a table of points by taking some
suitable values of x. -

—4—3—2—101234 _1/135
' 5 [0 [3|-4[3[0]5]12]21 5

By plotting and joining the points of the table, we
will get a curve as shown in the figure 16.

A &

As shown in the graph the graph intersects the Figure 16.
x-axis at a (=3, 0) and (-1, 0).
Therefore, the zeros of the given quadratic

. AY
function are x = -3 and x = —1. (1,9)

(b) First, we make a table of points by taking
some suitable values of x.

bl —4 3|2/ -110 1|2 3|45
—161105 8198|307
By plotting and joining the points of the table,
we will get a curve as shown in the figure 16.
As shown in the graph the graph intersects the fZ Z&
x-axis at a (-2, 0) and (4, 0).
Therefore, the zeros of the given quadratic
function are x = -2 and x = 4.

Y &

Figure 17.

EXERCISES
1. Use the graph to find the zeros of the following quadratic functions.
(a) y=-2x*+8x (¢) y=x>+2x-15
(b) f(x)=2x*—8 (d) —x*+4x+12
2. Draw the graph of each of the following quadratic functions and use the graph
to find the zeros. Create a table of values if necessary.

(a) y=x*+3x-10 () f(x)=2x*+16x
(b) f(x)=x>+8 (d y=3x+4x-4
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3. Draw the graph of each of the following quadratic functions
(a) y=x>+4x+5
(b) -2x>—4x+6
(c) fix)y=x*—-6x+9
(d f(x)=—4x*+4
4. Draw the graphs of y = 3x — x* + 4 using a table of values. Use the graph to
find the roots of 3x —x*+4=0.

Key TERMS

. Axis of symmetry ° Quadratic equation
° Completing the square ° Roots

° Factorization . Solution

° Line of symmetry . Vertex

° Parabola ° x-intercepts

° Quadratic function . y-intercept

SUMMARY

° A quadratic function is a function of the form y = f(x)= ax*> + bx + ¢, where a,
b and c are real numbers with a # 0.

° The domain of a quadratic function is the set of all real numbers, R.

. In interval notation, the domain of any quadratic function is (-0, o).

o An equation that can be written in the form ax?> + bx + ¢ = 0, where a, b and

¢ are real numbers with a # 0 ,is called a quadratic equation in x. The given
form is called standard form.

° If the product two numbers is zero, then one of these factors must be zero.
That is, for any real numbers p and ¢, if p x g = 0, then either p =0 or g = 0.
° To factorize a general quadratic expression, x> + bx + ¢ = 0, a # 1 it is
recommended to follow the following three steps.
Step 1: Find the product of a x c,
Step 2: Find pairs of factors of a x ¢
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If a x c is positive, find a pair whose sum is b.
If a x c 1s negative, find a pair whose difference is b.
Step 3: Write b in terms of the sum of the pair and then factorize again.

. To solve word problems, we follow the following steps.
Step 1: Read the problem carefully and draw diagram whenever possible.

Step 2: List all of the unknown numerical quantities involving in the problem
and call it any letters such as p, g, y, z etc.

Step 3: Using information given in the wording of the problem, set up a word
equation that contains words as well as numbers.

Step 4: Put in numbers in place of words whenever possible to set up an algebraic
equation containing one variable and known numerical constant.

Step 5: Solve the equation for the variable.
. To solve a quadratic equation using completing the square method, we follow
the following steps.
Step 1: Write the given quadratic equation in the standard form.
Step 2: Make the coefficient of x? equal to 1, if it is not.

Step 3: Shift the constant term to right hand side (R.H.S) of the equation.
2

Step 4: Add - of the coefficient of x| to both sides of the equation.
2

Step S: Express the left-hand side (L.H.S) as the perfect square of a suitable
binomial expression and simplify the right-hand side (R.H.S).

Step 6: Take square root of both sides.

Step 7: Obtain the values of x by shifting the constant term from L.H.S to
R.H.S.

. Features of the graph of quadratic function.
(1)  The orientation of a parabola is that it either opens up or opens down.
(1))  The vertex is the lowest point or the highest point on the graph.

(ii1))  The axis of symmetry is the vertical line that goes through the vertex. If
h is the x-coordinate of the vertex, the equation for the axis of symmetry
isx=h.

(iv)  The maximum or minimum value of a parabola is the y-coordinate of
the vertex.

(v)  The y-intercept is the point at which the parabola crosses the y-axis.
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(vi)  The x-intercepts are the points at which the parabola crosses the x-axis.
The domain of a quadratic function is all real numbers, (-, ).

(vii)  The range of a quadratic function starts or ends with the value of the
y-coordinate of the vertex.

° The graph of a quadratic function f (x)= ax + bx + ¢ has a minimum turning

point with @ > 0 and a maximum turning point when a < (. The turning point
lies on the line of symmetry.

EXERCISES

1.

Given a quadratic function f'(x) = —x* — x + 6. Then,
(a) Determine a, b and ¢

(b) Find the value of y when x =—1

(c) The value of y when x =2

(d) f(=3), 1(=2), £(0), fF(3)

Find the zeros of each of the following quadratic functions.

@ fx)=x*-9 () fx)=x*+x-12

(b) g(x)=2x*—8x (d fx)=x*—x-10

For each of the following quadratic equations identify a, b and c.

(A x2-x)=0 ) x-3)(x+3)=0

b) x+3)3x-2)=0 (d (7T-2x)(2x+7)=0
Factorize each of the following quadratic equations.

(a) 8x*—24x=0 (c) —2x*—5x+12=0

(b) x¥*-x=0 (d 3x*+14x+15=0

Find the roots of the following quadratic equations using factorization method.
(a) x*+x-12=0 () -2x*+x+6=0

(b) X¥*+8+7=0 (f) -3x*-10x+8=0

(c) ¥*+5x+6=0 (g) 6x*—x-12=0

(d x¥*-7Tx+12=0 (h) 7x¥*+15x+2=0

Find the roots of the following quadratic equation by completing the square.
(a) 4x*-12x+5=0 (c) x¥*+4x-5=0

(b) x¥*-6x+1=0 (d 9Ix?*—12x-21=0
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7.

10.

I1.

12.

13.

14.

15.
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Find the vertex and line of symmetry of each of the following graphs of the
quadratic functions.

(a) y=x*—4x (c) y=2x*-3x-9

(b) f(x)=x*-x-6 (d) g(x)=2x*+12x

Find the maximum or minimum value of the following quadratic functions.
(a) y=x—4x+4 () f(x)==x*—x+6

b)) f(x)=x*+2x-1 (d y=3x*+10x-38

Draw the graphs of the following quadratic functions.

@A) fx)=2x*+7x+6

(b)) f(x)=x-2x>+15

Determine whether each of the following functions open upward or downward?

(a) y=x"—x+12 (c) y=x*+8+15

(b) f(x)=—x*—x+2 (d) y=-2x*+11x-12
Determine the x-intercepts, if they exist and the y-intercept.

(a) y=x*+6x+9 () fx)=2x*+x-6
(b) y=x*+2x-15 (d) f(x)=3x>—-10x+8
Use the graph to find the zeros of the following quadratic functions.
(a) y=-2x*+32x (¢) y=x*-2x-15

(b) f(x)=4x*-20x (d —x*-x+12

The three sides of a right triangle form three consecutive even integers. Find
the lengths of the triangle.

The hypotenuse of a right triangle ABC is 5 cm long. One leg is 1 cm less than
the other. Find the lengths of the legs.

The product of two consecutive odd natural numbers is 15. Find the two even
numbers.
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Chapter Outcomes

Upon the completion of this chapter learners will able to:

discuss and construct the circle as a locus;
state and use circle theorems;

identify and construct tangent to a circle;
identify and construct alternate segment;
calculate perimeter of plane shapes;

find the area of rectangle and square;

find the area of parallelograms;

find the area of triangles;

discuss and construct circles;

calculate the arcs and sectors.

184



Mensuration -

Introduction

A circle is a closed shape formed by tracing a point that moves in a plane such that
its distance from a given point is constant. The word circle is derived from the Greek
word “Kirkos”, meaning hoop or ring. Circles are the most symmetric plane figures
and they possess remarkable geometric properties. In this topic, we shall explore the
circle as a locus, circle theorems, tangent to a circle and alternate segment.

The knowledge of a circle is very important in solving many real-life problems. The
importance of circle can be seen from the designs featured in the artefacts of ancient
civilizations as well as its use in modern architecture all over the world. In this topic,
we will also learn about perimeter of rectangle and square; area of parallelogram;
rectangle and square; and arcs and sectors.

6.1 THE CIRCLE As A Locus

In geometry, a locus (plural loci) is a set of points which satisfies a given condition
or situation for a shape or a figure. The word /ocus is derived from the word location.
Before the 20™ century, geometric shapes were considered as an entity or place where
points can be located or can be moved. But in modern Mathematics the entities are
considered as the set of points that satisfy the given condition. In this sub-topic, we
will explore the circle as a locus.

AcTivity 1

1. What is locus of a point?
2. List objects in your surrounding which are circular in shape.
3. Drawing practice:
Take a compass and fix a pencil in it. Put its pointed
leg on a point on a sheet of a paper. Open the other
leg to some fixed distance. Keeping the pointed leg
on the same point, rotate the other leg through one
revolution as shown in Figure 1.
Based on your drawing try to answer the following
questions.
(a) What can you say about the shape of the figure
traced by the pencil on paper?
(b) Choose at least five points on your drawing and using your ruler measure the distance
between these points and the point O. What can you say about these distances?
(c) Define a circle. How did we get a circle?
4. Describe the various parts of circle.

Figure 1.
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The locus of points defines a shape in geometry.

DEFINITION

A path consisting of a set of points whose location is governed by some definite rule
called locus. Locus in Latin means “position” or “location”.

ExampLE 1
Let a point P move in such a way that it is always at a constant
distance, r, from a fixed-point O, as shown in Figure 2.
P The locus of a point P is a circle which has its center O and has radius
equal to r units.
Figure 2.

A circle is the locus of all the points which are equidistant from the center. So, a
circle as a locus can be defined as follows:

DEFINITION

With respect to the locus of the points or loci, the circle is defined as the set of all points
equidistant from a fixed point, where the fixed point is the center of the circle and the
distance of the sets of points from the center is the radius of the circle. Let us say, O is
the center of the circle and r is the radius of the circle, that is, the distance from point O
to the set of all points or the locus of the points.

To be able to understand the properties of a circle and use them in different
applications, you must be aware of the basic terms related to a circle.

DEFINITION

(a) The distance from the center of a circle to any point on its boundary is called
radius of circle.

(b) Aline segment passing through the center that connects two points on the boundary
is called diameter of circle.

(c) Any line segment touching the circle at two different points on its boundary is
called chord of a circle.
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Figure 3 shows various parts of a circle:

C Point O is the center of the circle. A circle is usually named by
' B its center.

The line segment OC (or &) is radius of the circle.

A ‘ Q The line segment AB (or E) is diameter of the circle.

P —
Figure 3. The line segment PQ (or PQ) is chord of a circle.

DEFINITION

The set of points on a circle (any part of a circle) contained in one of the two half-planes
determined by the line through any two distinct points of a circle are called an arc of a circle.

In circle O of figure 4, the part of the circle shown in broken line

C
from point A to point D is arc AD, symbolized by AD. A B
An arc is any piece of the circle between two Qo\ints on the circle. *
As shown in figure 4, arc ABD is denoted by ABD and arc ACB is *,
- i)o e Q

denoted by ACB.

Arcs of a circle can be classified as semi-circle, major arc and
minor arc. Figure 4.

(i)  Semi-circle is half of a circle whose end points are C
the end points of a diameter of the circle O and its

degree measure is 180°.

/N

(i)  Infigure 5, AB is diameter of the circle O. So, ACB
and AEB are semi-circles.

(111)  Major arc is the part of a circle which is greater than Figure 3.
a semi-circle. In figure 5, points C and D are not the end points of the
/N /
diameter. So, CAD or CED is major arc of circle O.

(iv)  Minor arc is the part of a circle which is less than a semi-circle. In
/N
figure 5, points C and D are not the end points of the diameter. So, ABD
~ —
1s minor arcs of the circle O. Also, AC and AED are minor arcs.

EXERCISES

1. What do you call the longest chord of a circle?

2. How many radii does a circle have?
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3. How many circles can be drawn through three noncollinear points.

4. Determine whether each of the following statements is true or false.
(a) A circle can be drawn through three points on a plane.
(b) A line segment joining two points on a circle is a diameter.
(c) Any chord of a circle is a diameter of a circle.
(d) The length of a diameter is twice of the length of a radius.
5. Use Figure 6 to answer the following questions.
(a) Name the radii of the circle.
(b) Name the diameters of the circle.
(c) Name the chords of the circle.

(d) Which two terms can be used to describe PR ?

(e) Name five line segments that have the same
length.

(f)  Which term best describes 0oC?

Figure 6.

6.2 CiRCLE THEOREMS

In this sub-topic, we will discuss some
. . important circle theorems. We will also learn
1. Define perpendicular bisector 4 apply these theorems to solve different

ACTIVITY 2

ofa chﬁord. types of mathematical problems involving
2. What is a central angle of a circle.
circle.

3. Show that the perpendicular ~ Theorem 1:
bisector of a chord passes

_ The perpendicular from the canter of a circle
through the center of a circle.

to a chord bisects the chord. In other words,
the perpendicular bisector of a chord passes
through the canter of the circle.

Figure 7 shows a chord AB bisected by a perpendicular OP from
the center O.

As shown in the figure, chord OP is perpendicular bisector of
- =

AP 7B AR

Figure 7. Symbolically, OP L AB and AP = PB.
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ExAMPLE 2

In the figure 8, O is the center of the circle, RS is the diameter of the circle. PR = RQ =
15 cm, OR = 8 cm. Find the radius of the circle.

A A

P Mem R N\Q P/Mem R N\Q

Figure 8. Figure 9.

Solution

Join O with P as shown in the figure 9.

OP is the radius of the circle and diameter AB bisects the chord PQ.
Therefore, AB | PQ.

AOPR is right angled-triangle. So, by Pythagoras Theorem, we have
OP?=PR? + RO?

OP =+/PR? + RO? =+/15° + 8’ =225+ 64 =17 cm.

Therefore, the radius of the circle is 17 cm.

ExXAMPLE 3

AB and CD are two parallel chords on the opposite sides of the center of a circle and the
distance between AB and CD is 21 cm. If AB =24 cm and CD = 18 c¢m, find the radius
of the circle.

Solution

Let O be the center of the circle and r be its radius, as shown in the figure 10.

Draw OE L AB and OF L CD. Now, AE = EB and
CF=FD.AE=12cm CF =9 cm

Let OE = x, therefore OF =21 —x.

In right-angled triangle OAE by Pythagoras theorem, we have

XA 12 = (1)
In right angled-triangle OCF by Pythagoras theorem, we have Figure 10.
L =X+ =1 e, (2)
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Equating eq. (1) and eq. (2), we get
¥ +122=21 —x)*+9?
xX*+ 144 =441 — 42x + 81
144 =522 — 42x
42x =378
x=09.
Putting x = 5 in equation (1), we get
92+ 122=p2
81 +144 = 1?

r=+/225 = 15cm.

Therefore, the radius of the circle is 15 cm.

Theorem 2:

Equal chords of a circle are equidistant from the center.

Figure 11 shows chords AB and CD equidistant from the center
of circle O. That is, OP = 0Q.

As shown in figure 11, if AB = CD then OP = OQ and vice versa.
The converse of the theorem is also true. That is, two or more
D chords in a circle that are equidistant from the circle are always
equal in length.

Figure 11.

ExaMPLE 4

In Figure 12, O is the center of the circle, AB = CD,
If OE = 2x + 3 and OF = 4x — 5. Find the value of x.
Solution

Since, equal chords of a circle are equidistant from the center.
Thus,

OE = OF
2x+3=4x-5
2x —4x=-5-3

Figure 12.
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Theorem 3:

When two circles intersect each other, then the line joining their centers bisects their
common chord at right angles.

In Figure 13, O, and O, are the centers and AB is the common chord of the two
circles. Also, 0,0, L AB and AP = BP.

B

Figure 13. Figure 14.

Theorem 4:
Products of intercepts of two intersecting chords are equal.
In Figure 14, AP x PB = CP x PD.

ExXAMPLE 5

In the figure 15, PQ and RS are two chords intersecting at point P. Find the value of 4.
Solution

We know that products of intercepts of two intersecting chords are
equal. Thus,

AP x PB =CP x PD
12x4=5hx38

8b =48

b=6.

Figure 15.

When an angle is on a circle, the vertex is on the circumference of the circle. One
type of angle on a circle is the inscribed angle, from the previous section.

DEFINITION

A central angle of a circle is an angle whose vertex is the center of the circle and whose
sides are radii of the circle.
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In figure 16, ZAOB is the central angle of the circle O. @
In figure 16 APB is said to be int/egepted by ZAOB and

ZAOB is said to be subtended by APB. The measure oigle P
central ZAOB is equal to the measure of the intercepted APB.

That is, m(ZAOB) = m(z@) .

Figure 16.

Theorem 5:

The angle subtended by an arc at the center of a circle is double
the size of the angle subtended by the same arc at the circle.

Theorem 5 is illustrated by figure 17, where the central angle
ZAQC is subtended by AC and the angle ZABC is subtended A
by AC. Thus, m(ZAOC)=2m(ZABC). Figure 17,

ExamPLE 6
In the figure 18, m(LABC) = 35° and O is the center of the circle.
Find the value of a.
Solution.
By Theorem 5 we have m(ZAOC) = 2m(ZABC). So,
o = 2m (ZABC) =2 x 35=70" and m(ZAOC) = a.= 70",

Figure 18.

DEFINITION

An inscribed angle is an angle whose vertex lies on the circle and whose sides are chords
of the circle.

In figure 19, ZBAC and ZBDC are inscribed angles of circle
with center O. Z/BAC and ZBDC inscribed BC and BC
subtends Z/BAC and ZBDC.

The relationship between the measure of the central angle and
inscribed angle by the same arc is given in theorem 6.

Theorem 6:

The measure of an inscribed angle is equal to half the measure
of its intercepted arc.

Figure 19.
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A

Theorem 6 is illustrated in Figure 20. Note that ZAPB is the
inscribed angle and it is intercepted by AB. Thus,

m(£LAPB) = % m(g\B)

ExAMPLE 7 Figure 20.

In figure 21, O is the center of the circle. If m(LACF) = 25° and m(£AFC) = 75°, then
find m(/BAC) and m(ZBOC).

Solution

In AACEF, we have

m(£CAF) + m(£AFC) + m(£ACF) = 180°
m(£CAF) + 75°+25°=180°

m(ZCAF) + 100° = 180°

m(ZCAF) = 180° — 100° = 80°

By Theorem 6, we have

m(ZCAF) = %m(@) Figure 21.
o 1 X
80 :—m(BC)
2
m(@)zZXSOO —160°

m(/BAC) = ~m(BC) =2 x160° =80°
2 2

m(ABOC) = m(]g(\j) =160° because ZBOC is central angle.

Theorem 7:

If two inscribed angles intercept the same arc, then these angles
are congruent.

Theorem 7 is illustrated in Figure 22. Note that Z/APB and

ZAQB both intercept XE\S Because m(ZAPB) —%m(gﬁ) and

1 o
m(ZAQB) = 5 m(AB) . Therefore, /APB= /AQB-

Figure 22.
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Theorem 8:
An angle inscribed in a semi-circle is a right angle.
Theorem 8 is illustrated in Figure 23, where ZABC is

inscribed in the semicircle ABC. Note that ZABC also
/N
intercepts semicircle ADC . That is,

1 / 1 0 0
m(ZABC) = Em(ADC) = 180° = 90"

Therefore, ZABC is a right angle.

Theorem 9:

The measure of an angle formed by two chords intersecting
inside a circle is half the sum of the measure of the arcs
subtending the angle and its vertical opposite angle.

In Figure 24, the two chords AB and SD intersecting at point
P inside circle O. ZDPB intercepts DB and ZAPC intercepts
AC. Thus, according to Theorem 9, we have

1 ~ o~ Figure 24.
m(/DPB) = Em(AC—i-DB) .

ExaMPLE 8

In Figure 25, AC = 52° and DB = 78°. Find the measure
of Z/DPB.

Solution

1 ~ S
m(£/DPB) = > m(AC+DB)

m(/DPB) = %(522 +78%) = % x130° = g50.

Figure 25.

EXERCISES
1. In the figure 26, OP = 12 cm, AB = 32 cm and OP L AB. Calculate the value
of x, if O 1s the center of the circle

2. Infigure 27, CD and AB are two chords intersecting at P. If CP =3 c¢cm, PD =
30 cm and PB = 12 cm, then find the value of AP.
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C
A B

12 cm

6 30 cm

Figure 26. Figure 27.

3. A chord of length 24 cm is at a distance of 5 cm from the center of a circle.
What is the length of the chord of the same circle which is at a distance of 12
cm from the center of the given circle?

4. Infigure 28, O is the center of the circle, chord AB is equal to chord CD and
OE and OF are perpendiculars to chords. If FD = 12 cm and OE = 9 ¢m, find

the length of AE.
P

Figure 28. Figure 29.

/

5. Inthe figure 29, O is the center of circle and ZOAB = 35°, find ZAPB.

6. In the figure 30, O is the center of the circle, ZAOB = 125°, Z/BCE = 28°.
Find the measure of ZCEB.

Figure 30. Figure 31.

7. Inthe figure 31, if O is the center of the circle, find the value of x and y.

8. Inthe figure 32, AC is the largest chord of the circle with center O and ZBAO
=40°. Find the measure of ZACB.
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Figure 32. Figure 33.
9. In the figure 33, AC is the diameter of the circle with center O. If AD = CD
and ZACD = 25°, find ZBAD

10. Ifthe chord of a circle is equal to its radius, find the angle measure subtended
by the chord in the alternate segment of the circle.

6.3 TANGENTS TO A CIRCLE

The word “tangent” means “to touch”. The Latin word for the same is “tangere”. In
general, we can say that the line that intersect the circle exactly at one point on its
circumference and never enters the circle’s interior is a tangent. In this sub-topic, we will
learn about the concept of tangent to a circle and various theorems related to tangents.

In geometry, a tangent is a line drawn from an

external point and passes through a point on

1. Define tangent of a circle and
the circle.

point of tangency?

2 Give at et hro propetes of

of tangent to a circle.
i alees T e s (e (a) If aline intersects a circle at exactly one

point, then the line is called a tangent

line are tangent. ' )
line of the circle.

4. How do you draw a tangent?
(b) The point at which the tangent intersects

the circle is called the point of tangency
(or point of contact)

P (c) If a line intersects a circle at two points,
then the line is called a secant line of the
circle.

Figure 34 shows the line 7 is the tangent of the
A8 4 circle O and the point P is point of tangency. From

Figure 34, the figure 34, it can be concluded that there is only
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one tangent to a circle through a point which lies on the circle. The line / is the
secant line of the circle O and it intersects the circle at points A and B.

If a line intersects a circle at two points, then the line is called a secant line of the
circle.

Some of the important theorems based on tangent properties of a circle are given
below with their respective examples.

Theorem 1

The tangent to the circle is perpendicular to the radius of 1)
the circle at the point of contact.

In Figure 35, radius OA is perpendicular to tangent /.

That is, OP 1 ¢. P
Figure 35.

ExAMPLE 9

In the figure 36, AB is a tangent to a circle with center O and radius 6 cm at point B. It
meets the line OA such that OA = 10 cm. What is the length of AB?

Solution

We know that the tangent is perpendicular to
the radius at the point of contact. As shown in
Figure 36, AABO is right angled-triangle. Thus,
by Pythagoras theorem, we have
AB?+ BO*=A0? 10c

AB? + 6> =107

AB?*+36 =100 B
AB?*=100 - 36 =64 Figure 36.

AB = +/64=8 cm.

6 cm

Theorem 2

If two tangents are drawn from an external
point of the circle, then they are of equal P
lengths.

In Figure 37, P is the external point from where

the two tangents PA and PB are drawn. Here, B
PA is equal to PB. That is, PA = PB. Figure 37.
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ExampLE 10

In the figure 38, PA and PB are the tangents of the circle with center O. Find the value

of x.
Solution

The length of two tangents from a common external point to a circle is equal. Thus,

PA=PB
xX*=2x=12-x
xX=2x+x-12=0
xX*—x-12=0

x+3)(x—-4)=0
x+3=0o0rx—-4=0
x=-3orx=4.

Therefore, the value of x is 4 cm.

Theorem 3

If from a point outside a circle, a secant and
a tangent are drawn, then the tangent is the
mean proportional between the secant and
its external segment.

In figure 39, PB is a secant line and PA isa B
tangent line. Thus,

PA?=PB x PC.

ExamprLE 11

In figure 40, PB is a secant line and PC is the
tangent line to the circle O. Find the length of
the tangent PC.

Solution
By Theorem 3, we have

PC?=PB x PA
PC*=(14+18) x 18 =32 x 18 =576

C= 576 =24 cm.
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A

B
Figure 38.

"/

Figure 39.

18 cm

C
Figure 40.
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EXERCISES

1.

In the given figure 41, O is the center of circle, AB is tangent to circle at point
B and ZBAO =30°, find ZAOB.

C
B
A o

Figure 41.

In the given figure 42, the radius of a circle is 9 cm and AB is a tangent drawn
from point A. [f AO =41 cm and O is the center of circle, find the length of

the tangent
<Ol\/ A
B

Figure 42.

In the figure 43, PA and PB are the tangents of the circle with center O. Find
the value of x.

A
x*-1cm
P
15 cm
B
Figure 43.

In figure 44, PC is a secant line and PA is tangent of line circle. Find the length
of the tangent of the circle.

Figure 44.
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5. In figure 45, PB is tangent of the
circle. If PB =12 cm and PA =8 cm,
then find the radius of the circle. 0

B
Figure 45.

6.4 ALTERNATE SEGMENTS

There exist several geometric properties and theorems about circles. We have
studied circle theorems and tangent to a circle. In this sub-topic, we will learn about
alternate segment.

AcTIVITY 4

1. What is segment of a circle?

2. What is chord of a circle?

3. Construct a circle and draw tangent line to a circle. Through the point of contact, draw
a chord that should be inclined to the tangent to form an angle.
(a) Identify the chord which makes the angle with the tangent and locate the angle

in the alternate segment of the chord.

(b) How many angles are formed between the tangent line and the chord of the circle?
(c) Identify the major segment and the minor segment in the circle.

B The segment of a circle is the region between a chord and the
corresponding arc of the circle. When a chord is drawn, it creates
a major segment and a minor segment in the circle.

Let us observe the figure 46 in which DE is the tangent and BC
is a chord. ZBCE is made by the tangent and chord BC. This
1s equal to ZBAC in the alternate segment. ZACD is made by
D C_ 1 the tangent DE and chord AC. This is equal to ZABC in the
alternate segment. Here, /BCE = ZBAC and ZACD = ZABC.
This is what the alternate segment theorem states.

Figure 46.

Theorem 1

For any circle, the angle between a tangent and a chord through the point of contact
of the tangent is equal to the angle made by the chord in the alternate segment.
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ExamMPLE 12

A tangent PR is drawn at point B on the circle, as shown
in figure 47. A and C are pointing such that BA =BC . If
ZQBC = 55°, what is the measure of ZBCA?

Solution

ZQBC=/BAC=55"...(by alternate segment theorem.)

BA=BC.......c.ciiiiiiii (given.)
.. AABC is isosceles triangle.
ZBAC=/BCA=55"........... (opposite angles of an Figure 47.

isosceles triangle are equal.)

ExAmMPLE 13

Given that BC is the chord that makes 65° with the tangent
PQ, as shown in figure 48. Find measures of ZABC and
ZQAB.

Solution
ZABC =/PAC =65°....... (angle in the alternate segment.)
ZQAB=/ACB=58°....... (angle in the alternate segment.)

Figure 48.

ExamrLE 14

In figure 49, EF is tangent to the circle O. If BC is diameter of the circle and ZACB =30°,
find the measure of angles x and y.

Solution B

ZCAB=90°....... (angle in a semi-circle.) ¥

ZACB =30°.........(given)

Z/ACB + ZCAB + ZABC = 180° .........(Sum of angles in a 10
triangle = 180°.) 09

30°+90°+ y =180° x)

120° + y = 180° E C r

y=:60° Figure 49.

x=y=60".........c.iiin (by alternate segment theorem.)
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EXERCISES
1. Infigure 50, ED is tangent to the circle O. If ZABC = E A D
65°, find the measure ZACB.

2. Infigure 51, ZCBD = 55° and ZABC = 65°. What is
the measure of ZACB.

Figure 50.

Figure 51. Figure 52.

3. In figure 52, line ST is tangent to the circle O. If ZQRT = 80°. Find the
measure of ZRPQ.

4. 1In the given figure 53, FD and DE are two tangents of a circle. If ZBCE = 75°
and ZABC = 65°, then find measures of Z/BAF and ZACD.

D E A D

-

3

N
Figure 53. Figure 54.

5. In the given figure 54, DE is a tangent at point A. If /BAC = 67° and
ZABC = 58°, then find measures of ZCAE and ZBAD.

6.5 PERIMETER OF PLANE SHAPES
In geometry, perimeter can be defined as the path or the boundary that surrounds
a plane shape. The word perimeter has been derived from the Greek word “peri”

meaning around and “metron” which means measure. Measurement of length is
applicable in many real-life situations. For example, farmers have to fence their
fields to protect their crops from animals. The required length of the fence can be
calculated accurately if one is familiar with the concept of perimeter. In this sub-topic,
you will discuss the length and properties of the plane geometrical figures and you
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AcCTIVITY 5 S

What is plane figures?
Explain two dimensional geometrical figures.
Give some examples that represent plane shapes.

In group, state the properties of square, rectangle, parallelogram, rhombus and
trapezium.

5. Elizabeth is out for a run. She decides to run around a park in a town. The length of the
side of the park are 200 meters, 350 meters, 185 meters and 225 meters. How many
meters will Elizabeth run?

> =

Perimeter is the distance around the edge of a plane shapes. The perimeter of all
plane shapes can be determined by adding the lengths of their sides.

Triangle

Recall that triangle is a three-sided polygon and it can be classified into different
types based on the measure of its sides and angles. The perimeter of a triangle is
defined as the total length of its boundary.

ExampLE 15
In figure 55, ABC is a triangle with side length 5 cm,
7 cm and 10 cm. Find its perimeter. B
Solution
Perimeter (P) =AB + BC + CA
=5cm+7cm+ 10 cm

=22 cm. 10 cm
Therefore, the perimeter of triangle ABC is 22 cm. Figure 55.

ExAMPLE 16

Find the length of the missing side of a triangular-shaped road sign whose perimeter is
54 m and the two sides are 19 m each.

Solution
Let the length of the missing side be b. Then,

203



- Mathematics — Grade 11 Textbook

perimeter of a triangle = Sum of lengths of three sides
54=19+19+5b

54=38+0b

b=54-38=16m.

Therefore, the length of the missing side is 16 m.

In general, the perimeter of a triangle with length of sides a, b and ¢ units is given
by the formula:

P=a+b+ec

ExampLE 17

Find the perimeter of AABC having side length a =6 cm, » =8 cm and ¢ = 10 cm.
Solution
P=a+b+c=6cm+8cm+10cm=24 cm.

Therefore, the perimeter of the triangle is 24 cm.

Rectangle

Rectangles are four-sided polygons. The perimeter of a rectangle is the sum of the
length of its sides. Hence, we can find the perimeter of a rectangle by adding the
lengths of all four sides of a rectangle.

ExampPLE 18

In figure 56, ABCD is a rectangle whose side

19 cm
lengths are given.
Solution
The perimeter of the given rectangle is: > @ e
P=9cm+19cm+9cm+ 19 cm
=56 cm. 19 cm
Therefore, the perimeter of the given rectangle is 56 cm. Figure 56.

Since opposite sides of a rectangle are always equal, we need to find the dimensions
of only two sides to find the perimeter of a rectangle. Thus, the perimeter of a
rectangle with length and width is twice of the sum of length and width.
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ExampLE 19
A rectangular playground is 30 m long and 19 m. Find its perimeter.
Solution
We know that the perimeter of a rectangle = 2 x (sum of lengths of adjacent sides)
=2x(B0m+19m)=2x49 m=98 m.
Therefore, the perimeter of the playground is 98 m.

In general, the perimeter (P) of a rectangle whose length is ¢/ and width is w is given
by the formula:

P=2x ({+w).

ExamMPpPLE 20

Find the perimeter and area of a rectangular farm if its length and breadth are 280 m and
90 m, respectively.

Solution

P=2(/+w)=2x(280+90)=2 x 370 = 740 m.

Therefore, the perimeter of the rectangular land is 740 m.

ExampLE 21

The length of a rectangle is 4 less than 3 times its width. If its length is 14 cm, find its
perimeter.
Solution

Let w be the width of the rectangle. Then, its length: / = 3w — 4.
Since the length of the rectangle is 14 cm, we have

14=3w—-4
3w=14+4=18
w=6cm.

P=2(/+w)=2x(14+6)=2x20=40 cm.
Therefore, the perimeter of the rectangular land is 40 cm.

ExamMPLE 22

The perimeter of a rectangular pool is 96 meters. If the length of the pool is 16 meters,
then find its width.
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Solution
P=2({+w)=20+2w
96=2x 16+ 2w
96 =32 +2w
2w =96 —32 =064
w=232.

Therefore, the width of the pool is 32 meters.

Square

A square is a type of rectangle in which the adjacent sides are equal. In other words,
all sides of a square are equal.

The perimeter of a square is the total length of all sides of the square. Hence, we can
find the perimeter of a square by adding all its sides. That is, perimeter

(P)=s+s5+s+5=4s units.

The perimeter of a square whose side length is s units is 4 times the length of its side.

ExAMPLE 23

One of the sides of a square is 6 cm. What will be its perimeter?
Solution

Perimeter = 4 x side length =4s =4 x 6 cm =24 cm.

Therefore, the perimeter of the given square is 24 cm.

In general, the perimeter of a square whose side length is s is given by the formula:
P=4s

ExamPLE 24

If the perimeter of a square is 20 cm, then what will be the length of its side?

Solution

Let the side length be s cm. Then,
P=4s
20 cm =4s

s=20+4=5cm.
Therefore, the length of its side is 5 cm.
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ExaMPLE 25

In figure 57, ABCD is a square. Find the perimeter of square ABCD.

Solution A B
Since ABCD is a square, AB =BC = CD = DA.

4a=a+ 18
4a—a=18
3a=18
a=6cm (a+18) cm
Thus, perimeter of square ABCD =4 x 6 cm = 24 cm. Figure 57.

4ag cm

C

Parallelogram

Recall that a quadrilateral (four-sided polygon) is called a parallelogram if its
opposite sides are parallel and are of equal length. The perimeter of a parallelogram
is equal to the sum of lengths of all four sides.

ExAMPLE 26

In figure 58, ABCD is a parallelogram whose sides are 7 cm, 12 ¢cm, 7 cm and 12 cm.

Find the perimeter of the parallelogram. B 12 em C
Solution
The perimeter (P) = AB + BC + CD + DA 7 cm 7 em
=7cm+ 12 cm+ 7cm +12cm
=38 cm A 12 cm D
Therefore, the perimeter of the given parallelogram is 38 cm. Figure 58.

In general, the perimeter of a parallelogram with adjacent sides a and b is given by
the formula:

P=2x(a+b).

ExAMPLE 27

The perimeter of a parallelogram is equal to 86 cm and one of its sides is 12 cm. Find the
length of the other side.

Solution
P=2x(a+b)=2a+2b
86=2x12+2b
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86=24+2b
2b=86-24=062
b=31cm.

Therefore, the length of the other side is 31 cm.

ExampPLE 28

In figure 59, ABCD is a parallelogram. Find the perimeter of parallelogram ABCD.

Solution
B Bx+5cm C

Since ABCD is a parallelogram,
AB = CD and BC = DA. Thus,

(4x-5)cm
3x+5=6x—-10
6x—3x=5+10 A (6x-10) D
3x=15 Figure 59.
x=35.

Hence, AB=4x5-5=20-5=15cm; BC=3x5+5=15+5 =20 cm;
CD=AB =15 cm; and BC = DA =20 cm.

P=2x(a+b)=P=2x(15+20)=2x35=70 cm.
Therefore, the perimeter of parallelogram ABCD is 70 cm.

Rhombus

A rhombus is a type of parallelogram in which the adjacent sides are equal. In other
words, all sides of a rhombus are equal.

The perimeter of a rhombus is the total length of all sides of the rhombus. Hence,
we can find the perimeter of a rhombus by adding all its sides. That is, perimeter (P)
=s§+s5+s+s=4sunits.

ExampLE 29

One of the sides of a thombus is 7 cm. What will be its perimeter?
Solution
Perimeter = 4 x side length =45 =4 x 7 cm = 28 cm.

Therefore, the perimeter of the given rhombus is 28 cm.

In general, the perimeter of a rhombus whose side length is s is given by the formula:
P=4s
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ExampLE 30

If the perimeter of a rhombus is 48 cm, then what will be the length of its side?

Solution

Let the side length be s cm. Then,
P=4s
48 cm = 4s

s=48 +4=12 cm.
Therefore, the length of its side is 12 cm.

Trapezium

Recall that a trapezium is a quadrilateral (four-sided polygon) with exactly one pair
of parallel sides. The parallel sides are called the bases and the non-parallel sides
are the legs of the trapezium.

The perimeter of a trapezium is the sum of the lengths of its four sides.
ExampLE 31
In figure 60, ABCD is a trapezium with length of all four sides are given as shown. Find

the perimeter of trapezium ABCD. B 10ecm C

Solution
The perimeter (P) = AB + BC + CD + DA Te J om
=10cm+9cm+ 15 cm+ 7cm
=41 cm. A 15 cm D
Therefore, the perimeter of trapezium ABCD is 41 c¢cm. Figure 60.

In general, if the length of the four sides of a trapezium are a, b, ¢ and d units, then,
the perimeter of the trapezium is given by the formula:

P=a+b+c+d

ExampLE 32
If the length of parallel sides of a trapezium is 13 cm and 17 cm and the length of non-
parallel sides is 7 cm each. Find its perimeter.
Solution
Perimeter of this trapezium is the sum of the lengths of its four sides. Thus,
P=13cm+17cm+7cm+ 7 cm =44 cm.
Therefore, the perimeter of this trapezium is 44 cm.
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EXERCISES
1. Find the perimeter of a triangle whose sides are 5 cm, 7 cm and 9 cm.
2. The perimeter of a rectangular wire is 198 meters. The same wire is bent into
the shape of an equilateral triangle. Find the lengths of each of its sides.
3. Arectangle has a width of 5 meters and a length of 125 cm. Find the perimeter
of the rectangle both in meters and centimeters.
4. If the perimeter of a rectangle is 40 cm and the length of one of its sides is 9
cm. What will be the length of the other side?
5. The length of a triangle is 5 less than twice of the width. If the length is 13 cm,
then what will be the perimeter of the rectangle?
6. The width of a rectangular field is 240 m less than the length. The perimeter
of the field is 940 meters. Find the dimensions of the field.
7. Find the perimeter of a square with side 17 cm.
8. Ella wants to put a lace around a square cloth with length 15 meters. If she
bought a lace of length 45 meters, how much more does she need?
9. Find the perimeter of a parallelogram if the base and side length are 18 cm
and 23 cm.
10. Determine the length of another side of a parallelogram whose base is 9 cm
and the perimeter is 60 cm.
11. Find the perimeter of a rhombus with side 13 cm.
12. If the perimeter of a rhombus is 120 cm, what will be the length of sides of
the rhombus?
13. The parallel sides of a trapezium measures 34 cm and 28 cm. Its other sides
are 19 cm and 15 cm. Find the perimeter of the trapezium.
14.  Find the perimeter of each of the following plane figures.
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6.6 AREA OF RECTANGLES AND SQUARES

The area can be defined as the amount of space covered by a flat surface of a
particular shape. It is measured in terms of the “number of square units”. The area
of a polygon is the number of square units inside the polygon. We frequently use
area in our daily life. For example, if we want to paint the walls of a room, we have
to know the area to be painted so as to buy the adequate amount of paint. In this
topic, we will discuss the area of rectangle and square.

ACTIVITY 6

1. What do we mean by “square unit”?

2. Suppose the dimensions of a dining room is 4 m by 4.5 m. If the dimensions of a tile is
20 cm by 30 cm, how many tiles are required to be fitted into the room?

3. A rectangular park with length 24 m and width 16 m is surrounded by a path of 2 m.
Find the area of the path.

The area of rectangle is the number of unit squares that can fit into a rectangle.

DEFINITION

Area occupied by a rectangle within its boundary is called the area of the rectangle.

The plane figure shown in figure 61 is a rectangle. So, we can find area of this
rectangle by counting the squares inside the rectangle.

There are 24 squares inside the rectangle. Therefore, we
can say that the area of this rectangle is 24 square units.
We can also find its area by multiplying number of units
in its length by the number of units in its width.

As shown in figure 61, there are 6 squares in its length
and 4 squares in its width. Thus, 6 units x 4 units = 40 Figure 61.
square units.

In general, we can find the area of any rectangle by multiplying its length and its width.

Theorem 1:

=

The area (A) of rectangle is the product of its length (/) <

and width (w). That is, §
Area = length x width Length ()
Symbolically, A=/ x w Figure 62.

211



- Mathematics — Grade 11 Textbook

ExamPLE 33

Find the area of a rectangular farm if its length 240 m and its width is 95 m.
Solution
Area of rectangle = length x width

=240 m x 95 m = 22,800 m>.

Note:

The term base refers to the length of a rectangle and the term height refers to the
width of a rectangle. So, we can say that the area of a rectangle = base x height or
A=bxh.

ExampLE 34
Find the area and perimeter of each of the following rectangles.

5 cm

12 cm

13 cm

6 cm

Figure 63.
Solution
(a) Area: A=/ xw=12cm x 6 cm =72 cm’.
Therefore, area of this rectangle is 72 cm?.
(b) Area: A=/ xw=5cm x 13 cm = 65 cm?.
Therefore, area of this rectangle is 65 cm?.

ExampLE 35
Calculate the area of a rectangle with a length of 6 units and a width of 14 units.
Solution
A =/{ xw= 6 units X14 units = 84 square units.
Therefore, the area of the rectangle is 84 square units.
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ExaMPLE 36

The area of a rectangle is 300 cm? and the length is 15 cm. What is the width of the
rectangle?

Solution

A=/l xw

300 cm?*=15cm X w

w =300 cm? + 15 cm = 20 cm.

Therefore, the width of the rectangle is 20 cm.

ExAMPLE 37

The length of the rectangle exceeds its width by 2 cm and area of the rectangle is 195
sq.cm. Find the dimensions of the rectangle.
Solution
Let 7 be the length and w be the width of the rectangle and ¢ = w +2.
xw=A
(w+2)w=195
w? 2w —195=0
w+15)(w-13)=0
wt+15=00rw-13=0
w=—-150rw=13

Since w represents width of a rectangle, the negative value is not possible. So, the width
is 13 cm.

Thus, / =w+2=13+2=15cm.

Therefore, the dimensions of the rectangle are 15 cm by 13 cm. A =g
Recall that a square is a rectangle having four equal lengths of
sides. The area of a square with side length a is a* square units.

ExampLE 38 Figure 64.
Find the area of a square plot of land with side 35 m.
Solution
A=axa=a*=(35m)’=1,225m?

Therefore, area of the square is 1,225 m?.
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ExamMPLE 39

The area of a square is 169 cm?. What is the length of each side?
Solution

A=a’

169 cm? = @?

a=~169 =13 cm.

Therefore, the length of each side of the square is 13 cm.

ExampLE 40

Length of a side of a square field is 275 m. What will be the cost of levelling the field at
a rate of L$10 per square meter?

Solution
A=a*>= (275 m)*=175,625 m?
Thus, the cost of levelling the field is 75,625 x 1m? = 75,625 x 10 cents = L$756250.

EXERCISES

1. Find the area of a rectangle of length 42 cm and width 28 cm.
2. Find the area of a rectangle whose length is 18 cm and width 9 cm.

3. The area of a rectangular plot of land is 480 m?. If its width is 60 m, then find
its length.

4. The area of a rectangular fence is 600 square meters. If the width of the fence
is 15 meters, then find its length.

5. Find the area of a square whose side is 8 cm.

The area of a square is thrice the area of a rectangle. If the area of the square is 768
cm? and length of the rectangle is 32 ¢cm, then find the perimeter of the rectangle.

7. Find the cost of flooring a square floor having perimeter 60 m, if the cost of
flooring is L$80 per square meters.

8. Find the perimeter of each of the following plane figures.

7 cm

7 cm

7 cm 3cm

Figure 65. A B C
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6.7 AREA OF PARALLELOGRAMS

In geometry, a parallelogram is a special type

of qugdrllateral V.Vhld.l has four sides and I. What is the height of a
the pair of opposite sides are parallel. In a
parallelogram?

{)arali:: 1;) grﬁm’ ﬂ]lje opp osite 51f1161:sl are Olf; cqual 2. The area of a parallelogram is
ength. In this sub-topic, we will learn the area 72 square units and the base is

of parallelograms. 9 cm. Find the altitude of the
The area of a parallelogram is the space parallelogram.

enclosed within its four sides. Area is equal 3. What is the area of a rhombus
to the product of length and height of the whose length is 13 cm long and
parallelogram. its height is 7 cm long?

ExampLE 41
If the base of a parallelogram is 7 cm and the height is 4 cm, then find its area.
Solution
Area of a parallelogram = base x height
=7 cm X 4 cm = 28 cm?.

We can drive the area formula of parallelogram from the formulas of areas or rectangle
and triangle.

Theorem 1:

Suppose a and b are the lengths of parallel sides of a parallelogram and /4 is the
corresponding height of the parallelogram, then based on the length of sides and
height of it, the formula for its area is given by:

Area = Base x height

A=bxh

Height (h)
Base fb)
Figure 66.

In figure 66, ABCD is a parallelogram with a base of length b and with corresponding
height of length 4.

Area: A = Base (b) x Height (h)
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ExaMPLE 42

Find the area of each of the following parallelograms.

3em 7 cm
TN -
16 cm 12 cm
Figure 67. A B

Solution

(a) Area:A=bxh=3cm x 16 cm =48 cm?.
Therefore, area of the parallelogram is 48 cm?.

(b) Area: A=bxh=12cm x 7 cm =84 cm?’.
Therefore, area of the parallelogram is 84 cm?.

ExAMPLE 43

Find the area of a parallelogram with base of 14 cm and height of 9 cm.
Solution
A=bxh=14cmx9cm=126 cm’.

Therefore, area of the parallelogram is 126 cm?.

ExampLE 44

The base of the parallelogram is thrice its height. If the area is 192 cm?, find the base and

height.

Solution

Let / be the height of the parallelogram. Then, the base: b = 3 A. Thus,
A=bxh=3hxh=3n
192 cm? = 3h?
64 cm? = i’

h=\/a=80m.

Therefore, the base of the parallelogram is 24 cm and its height is 3 cm.

Theorem 2:

The area A of a rhombus with a base of length 5 and with corresponding height of
h is given by:
A=bxh
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B

In figure 68, the quadrilateral ABCD is a rhombus with
a base of length b and height of length 4. Thus, area of

the rhombus is: h
_ N
A=bxh. 5 fo
Figure 68.

ExaMPLE 45

Find the area of a rhombus whose base is 14 cm and its height is 5 cm.
Solution

Area: A =bh=14cm x 5 cm =70 cm?.

Therefore, area of the rhombus is 70 sq. centimeters.

EXERCISES

1. Find the area of a parallelogram whose base is 9 cm and height is 6 cm.

2. Find the area of a parallelogram with a base is equal tol13 cm and height is
11 cm.

3. Find the area of a parallelogram whose base is 8 cm and height is 12 cm.

The area of a parallelogram is 450 cm?. Its height is twice its base. Find the
height and base.

5. The base of the parallelogram is thrice its height. If the area is 243 square
units. Then what is the value of its base and height?

6.8 AREA OF TRIANGLES

The area of a triangle is defined as the total space occupied by the three sides of a
triangle. In this sub-topic we will learn about the area formulas for different types of
triangles along with some examples.

AcTIVITY 8

1. Discuss about the different types of triangles.
2. Derive the area of right-angled triangle using the area of rectangle.
3. What is the area of a triangle with base 6 cm and height 8 cm.

The area of a triangle is the region enclosed within the sides of the triangle. To find
the area of a triangle, we apply the method to find the area of rectangles.
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In figure 69, there are 24 square units inside. So, the area of the
rectangle is 24 square units.

As shown in the figure 68, the rectangle is divided into two
equal right-angled triangles. These are the shaded triangle and .
the unshaded triangle. Figure 69.

The base of each triangle is 6 units because the length of the rectangle is 6 units. The
area of each triangle is half of the area of the rectangle. That is,

Area of each triangle = % x area of the rectangle = % x 24 =12 sq. units.

Theorem 1:
The area of a right-angled triangle is half of the product of o
its length (¢) and width (w). That is, =
S
Area = l(lengthxwidth) OrA:lxﬁxw:lﬁw. =
know thet th dicular sides of 2 ight-angl Length (&)
We know that the two perpendicular sides of a right-angle Figure 70.

triangle are called legs of the right-angled triangle. So, the
area of a right-angled triangle with legs of lengths @ units and b units is given by

A:lxaxb:lab.
2 2

ExaMPLE 46

Find the area and perimeter of each of the following right-angled triangles.

13 cm
S cm 5 cm
3 cm
1 [ ]
4 cm 12 cm
Figure 71. A B

Solution
(a) Area: A:%xab & A:%x3cm><4cm & A=6cm’.

Perimeter: P=3cm+5cm+4cm < P=12cm.
Therefore, area of the right-angle triangle is 6 sq. centimeters.

Its perimeter is 12 centimeters.
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1
(b) Area: 4= %ng = ExScleZcm = 30cm?’.

Perimeter: P =12cm+5cm+13cm = 30cm.
Therefore, area of the right-angle triangle is 30 sq. centimeters.

Its perimeter is 30 centimeters.

In Theorem 1 above, we have seen the formula for the area of a right-angled triangle.
Now, let us see the area of any triangle having base (b) and height (/) as shown in
figure 72.

Height
h
- ‘ ,,,,, b
Base Base
Figure 72.

Theorem 2:

The area A4 of a triangle whose base has length » and whose corresponding height
has length /4 is given by

1 1
A=—xbxh=—bh
2 2

ExAMPLE 47

Find the area of each of the
following triangles.

13 cm

Solution Figure 73.

1
(a) Area: 4= %bh = Ex 13cm*4cm = 26cm?.

Therefore, area of the triangle is 26 sq. centimeters.
1
(b) Area: 4= %bh = Ex 7cmx8cm = 28cm?.

Therefore, area of the triangle is 28 sq. centimeters.
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ExaMPLE 48

In a triangle whose area is 72 c¢m?, the base has a length of 8 cm. What is the length of
the corresponding height?

Solution
A=Lxpxp
2
72=1xgxp
2
T2=4xh

h=72+4=18 cm.
Therefore, the height of the triangle is 18 cm.

EXERCISES
1. What is the area of a triangle whose altitude is 8 cm and its base is 9 cm long?
2. Find the area of an isosceles right-angled triangle whose leg measures 12 cm.

3. Area of a triangle is 45 cm?. If base of the triangle is 15 cm long, then what is
the length of the height?

4. Find the area of each of the following figures.

5 cm

8 cm 3cm
Figure 74.

5. Find the area of the shaded region of the following figure.
B

A7cm 3cm  3cm 2Zem©

Figure 75.
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6.9 CIRCLES ARCS AND SECTORS

A circle has always been an important shape among all geometrical figures. There
are various concepts and formulas related to a circle. The arcs and sectors are the
most useful of them. In this sub-topic, we shall focus on the area and circumference
of a circle, arc length and area and perimeter of a sector of a circle.

ACTIVITY 9

1. Define a sector of a circle?
2. What is major arc and minor arc of a circle?
3. In the figure 76, identify the minor and major arcs. D

Figure 76.

Circumference and area of a circle

The ratio of the circumference of a circle to the length of its diameter is a unique
positive constant. This constant is represented by the Greek letter m (pie). w is the
ratio between the circumference C and the diameter length d of any circle. Thus,

C. :
™= 7 in any circle.

In the following theorem, the lengths of the diameter and radius of the circle are
represented by d and r, respectively and, d = 2r.

The circumference, C of a circle is given by the formula
C=nd or C=2nr.

ExAMPLE 49

Find the circumference of a circle by taking = = 2
(a) When the diameter is 84 cm. !
(b) When the diameter is 105 cm.

Solution

(a) C=nd= %x84=22x 12 =264 cm.

Therefore, the circumference of the circle is 264 cm.

22
(b) C=nd=x105=22x15=330 cm.

Therefore, the circumference of the circle is 330 cm.
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ExamPLE 50

Find the circumference of a circle by taking = = 22 ,
(a) when the radius is 49 cm. !
(b) when the diameter is 91 cm.

Solution

(a) C=2nr= 2><%><49 =2 x22 x7=308 cm.
Therefore, the circumference of the circle is 308 cm.
(b) C=2nr= 2x%x91 =2x22x13=572 cm.

Therefore, the circumference of the circle is 572 cm.

ExamMPLE 51

Find the exact lengths of the radius and the diameter of a circle whose circumference is:

(a) 44mcm (b) 601 cm

Solution

(a) C=2nr (b) C=2nr
447 = 27tr 60m =27t
r=44n +2n =22 cm r=60m +2m =30 cm
d=2r=2x22=44 cm. d=2r=2x30=60cm.

The area A of a circle whose radius has length 7 is given by
A=mr.

ExAMPLE 52

Find the area of a circle whose circumference is 44 cm by taking = = 22
7

Solution
C=2mnr
44 = 2nr
44 =2 x 27/
7
44 = ﬂr
7
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,,:44><l:7 cm.
44

22
A=mr= 7><72=22><7= 154 cm?.

ExaMPLE 53

Find the exact circumference and area of a circle whose

(a) radius has length 8 cm.

(b) diameter has length 10 cm.

Solution

(a) C=2nr=2nx8=16n cmand A = nr* = 1(8)* = 641 cm>.

(b) Here, =5 cm because d = 2r. Thus,
C=2mr=2nx5=10n cm and A = /* = (5)* = 257 cm?,

ExaMPLE 54

Find the exact lengths of the radius and the diameter of a circle whose area is:

(a) 8lmcm? (b) 1697t cm?
Solution
(a) A=mr (b) A=mr?
81m = mr? 81m = mur?
81 =r? 81 =r?
r=+/81=9 cm r=4+/169 =13 cm
d=2r=2(9 cm)=18 cm. d=2r=2(13 cm) =26 cm.

Arc length of a circle

Just as the length of an arc is part of the circle’s circumference, the area of a sector
is part of the area of this circle. In degree measure one complete revolution is 360°
and the circumference of a circle with radius 7 is 2nr. The arc length corresponding

to 6 is computed as follows: /
Central angle corresponding to desired are length ) /\
= - - x Circumference
Central angle corresponding to circumference B
0
(= o X 2mr = 5 X
360 180

Figure 77.
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ExAMPLE 55

If a radius of a circle is 9 cm, then find the arc length of a circle whose central angle is
120°.
Solution

0
2
0= 9 Xy = 1200 %91 =—X97= 67 cm.
180° 180 3

Therefore, the arc length of the circle is 6t cm.

Perimeter and area of a sector of a circle

A sector of a circle is the area bounded by two radii and the A
arc intercepted between them as shown by the shaded region
in Figure 78: B

The angle of the sector is the angle contained by the two radii
of the circle and is the same as the ratio of the area of the sector

to the area of the circle. That is,
Figure 78.

Area of sector T

Area of circle ~ 360°
The perimeter, P and area, A of a sector, whose central angle 6 and radius  is given

by:
P =2r +——mror P =2r + (. where £ is arc length.
180
A= 0 5 Tr.
360

ExAMPLE 56

A sector with perimeter 30 cm has a bounding arc of length 12 cm. Find the length of the
radius of the circle.

Solution
P=2r+ /¢
30=2r+12
2r=30-12=18
r=9cm.

Therefore, the length of the radius of the circle is 9 cm.
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ExampLE 57
Find the area of a sector if its central angle is 150° and radius of its circle is 6 cm.
Solution
o . 150O
A:Wm” 7(6)* = ><367r =151 cm?.

Therefore, the area of the sector is 157 cm?,

ExaMPLE 58

The area of a sector of a circle is 547 cm?. If the radius of the circle is 12 cm, what is the
degree measure of the central angle of the sector?

Solution
_ 0 2
360°
54rem’ = G m(12cm)’
54mem’ = ——x1447em’
0
_ 547 cm 360°
1447 cm
6= 3x360° =135
8
EXERCISES

1. Find the circumference of a circle with each of the given diameters
(a) 8cm (b) 13cm (c) 15cm (d) 26cm
Find the circumference of a circle with diameters 100 mm (Use 7 ~3.14 ).

3. Find the area of a circle with radius 20cm (Use 7 =~ 3.14).
Let the area of a circle be 144wcm?. Then, find its radius, diameter and
circumference.

5. What would be the length of the arc formed by 75° of a circle having the
diameter of 18 cm?

6. The length of an arc formed by 60° arc of a circle of radius r is 12.56 cm. Find
the radius of that circle. (Use &t 3.14)
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7. The diameter of a semicircular shape is 21 cm. What will be the perimeter of
this shape?

8. Find the area of a sector if its central angle is 135° and radius of its circle is
8 cm.

9. The area of a sector of a circle is 277 cm?. If the radius of the circle is 9cm,
what is the degree measure of the central angle of the sector?

10. Find the perimeter of each of the following shaded regions.

O
A 6 om B O gcm B
Figure 79. C D
KEey TERMS

° Arc ° Perpendicular bisector
° Central angle ° Quadrilateral
. Chord . Rectangle
. Diameter . Rhombus
. Inscribed angle . Radius
° Locus . Secant line
° Major arc . Sector
° Minor arc ° Square
° Parallelogram . Tangent line

SUMMARY

° The distance from the center of a circle to any point on its boundary is called
radius of circle.

° A line segment passing through the center that connects two points on the
boundary is called diameter of a circle.

° Any line segment touching the circle at two different points on its boundary
is called chord of a circle.
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The set of points on a circle (any part of a circle) contained in one of the two
half-planes determined by the line through any two distinct points of a circle
are called an arc of a circle.

The perpendicular from the center of a circle to a chord bisects the chord. In
other words, the perpendicular bisector of a chord passes through the center
of the circle.

Equal chords of a circle are equidistant from the center.

When two circles intersect each other, then the line joining their centers
bisects their common chord at right angles.

Products of intercepts of two intersecting chords are equal.

A central angle of a circle is an angle whose vertex is the center of the circle
and whose sides are radii of the circle.

The angle subtended by an arc at the center of a circle is double the size of the
angle subtended by the same arc at the circle.

An inscribed angle is an angle whose vertex lies on the circle and whose sides
are chords of the circle.

The measure of an inscribed angle is equal to half the measure of its intercepted
arc.

Iftwo inscribed angles intercept the same arc, then these angles are congruent.

The measure of an angle formed by two chords intersecting inside a circle is
half the sum of the measure of the arcs subtending the angle and its vertical
opposite angle.

If a line intersects a circle at exactly one point, then the line is called a fangent
line of the circle.

The point at which the tangent intersects the circle is called the point of
tangency. (or point of contact)

If a line intersects a circle at two points, then the line is called a secant line
of the circle.

Tangent to the circle is perpendicular to the radius of the circle at the point of
contact.

If two tangents are drawn from an external point of the circle, then they are
of equal lengths.
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If from a point outside a circle, a secant and a tangent are drawn, then the
tangent is the mean proportional between the secant and its external segment.

For any circle, the angle between a tangent and a chord through the point of
contact of the tangent is equal to the angle made by the chord in the alternate
segment.
The perimeter of a triangle with length of sides a, b and c¢ units is given by
the formula:

P=a+b+c
The perimeter (P) of a rectangle whose length is ¢ and width is w is given by
the formula:

P=2x({+w)
The perimeter of a square whose side length is s is given by the formula:

P=4s
The perimeter of a parallelogram with adjacent sides @ and b is given by the
formula:

P=2x(a+b)
The perimeter of a rhombus whose side length is s is given by the formula: P =4s
If the length of the four sides of a trapezium are a, b, ¢ and d units, then, the
perimeter of the trapezium is given by the formula: P=a+b+c+d
Area occupied by a rectangle within its boundary is called the area of the
rectangle.
The area (A) of rectangle is the product of its length (/) and width (w). That
1S, A=/ xw
Suppose a and b are the lengths of parallel sides of a parallelogram and # is
the corresponding height of the parallelogram, then based on the length of
sides and height of it, the formula for its area is given by: A=5b X h
The area A of a thombus with a base of length » and with corresponding
height of / is given by:

A=bxh
Area 4 of a triangle whose base has length b and whose corresponding height
has length 4 is given by A = Ebh .
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° The circumference, C of a circle with radius » or diameter d is given by the

formula: C=nd or C = 2nr.

. The area 4 of a circle whose radius has length r is given by the formula: A = 772,

° The perimeter, P and area, A of a sector, whose central angle is 6 and radius r

is given by: P=2r+ /. where / is arc length.

2
ro.

= T
360°

EXERCISES

1.

From a point A, the length of the tangent to a circle is 24 cm and the distance
of A from the center is 25 cm. Find the radius of the circle.

In the figure 80, O is the center of circle,
ZAOB = 110°, ZBCE = 20°. Find the
measure of ZCEB.

In the figure 81, if O is the center of the
circle, find the value of x and y.

In figure 82, OA =10 cm and PA =12 cm,

calculate the length of the tangent PB. Figure 0. Figure 31.
In the given figure 83, FD and DE are two
tangents of a circle. If ZBCE = 65° and
Z ABC = 55° then find measures of ZBAF A
and ZACD. .
D
B
Figure §2.

Figure 83.
The perimeter of a square is 32cm. What is the area of the square?

The footpath of uniform width runs all around a rectangular field 28 meters
long and 22 meters wide. If the path occupies 600 m? area, find the width of
the path.
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8.

10.

I1.

12.

13.

14.

15.

16.

17.
18.
19.

20.
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The perimeter of a rectangular wire is 162 meters. The same wire is bent into
the shape of an equilateral triangle. Find the lengths of each of its sides.

A rectangle has a width of 3 meters and a length of 120 cm. Find the perimeter
of the rectangle both in meters and centimeters.

The area of a rectangular fence is 300 square meters. If the width of the fence
is 15 meters, then find its length.

The area of a parallelogram is 338 cm?. If its height is twice its base. Find the
height and base.

Area of a triangle is 45 cm?. If base of the triangle is 15 cm long, then what is
the length of the height?

Find the area of a rectangle if its perimeter is 118 m and the difference between
its length and breadth is 9 m.

The area of a square is thrice the area of a rectangle. If the area of the square
is 768 cm? and length of the rectangle is 32 c¢m, then find the perimeter of the
rectangle.

Find the cost of flooring a rectangular floor having dimensions of 5 m by 8 m,
if the cost of flooring is L$75/m?.

What is the area of a parallelogram whose base is 12 cm and its altitude is

7 cm long.
. . . . . 22
Find the circumference of a circle with diameter 8.4 m. Use 7 =—
. . . 7.
If the circumference of a circle is 12wt ¢cm, then find the area of a circle.

What would be the length of the arc formed by 120° of a circle having the
diameter of 12 cm?

Find the perimeter and area of the shaded region of each of the following
figures.

4N A

O 4 cm [«~—2 cm—1=—2 cm—|

Fzgure 84.
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Chapter Outcomes

By the end of this chapter, you will be able to:

define and compute angle of slope and gradient;

define and compute the tangent of an angle;

find heights and distances;

compute problems involving rotation;

define and compute cosine of an angle;

define and compute sine of an angle;

discuss the use of trigonometry;

calculate the value trigonometric ratios of 30°, 45° and 60°;
angle of elevation and depression.
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Introduction

The word ‘trigonometry’ is formed by two Greek words, “trigonon” and “metron”,
where “trigonon” means triangle and “metron” means measurement. Trigonometry
is a branch of mathematics that deals with measurement of sides and angles of a
triangle, and the relationship between them. It plays an important role in various
fields such as architecture, astronomy, engineering, etc.

OPENING PROBLEM

A passenger in an airplane at an altitude of 10 kilometers sees two ships directly to the
east of the plane. The angle of depression to the ships are 60° and 30° as shown in figure
1. How far apart are the ships?

Figure 1.

7.1 ANGLE OF SLOPE AND GRADIENT

In mathematics, the slope or gradient of a line is a number that describes both the
direction and the steepness of the line. In this sub-topic we will learn about slope
(also known as gradient).

The steepness or slope of a line in the

xy-coordinate system is the ratio of the vertical
rise (the change in y-coordinates) to the horizontal
run (the change in x-coordinates) between two
points on the line.

1. What is the slope of x-axis?
2. What is the slope of y-axis?
3. What is the slope of a line

parallel to the x-axis? What
do you conclude from this The gradient (also known as slope) of a line is
result? defined as:

4. Find the slope (or gradient)
of the line segment joining  Gradient =
(—3,-1) and (1, -9).

5. Find the slope of the line
with inclination 135°.

vy

vertical rise
Horizontal run

Q

>
A

Figure 2.
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In figure 2, the gradient (or slope) of the line 4B is given by %.

verticalrise =~ BC a

Horizontalrun 4C b
In general, if (x, y,) and (x,, y,) are
the coordinates of two points, then the
vertical rise is y, — y, and the run is
x, — x,, as shown in figure 3. Thus, the
gradient or slope of the line joining the
points (x,, y,) and (x,, y,) is given by

Gradient = Y

(x2,¥2)

rise

YV2- )1

(xlayl) X2 - X4 (x2ay1)

Slope — change in y-coordinetes >X

change in x-coordinates Figure 3.

vertical rise ~ y, — X,

horizontal run ~ x, —x,

Slope is often denoted by the letter m.

ExAmPLE 1
Find the gradient (slope) of the line joining (2, 3) and (6, —3).
Solution
The Slope is:
V=¥ —-3-3 —6 3

m=-—=—— _ — ==

X, =X 6—2 4

DEFINITION

If the two points (x,, y,) and (x,, y,) are two distinct points on a line with x, —x, # 0, then
the gradient (slope) of the line joining the two points is given by:

m=22"N
X, = X%
EXAMPLE 2
Find the slope of the line joining:
(@) (3,-2)and (1,-8) (b) (a, b) and (b, a) (¢) (=3,7)and (5,7)
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Solution
_ 842 -
(a) Slope: m = Y=y 8+ :_6:3
X,—x 1-3 2
Therefore, the slope of the line passing through points (3, —2) and (1, —8) is 3.
(b) Slope: m=22"2 _ a-b _~(b-a)_
X,-Xx, b-a b-a

-1.

Therefore, the slope of the line passing through points (a, b) and (b, a) is —1.
(c) Slope: m=22"0 =u =9=0.
X,—x 5+3 8

Therefore, the slope of the line passing through points (-3, 7) and (5, 7) is 0.

From trigonometry, we recall that the tan of an angle 6 is given by:

opposite
tanf = L . 2
adjacent Z
a,
3
) . opposite
Now, since slope is also defined as pP—, we
have adjacent : C
adjacent
tan b — opposite " Figure 4.
adjacent ' y

This gives us the result:

tan =m . \
0

Then, we can find angle 6 using \,_\

0= tan'm.

This angle 0 1is called the inclination of the line.

.. . Figure 5.
The angle measured form positive x-axis to a &

line in counter clockwise direction is called ) Q (2,72)
the inclination of a line. The tangent of this ‘
angle is called the slope of the line as shown

in figure 5.

A line making an acute inclination 6, with /( -
positive direction of the x-axis has a positive /@ R (52, 1)
slope. The right triangle PQR, in figure 6, P &»1) >

shows that slope of PQ is: Figure 6
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B i opPos1te s'1de to anglee 6 — tand
x, —x, adjacent side to anglee 6

Remark

In the next sections you will see that there are tabular values which are used to find
trigonometric values of an angle 6.

Like sin 6, cos 6 or tan 6.
We can also use Scientific calculators to find trigonometric values.

For the purpose of this section we can use this small table of find trigonometric
values of some special angles.

Angle 0° 30° 45° 60° 90° 120° 135° 150° 180°
1
sin 6 0 = ﬂ ﬁ 1 —ﬁ Q i~ 0
2 2 2 2 2 2
32 I 1 2B
cos 0 1 — — o~ 0 = —_— | —— -1
2 2 2 2 2 2
3
tan 6 0 g 1 3 undefined _\/5 -1 —% 0
ExAMPLE 3
If the inclination of a line is 30°, then find its slope.
Solution )
Slope of the line is: 1
1 Q (x2.2)
m=tanf =tan30°= —=or ﬁ
N
Similarly, a line with ebtuse inclination 6
has negative slope. The right triangle PQR \
in figure 7 shows that slope of PQ is: R (x2 y1) I NP (v, J’I)e
0 (04
tan o — opposﬁe _h=h m 5 A >X
adjacent  x, —x
tan(w—é)z—iz_%:m; a=m-0 g
27 M

tan (1w — 0) = tan®.
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ExXAMPLE 4

Find the slope of a line if its inclination is

(a) 45° (b) 120°
Solution

(a) Slope:m =tanf =tan45°=1.

(b) Slope:m = tanf = tan120° = —tan 60 = —/3 .

EXAMPLE 5

Find the inclination of a line if its slope is

(a) -1 (b) 0
Solution
(a) tan O=m (b) tan 6=m
tan 6 =—1 tan 0=0
0=tan’'(-1) 0=tan'(0)=0
Since 90° < 0 < 180°, we get 6= 135°. Since 0° < 6 <90°, we get 0= 0°.
EXERCISES

1. Find the slope of the line joining:

(a) (1,-1)and (4,-7) (¢) (2,3)and (3,-7)
(b) (2,5)and (5,2) (d (5,2)and (5,9)
2. Find the slope of a line if its inclination is
(a) —45° () 30° (e) O°
(b) 60° (d) 90° () 180°
3. What can be said regarding a line if its slope or gradient is:
(a) Positive (b) Zero (c) Negative
4. Find angle of the gradient of the line that passes through the points:
(a) (6,-8)and (10,-8) (c) (3,4)and (4,3)
(b) (-1,3)and (3,5) (d (3,-1)and (-3,7)
5. Find angle of a line if its slope is: NG
3
@ —f3 (b) -1 © -3 (d) 5
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7.2 THE TANGENT OF AN ANGLE

The tangent of an angle is the trigonometric ratio between the adjacent side and the
opposite side of a right triangle containing that angle. In this-sub-topic we will learn
more about the tangent of an angle. We will learn about the values of the tangent of
important angles and we will solve some practice problems.

ACTIVITY 2

1. Consider the right-angled triangle ABC shown in figure 8 to answer the following

questions.

(a) Name the acute angles of the right-angle

triangle ABC.

(b) What is the side adjacent to LA

(c) What is the side opposite to LA

(d) What is the side adjacent to /B.

(e) What do you call the side AB. A [ ] C
2. Verify that the values of trigonometric ratios b

of an angle do not vary with the lengths of the Figure 8.

sides of the triangle.

B

The tangent of an angle can be defined using a right triangle. The tangent is equal to
the length of the side opposite the angle divided by the length of the adjacent side.

In any right triangle, the tangent of an angle is the length of the opposite side (O)
divided by the length of the adjacent side (A). It is written simply as “tan”. Using
the right triangle ABC which is a right angle at C, shown in figure 8, the tangent of
an angle can be defined as follows:

an(ZA) = length of the opposne side (O) _ E _a
length of the adjacent sde (A) AC b
tan(/B) = length of the opl?os1te side (O) _ £ B 2
length of the adjacent sde (A) BC a

EXAMPLE 6

In a right triangle ABC, shown in figure 9,
(a) if we have tan(A) = 1.4 and b = 6, what is the value of a?
(b) if we have a = 13 and tan(B) = 0.98, determine the value of ?
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(c) ifwe have b =5.7 and tan A = 1.8, what is the value of a.

Solution
BC «a
tan(A) = —=—
(a) tan(A) i
14=2
6
a=6x1.4=84
®) ey =20
BC «a
0.98:E
b
098xb=13
b:£=13.27
0.98
BC «a
tan(A) =—=—
(c) (A) AC b
18=%
5.7

a=16x5.7=10.26.

EXAMPLE 7

In figure 10, AABC is a right triangle, find tan A and tan B.

A — opposn 31'de :B_C: a
adjacentside AC b

= 8 ~ 0.533
15

tanB — 0ppos1t s1f1e _ AC _ 2
adjacentside BC g«

:1—5z1.875,
8

A

—

C

B
a
Figure 9.
B
17 ]
]
75 ¢
Figure 10.

The circle with center (0, 0) and radius 1 unit is called the unit circle.
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Let the terminal side of 0 intersects the unit circle at point

y
P(x, y). Since r =1=+/x" + y°, the sine, cosine and tangent K | P (x,)
Q

function of 0 are given as follows:

> X
: opposite )

sm0:L_:Z:X.So,sm0:y or y=sinf. J

hypotension r 1

adjecent X X Figure I1.

cos)=——————=—=— S0, cosf =x or x=cos 0.

hypotension r» 1

oppsite in 0
tangsz—zl.SO, tanezzor taIIe:Sln .

adjacent  x ¥ cos ¢

Note

The point P (x, y) is the same as the point P(cos 6,sin #) on the unit circle.
EXAMPLE 8
Using the unit circle, find the values of tangent of:

(a) 0° (b) 90° (c) 180° (d) 270°
Solution

To find the value of the tangent of each angle, consider
the figure 12. y

(a) The terminal side of angle 0° intersects the unit ?—A 90"
circle at the point (1, 0). ) /m O
So, (x,y) = (1, 0). Thus, 180 o .
(-1,0) Qy(l,m
Since tanG:Z, tan0°=%=()_ \_

X : : 270° [(0,-1)
(b) The terminal side of angle 90° intersects the unit
circle at (0, 1). Figure 12.

So, (x,y)=(0, 1).

. 1 .
Since tanf = 2 , tan90° = 7 which is undefined.
X

(c) The terminal side of angle 180° intersects the unit circle at (-1, 0).
So, (x, y) = (-1, 0). Thus,

Since tané =1, tan180° = %= 0.
X
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(d) The terminal side of angle 270° intersects the unit circle at (0, —1).
So, (x, ) =(0,— 1). Thus,

. —1 ..
Since tanf =2 , tan90° = 0 which is undefined.
X

EXERCISES
1. Infigure 13, AABC is a right triangle. If tan 6 = 0.6, find the value of x.

A
20 cm
//‘ 10 cm I\\
X cm
0 B CIage

15 cm
Figure 13. Figure 14.
2. Infigure 14, ABC is a right triangle with AB = 10 cm and AC = 20 cm,

find ©.

3. Calculate the tangent angle of a right triangle whose adjacent side and opposite
side are 12 cm and 5 cm respectively?

4. Given a right angled-triangle ABC with a right angle at C. If ZA = 60° and
AC =15 cm, find the length of side BC.

5. Given a right angled-triangle ABC with a right angle at C. If /B = 60° and
AC =26 cm, find the length of side BC.

6. In each of the following right-angled triangles, find the unknown parts of the
triangle using the tangent of an angle formula.

A B
60° a
N 15
0
c Ll = O~p A 25 [
b
() (b)
Figure 15.
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7. With the help of a unit circle, find the value of:

(a) tan75° (c) tan210°

(b) tan 150° (d) tan 360°
8. Find the value of

(a) tan210° (c) tan 1350°

(b) tan 135° (d) tan 765°

7.3 FINDING HEIGHT AND DISTANCE

The study of height and distance can be done using trigonometry. Trigonometry
ratios are used to solve the problems related to height and distance. This is one of
the applications of trigonometry. It helps to find the height of the objects like tree,
building, tower, etc. and the distance between the objects. In this sub-topic, we will
see different height and distance problems with solutions.

ACTIVITY 3

1. What is the difference between height and distance?
2. How do you find the height of objects in mathematics?
3. Observing the figure 16, fill in the blank space.

(a) The observer to be at point

(b) The helght of the object is shown by line

(c) The of the object from the observeris  C B

given by line BC.

4. A ladder placed against a wall such that it reaches the top of the wall of height 6 m

and the ladder is inclined at an angle of 60°. Find how far the ladder is from the foot
of the wall.

Figure 16.

Height is the measurement of an object in the vertical direction and distance is the
measurement of an object from a particular point in the horizontal direction. If we
imagine a line connecting the point of observation to the topmost point of the object
then the horizontal line, vertical line and the imaginary line will form a right-angled
triangle.

While finding height and distances, we have to solve the right-angled triangle. For
example, in the figure 17, AB is the height of a tree, BC is the distance between the
tree and the observer at C.
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Here, if 6 and BC are known, we can calculate
the height oftree AB, orif 6and AB are known,
we can calculate the distance between the tree
and the observer by using trigonometric ratio.

EXAMPLE 9

Figure 17.

A man observes the top of a tower 30 m high and finds the elevation of 60°. Find the

distance between the man and the foot of the tower.
Solution

Let AB be the height of the tower and BC be the
distance between the foot of the tower and the man.

In right angled-triangle ABC, ZBCA = 60°, we have

tan(£C) = Opposne _ AB
Adjacent BC
30 ¢
tan 60° = —
BC

BC x tan 60° = 30

_ 30 30 _103=10x1.732
tan60° /3

=17.32 m.

A
30 m
60"
B
Figure 18.

Therefore, the distance between the man and the foot of the tower is 17.32 meters.

ExaMPLE 10

The angle of inclination from a point on the ground 30
meters away from the base of a water tower to the top of
the water tower is 60°. Find the height of the water tower
to the nearest meters.

Solution

We can represent the problem situation using a right
triangle as shown in figure 19. Let the height of the tower
be denoted by 4. Then,

60°

30 m
Figure 19.
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h
tan 60° = —
30
h=30xtan 60" = 30 x 1.732 ~ 52 meters.
Therefore, the height of the tower is 52 meters.

ExaMPLE 11

A man wants to determine the height of a tower. He measured the angle at A and found

3
that tan A = 1 What is the height of the tower if A is 30 m from the base?

Solution

In right angled triangle ABC, we have B
.
tan(£A) = 2PPOsite _ BC
Adjacent AC
h BEE
3_BC
4 32 EER
A 2eg

BC=>x32=24m. C

4 Figure 20.

Therefore, the height of the tower is 24 meters.

ExXAMPLE 12
A man 1.5m tall standing at a distance of 50m from a tree observes the angle of elevation
of the top of the tree is 45°. Find the height of the tree.
Solution

We can represent the problem situation using a right

triangle as shown in figure 21. Let CE be the height

of the tree; AB be the height of the man and BC is the

distance between the foot of the tree and the man.

In right angled-triangle ADE, we have 45°

ED _ED
AD 50 I.5m

tan45° =

ED=50xtan45°=50x 1=50m
Now, CE =ED + DC
=50+15=51.5m
Therefore, the required height of the tree is 51.5 m.

50 m
Figure 21.
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EXERCISES

1. Aboy, 1.2m tall, standing at a distance of 20 m from a flag pole observes the
angle of elevation of the top of the pole is 600. Find the height of the pole.

2. The circumference of a circular pond is 176m and a pillar is fixed at the center
of the pond. If a person finds the angle of elevation of 60° of the top of the
pillar from any point on the bank of the pond, find the height of the pillar
above the water pillar.

3. Astring of akite is 100 meters long and it makes an angle of 60° with horizontal.
Find the height of the kite, assuming that there is no slack in the string.

4. A man V3 m tall is 72 m away from a tower 25V3 m high. Find the angle of
elevation of the top of the tower from his eyes.

5. Atower stands vertically on the ground. A point which is 30 m away from the
foot of the tower makes an angle of elevation of 60° with the top of the tower.
Find the height of the tower.

6. If the angle of elevation of the top of a tower from a distance of 200 m from
its foot is 60°, find the height of the tower.

7.4 PROBLEMS INVOLVING ROTATION

A rotation is a type of transformation in a plane that turns every point of a figure
through a specified angle and direction about a fixed point. The fixed point is called
the center of rotation. In this sub-topic, we will discuss about problems involving
rotation.

ACTIVITY 4

1. Rotate the following figures about point O through 90° in the clockwise and
counterclockwise directions.

(a) (b)
Figure 22.

2. Discuss the concept of positive and negative rotation.

3. Which direction represents positive angle?
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4. Through how many degrees does the minute hand rotate:
(a) in an hour and a half?

(b) Forty-five minutes
(c) Two hours and fifteen minutes.

5. Reflect a figure in the y-axis and then reflect it in the x-axis. Is it the same as rotating
a figure by 180°? Give reason for your answer.

An angle of rotation is the measurement of the amount of the angle, by which a
figure is rotated counterclockwise about a fixed point, often the center of a circle.

Usually, clockwise rotation is referred as negative rotation. For example,
counterclockwise rotation of 330° can also be called as —30° rotation because
330° +30° =360°, which makes a complete rotation. Angle of rotation is also referred
as “order of symmetry”.

ExAMPLE 13

Rotate the quadrilateral, shown in figure 23, about point P through 90° in the clockwise
direction

P P

Figure 23. Figure 24.

Solution

The given figure can be rotated through 90° clockwise directions as shown in figure 24.
Here, the point A is the center of rotation and we can say that angle of rotation is 90°.

Figure 25 represents a pentagon rotating about a point C in the clockwise
direction where the angle made by the consecutive position is 45° of the previous
position, where point C is the center of rotation and we can say that angle of
rotation is 45°.
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Figure 25. Figure 26.

Figure 26 represents a triangle rotating about point A in the anti-clockwise direction,
where the angle made by the consecutive position is 60°, where point A is the center
of rotation and we can say that the angle of rotation is 60°.

If we have to rotate a point about the origin, by
that is., point P (x, ) moves under rotation
about O through an angle of 0, then the new
coordinates will be P’ (x', '); OP = OP’ and
£P'OP = 0; where positive 0 is measured :
anti-clockwise (in the positive direction). P (x, »)
Here, point O at the origin is fixed. Figure 0

27 represents the rotation of point P in the >
Cartesian Coordinate plane:

Note Figure 27.

P'(x, »)

(i) R, is denoted as rotation of point about origin O through an angle 0 in
the positive direction (in the anti-clockwise direction).

(i) R _, is denoted as rotation of point about the origin O through an angle 6
in the negative direction (in the clockwise direction).

ExAMPLE 14

Find the image of the point (2, 3) about the origin through:
(@) Ry, (b) R, (¢) R
Solution

180°
R, . R._.
(a) P(x,y)—22—P'(=y,x). Thus, (2,3) —2"—P'(—3,2)
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R . R .
(b) P(x,y)——P'(y,—x). Thus, (2,3)—*—P'(3,-2)

(©) P(x,y)—I0,P'\(—x,— y). Thus, (2,3)— 1 p(—2,_3)

In general, we can use the following rules to find the image after 90° and180°
clockwise and counter clockwise rotation.

Rule 1: The image of any point P (x, y) under the rotation of 90° in clockwise
direction about the origin is P' (y, —x).
Rule 2: The image of any point P (x, ) under the rotation of 90° in counter clockwise
direction about the origin is P' (-, x).
Rule 3: The image of any point P (x, ) under the rotation of 180° in clockwise and
in counter clockwise direction about the origin is P' (—x,—)).
ExAMPLE 15
When the points A (2, 5), B (0, 3), C (-5,-3),D (-1, 2),E (2,-3) and F (3, 0) are rotated
about origin O in clockwise direction about 90°, find the image point.
Solution
Using Rule 1, we get A'(5, =2), B'(3, 0), C'(=3, 5), D'(2, 1), E'(-3, —2) and
F'(0, -3).

EXAMPLE 16
When the points A (3, -2), B (2, 0), C (-1, -2), D (-2, 1), E (2, 3) and F (0, —4) are
rotated about origin O in counter clockwise direction about 90°, find the image point.
Solution
Using Rule 2, we get A'(2, 3), B'(0, 2), C'(2, -1), D'(-1, -2), E'(-3, 2) and F'(4, 0)

ExAMPLE 17

When a line having the equation 2x — 3y = 7 is rotated about origin O in the clockwise
direction about 90°, find the equation of the image of the given line.

Solution

To find the equation of the image of the given line after rotating through 90° clockwise
directions about the origin, we use the Rule 1 given above. Thus, by replacing x with y
and y with — x in the equation, we get the required equation:

2(y) -3(—x) =7
2y+3x=Tor3x+2y-7=0.
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EXERCISES
1. Rotate the given figures about point P through the angles provided.
(a) 120° in clockwise direction.
(b) 90° in anti-clockwise direction.

P, P
Figure 28. Figure 29.

2. Rotate the given figure 30 about point A.
(a) Through 60° anti-clockwise
(b) Through 180° clockwise

3. Find R, R . and R ¢ and the center of rotation for the A

given points and represent these on the graph.

Figure 30.
(@ (2,-3) () (=2,-3)
(b) (5,06) (d (4-3)
4. Find R, ., R ;. and R, and the center of rotation for the given equations of
lines and represent them on the graph.
(a) Sx+4y=10 (c) x+y=28
(b) 3x-2y=6 (d) 3x-4y=12

5. Triangle ABC has vertices A(-2, 2), B(—-10, 6), and C(— 6, 12). Draw triangle
ABC and its image after a rotation of 90° clockwise about the origin.

6. A quadrilateral PQRS has vertices P(2, 5), Q(1, 1), R(6, 1) and S(7, 3). Draw
the quadrilateral PQRS and its image after a rotation of 180° anti-clockwise
about the origin.

7.5 COSINE OF AN ANGLE

In any right triangle the cosine of an angle is the length of the adjacent side divided
by the length of the hypotenuse. Cosine is abbreviated by “cos”. In this-sub-topic,
we will learn about cosine of an angle and the cosine rule.
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1. Using a ruler, pencil and compass draw right-angle triangle. Identify its acute angles,
the opposite side, adjacent side and hypotenuse of the right triangle.

2. Identify the opposite, adjacent side and hypotenuse of the following right-angle
triangles.

A A
l_\\ /(T
C B~ p B C
(a) (b)

Figure 31.

3. Using the unit circle, find the values of cosine of:
(a) —90° (b) —180° (c) —270° (d) -360°

Cosine of an angle is used to solve a right triangle. To solve a triangle means to find

the lengths of all its sides and the measures of all its angles. B
In figure 32, AABC is right triangle. So, the side AC is o
the side adjacent to angle 6 and the side AB is the c a
hypotenuse of right AABC. In solving a right triangle,
we use cosine ratio formula: A 0 C

cos(/A) = side adjacent to ZA _ AC _ 2 or Figzre 32

hypotenuse AB ¢
side adjacentto§ AC b b
Rr= hypotenuse B AB - ¢ In short, cos¢ = ¢

side adjacenttoaw BC a a
= =—. In short, cosa =—,
hypotenuse AB ¢ c

Similarly, cosa =

ExAMPLE 18

The length of the hypotenuse of a right triangle 10 cm. If the measure of one of the acute
angles of the triangle is 60°, find the length of the side adjacent to this given angle.
Solution

Let the length of the side adjacent to the given angle be x. Then,
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adjacent
cosf) =——
hypotenuse
o X
cos 60° = —
10

x=10xcos 60°=10x0.5=5.
Therefore, the length of the side adjacent to the given angle is 5 cm.

Remark

When the anngle given is not a special angle, we can use trigonometric table or a
scientific calculator to find the values.

Later we will disscus how this tables are prepared.

ExAMPLE 19

In figure 33, AABC is right triangle with m(£LABC) = 67° and BC = 5 cm. Find the

measure of @ and the values of b and c.

Solution
m(ZA) + m(£B) + m(£C) = 180° B
m(£A) + 67°+90° = 180° c 67°
m(ZA) + 157° = 180° 2
m(£A)=a=23° A a

a
COSCEBIES < Figure 33.

el
c

cos 67° =

cxcosb7°=5 ........ (the value of cos 67 can be found from trigonometric table or
a scientific calculator)

¢x039=5

c= 039 13 cm to the nearest whole number.

b
cosaq = —
c

c0s23° = ——
12.8

b=12.8 x c0s23°=12.8 x 0.92 = 12 cm to the nearest whole number.

251



- Mathematics — Grade 11 Textbook

The circle with center (0, 0) and radius 1 unit is called the unit circle.

Let the terminal side of 6 intersects the unit circle at point

P(x, ). Since 7 =1=+/x> +»* , the cosine of an angle 0 is
given as follows: P (x,y)

y

adjacent _ x _ x >
1

cosf@=x or x=cosb.

hypotenuse  r

Figure 34.
Note
cos 0 is the x-coordinate of a point P(x, y) on a unit circle.
ExaAamMPLE 20
Using the unit circle, find the values of cosine of:
(a) 0° (b) 90° (c) 180° (d) 270°

Solution

To find the value of cosine of each angle, consider A
figure 35. (0, 1)T90°

(a) The terminal side of angle 0° intersects the unit
circle at the point (1, 0). So, (x, y) = (1, 0). Thus, 180° r\ 0°

> X
Since cos 0 =1x, cos 6° = 1. Lo\ \9 . /a0
(b) The terminal side of angle 90° intersects the unit

circle at (0, 1). 27071 (0,-1)
So, (x, )= (0, 1). Figure 35.
Since cos 6= x, cos 90° = 0.

(c) The terminal side of angle 180° intersects the unit circle at (-1, 0).
So, (x,y) = (-1, 0).
Since cos 6 =x, cos 180° = —1.

(d) The terminal side of angle 270° intersects the unit circle at (0, —1).
So, (x, y) =(0,—1).
Since cos 6 = x, cos 270° = 0.

If two angles are formed at point P and P' in a unit circle having the same x
coordinates, then the cosine of both the angles are same.
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ExAMPLE 21

Find two values of 6, to the nearest degree, for which cos 6 =—0-5.

Solution

Given cos 6=—0-5
6= cos (- 0.5)
0=120°

Also, cos = cos (360° —0)
cos 0 =cos (360° — 120°)
cos 0 = cos 240°

0 =240°
6= 120° and 240°
Case 1: When x is positive

s

Figure 36 represents two angles 6, and 6, having
coordinates

P(x,y,) and P' (x, y,) with the same value of cosine.

As shown in the figure 36, there is the same values
of cosine in 1 and 4™ quadrants. Here, we see that

cos 6 = cos 0,

also, 6, =360°- 0,

cos 6, = cos (360°- 0))

cos 6 = cos (360° - 0,)
Case 2: When x is negative

Figure 37 represents two angles 0, and 6, having coordinates P(—x, y,) and P'(—, y,)
with the same value of cosine:

Figure 36.

Y

As shown in the figure 37, there is the same
values of cosine in 2" and 3™ quadrants.
Here, we see that P (=, y) Lo -

cos 6, = cos 6,

cos 6, = cos (360°- 0)) X
also, 6,= -0,
cos (—0,) = cos 0, P’ (—x, )

Figure 37.
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EXERCISES

1. The length of the hypotenuse of a right triangle 19 cm. If the measure of one
of the acute angles of the triangle is 570, find the length of the side adjacent
to this given angle.

. InAABC, a =32 cm, b =20 cm and ¢ = 40 cm. Find the angle measure of B.

3. InAABC, m (£B)=1200,a =10 cm and ¢ = 15 cm. Find b.

With the help of a unit circle, find the value of:

(a) cos45° (¢) cosO0°
(b) cos 270° (d) cos210°
5. Find one value of 6, to the nearest degree, for which:
(a) cos 6=0-50 (c) cos0=094
(b) cos 6=0-30 (d) cos =-0-26

7.6 SINE OF AN ANGLE

The sine of an angle is defined using a right triangle. When we have a right triangle,
the sine is equal to the length of the side opposite the angle divided by the length
of the hypotenuse of the triangle. Sine is abbreviated by “sin”. In this-sub-topic, we
will learn about sine of an angle and the sine rule.

ACTIVITY 6

1. Discus the sine of an angle in right angled-triangle.
2. Using the sine ratio formula, express each given angle in terms of sides of the

triangle.
A
B
o
a < 2 b
C O~ A B e
b a
(a) (b)

Figure 38.
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Recall that solving a triangle involves finding the B
lengths of all sides and the measures of all angles

in the triangle. In a right-angled triangle, the sine of a
an angle is the length of the side opposite the angle a
divided by the length of the hypotenuse. Sine of an
angle is used to solve a right triangle. A 2 C

In figure 39, AABC is right triangle. So, the side BC Figure 39.
is the side opposite to angle 6 and the side AB is the
hypotenuse of right AABC. In solving a right triangle, we use sine ratio formula:

id itttof BC a : a
_ S opposte o _ P~ _ € 1n short, sinf=—.
hypotenuse AB ¢ ¢

sind

side oppositetoac AC b )
= =—.In short, sinaa = —.
c c

Similarly, sina =
Y hypotenuse AB

ExAMPLE 22

The length of the hypotenuse of a right triangle 13 cm. If the measure of one of the acute
angles of the triangle is 30°, find the length of the side opposite to this given angle.
Solution

Let the length of the side adjacent to the given angle be x. Then,

sinf — opposite
hypotenuse
§in30° =
1

x=13 xsin30°=13 x 0.5=6.5
Therefore, the length of the side adjacent to the given angle is 6.5 cm.

ExXAMPLE 23
In figure 40, AABC is right triangle with

B
m(£LABC) = 53° and BC = § cm. Find the measure
of o and the values of b and c. 53°
c 8
Solution
m(£A) +m(£B) + m(£C) = 180° A o 5 C

m(£A) +53°+90° = 180°
Figure 40.
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m(ZLA) + 143° = 180°
m(LA) = o =37°

. a
SInox = —
C

8
c0s37° =—

(@

cxcos37°=8

cx0.6=8..... (Use trigonometric table)

8
¢ =—=13 cm to the nearest whole number.

sin(£B) = é
c

sin67° = i
13

b=13 xsin 67° =13 x 0.92 = 12 cm to the nearest whole number.

17 . .
Therefore, cosaw is negative.

The circle with center (0, 0) and radius 1 unit is called the
unit circle.

Let the terminal side of 0 intersects the unit circle at

point P(x, y). Since r=1= [ + y* , the sine, cosine and GJ >X

tangent function of q are given as follows:

opposite i .
SinQ:L:Z:l:mn@:y or y:snlﬁ. )
hypotenuse r 1 Figure 41.

Note

sin O is the y-coordinate of a point P(x, ) on a unit circle.

ExAMPLE 24

Using the unit circle, find the values of sine of:

(a) 0° (b) 90° (c) 180° (d) 170°
Solution

To find the value of the sine of ach angle, consider the figure 42.

256



Trigonometry -

(a) The terminal side of angle 0° intersects the unit
circle at the point (1, 0). ©, 1)} 900

So, (x, y) = (1, 0).

Since sin 6=y, sin 0° = 0. 180° /f-\\oo .
(b) The terminal side of angle 90° intersects the unit (-1, 0) Q |« (1,0)

circle at (0, 1).

So, (x, y) = (0, 1). 270° [ (0, - 1)

Since sin 6=y, sin 90° = 1. Figure 42.

(c) The terminal side of angle 180° intersects the unit circle at (-1, 0).
So, (x, y) = (-1, 0).
Since sin 6=y, sin 180° = 0.

(d) The terminal side of angle 270° intersects the unit circle at (0, —1).

SO, (X, y) = (Oa_ 1)
Since sin 6=y, sin 270° = —1.

If two angles are formed at point P and P' in a unit circle having the same y coordinates,
then the sine of both the angles are the same.
ExAMPLE 25

Find two values of 0 to the nearest degree for which sin 6 = 0-39.

N
Solution
Given: sin = 0-39
0= sin"' (0.39) P’ (x2,¥) 0 P (x1,y)
0~23° TR0
Also, sin = sin (180° — 0) x
sin 6= sin (180° —23°)
sin 6= sin 157°
0=157°.
Case 1: When y is positive Figure 43.

Figure 43 represents two angles, 6, and 0,, having coordinates P(x,, y) and P'(x,, y) with
the same value of sine.

As shown in the figure 43, there is the same values of cosine in 1% and 2™ quadrants.
Here, we see that

sin 6, = sin 0,
also, 6, = 180°- 0,
sin 0, = sin (180°- 0,)
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Case 2: When y is negative

Figure 44 represents two angles, 6, and 0,
having coordinates P(x, —y) and P'(x,, —p).
As shown in the figure 44, there is the same
values of cosine in 3™ and 4" quadrants. Here,
we see that

—_—

sin 92 = sin 91 a : *
also, 0, = 360°- 6 _/_' N\
0, = 180°+ 0 P (1,-y)
sin (180°+ 0) = sin (360°— 0)

Figure 44.

EXERCISES

I.

The length of the hypotenuse of a right triangle 17 cm. If the measure of one
of the acute angles of a triangle is 57°, find the length of the side opposite to
this given angle.

In right angle triangle ABC, a =30 cm, » =20 cm and m(Z£A) = 300. Find the
measure of /B,ZC and the length of the third side.

In right AABC, m(£B) =35° a=35cmand b =21 cm. Find measure of /B,
ZC and c.

With the help of a unit circle, find the value of:

(a) sin45° (c) sin90°

(b) sin210° (d) sin 150°
Find one value of 6, to the nearest degree, for which:

(a) cos 8=0.60 (c) sin 6=0.50
(b) cos 6=0.94 (d) sin 6=-0.72
Find the reference angle for:

(a) 165° (c) 820°

(b) 345° (d) 1250

7.7 USE OF TRIGONOMETRY

Recall that the trigonometry defines the relationship between sides and angles of a
triangle. Trigonometry and its functions, sine, cosine and tangent, have an enormous
number of uses in our daily life. For instance, it is used to measure height of a
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building or a mountain, in surveying, in aviation and also in the satellite navigation
system. In this sub-topic, we will consider some practical examples on real life
problems to understand the use of trigonometry.

AcCTIVITY 7

1. Discuss why do we need trigonometry?

2. If the distance from where the building is observed is 120 meters from its base and
the angle of elevation to the top of the building is 450, then find the height of the
building.

EXAMPLE 26
A cat is lying on the level ground 20 meters away from the base of the tree. The cat can
see a bird’s nest directly above the base of the tree.

The angle of elevation from the cat to the bird’s nest is 45° as shown in the figure 45.
How far above the base of the tree is the bird’s nest?

Solution

Let the bird’s nest be /# meters far above the
base of the tree. Then,

tan 45° — opPosrce
adjacent
tan45° = a
20

Figure 45.

h=20xtan 45°=20 % 1 =20 m.
Therefore, the bird’s nest is 20 meters far above the base of the tree.

EXAMPLE 27

A surveyor stands 100 meters from the base of a building.
The angle of elevation of the top of the building with
respect to the location of the surveyor is 75°, as shown in
figure 46. Find the height of the building.

Solution 750
From the figure, we see that the side adjacent to the angle 100m
is equal to 100 meters. The side opposite that angle is the Figure 46,

height /4 of the building, which we need to find. Thus, using
the definition of the tangent function, we have
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tan 78° — opPosne
adjacent
tan 78° = N
100

h =100 x tan 750
h =100 x 3.73 =373 meters.

EXAMPLE 28

A traffic helicopter hovering 200 meters above ground observes a police car on the
ground that has an angle of depression of 30°, as shown in figure 47. What is the straight
line distance of the helicopter from the police car?

Solution

Using the definition of the sine function, we have

sin30° — opposite
hypotenuse
. ane 200
sin30° = — A{éfﬁr
d  sin30° = 200 Figure 47,
200 200
=——— = —— =400 meters.
sin30 0.5

ExAMPLE 29

A ship with a heading of 330° N
first sighted a lighthouse at a
bearing of N65°E. After traveling
8.5 miles, the ship observed the
lighthouse at a bearing of S50°E.
Find the distance from the ship
to the lighthouse when the first
sighting was made.

Solution

Use the given information to
draw a diagram. See figure 48,
which shows that the measure of

Lighthouse

Figure 48.
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ZCAB =30° + 65° = 95°, the measure of ZACB = 50° — 30° = 20°, and

/B =180°—95° — 20° = 65°. Use triangle ABC and the Law of Sines to find c.
b c

sinB sinC

8.5 G

sin65°  sin20°

¢ X sin65° = 8.5 x sin20°
8.5xsin20° 8.5x0.342

TS 0906

=32

......... (sin 20° = 0.342, from trigonometric table)

The Law of Sines can be used to solve oblique triangles in which either two angles
and a side or two sides and an angle opposite one of the sides are known.

The Law of Sine
If A, B, and C are the measures of the angles of a triangle ABC and a, b, and ¢ are

the lengths of the sides opposite these angles, then C
a b c
= = b a
sinA sinB sin C
A - B
Figure 49.

ExamPLE 30

Using the sine law, solve AABC if ZA=43°, /B =62°and c =18 cm.
Solution

Find angle C by using the fact that the sum of the measures of the interior angles of a
triangle is 180°.

A+ /B+ ZC=180°
42° +63° +/C =180°
105° + ZC = 180°
ZC="175°
Use the Law of sines to find a.
a c

sinA sinC
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a 18

sin43°  sin75°
a X sin75° = 18 x sin43°

,_ 18xsind3°  18x068 1224

“an7° . 097 097 12.6........ (using trigonometric table to

find sin 43° and sin 75°)

Now, use the Law of sines to find 5.
b c

sinB sinC

b 18

sin62°  sin75°
b % sin75° = 18 X sin62°
g :18 X sin 62° _ 18 x0.89 _ 10.02
sin 75° 0.97 0.97
Therefore, /B =75, a~13 cmand b= 17 cm.

=16.5...... (using trigonometric table)

The Law of Cosines can be used to solve triangles in which two sides and the
included angle (SAS) are known or in which three sides (SSS) are known.

The Law of Cosine

If A, B, and C are the measures of the angles of a
triangle ABC and a, b, and c are the lengths of the
sides opposite these angles, then b

?=a*+b*>—2abcosC
b*=a>+ c* —2ac cos B C a
a*=b*+ c* - 2bc cos A Figure 30.
ExampLE 31
In figure 51, AABC has AB = 8cm, BC = 12 cm and m(£B) = 120°. Find the length of AC.

A

Solution B
Using the law of cosine, we have 120°
(AC)*= (AB)* + (BC)* — 2(AB)(BC) cos(£B)
(AC)*=(8)*+ (12)* — 2(8)(12) cos120° 4 C
=64 + 144 — 192(-0.5) Figure 51.
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=208 +96 =304

AC = ~304 =17.4 cm to the nearest one decimal place.
Therefore, the length of side AC is 17.4 cm.

EXERCISES

1. Aboat sailed 3kilometers at a heading of 78° and then turned to a heading of
138° and sailed another 4.3 kilometers. Find the distance and the bearing of
the boat from the starting point.

2. A pole tilts toward the sun at 15° from the vertical and it casts a 22-meter
shadow. The angle of elevation from the tip of the shadow to the top of the
pole is 45°. How tall is the pole?

3. An electric pole 20 m high is supported by a wire fixing its one end on the
ground at some distance from the pole. If the wire joining the top of the pole
is inclined to the ground at an angle of 30°, find the length of the wire.

4. The circumference of a circular pond is 176 meters and a pillar is fixed at the
center of the pond. If a person finds the angle of elevation of 60° of the top of
the pillar from any point on the bank of the pond, find the height of the pillar
above the water pillar.

5. A boy, 1.2 meter tall, is flying a kite. When the length of the string of the
kite is 200 meters, it makes an angle of 30° with the horizontal line. At what
height is the kite from the ground?

6. Aman +/3 mtallis 72 m away from a tower 25./3 m high. Find the angle of
elevation of the top of the tower from his eyes.

7. The top of a tree which is broken by the wind makes an angle of 60° with the
ground at a distance of 3+/3 m from the foot of the tree. Find the height of the
tree before it was broken.

8. An observer measures an angle of elevation of 30° for the top of a lighthouse
with respect to a certain point on the ground. She then walks 15 meters closer
to the lighthouse and measures an angle of elevation of 45°. How tall is the
lighthouse?

9. Using the law of cosine find the unknown parts of each of the following
triangles.

263



- Mathematics — Grade 11 Textbook

5.9

3.1

22
-
R © 13
() 146

58 88

(@) 3
(d)

(b)

Figure 52.

10.  Using the law of sine find the unknown parts of each of the following triangles.

60° 959 P
30" > 35°
7 21

(a)

(b)
i 12 55
m ‘ b0
75"
(c) (d)

Figure 53.

7.8 TRIGONOMETRIC RATIOS OF 30°, 45° AND 60°
Trigonometric ratios of some specific angle are defined as the ratio of the sides of a
right-angled triangle with respect to any of its acute angles. Trigonometric ratios of
some specific angle include 0°, 30°, 60° and 90°. In this sub-topic we will learn how
to find the trigonometric ratios of 30°, 45° and 60° in detail.

ACTIVITY 8

1. What are complementary angles?

2. Find the complement of each of the following angles.
(a) 30° (c) 60° (e) 75°
(b) 45° (d) 87° (fH 3°
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3. In figure 54, AABC is an equilateral triangle where BD 1. AC and AB=BC=AC =
2 units.
Using the figure 54, determine the trigonometric ratios of 30° and 60°. That is, sin 30°,
sin60°, cos30°, cos60°, tan30° and tan60°

B
30°
2 2
A 1 A\¢
1 D 1
Figure 54.

The special angles with measures of 30°, 45° and 60° have a way of showing up in
various applications of trigonometry. Trigonometric ratios for these special angles
can easily be deduced with the help of a right-angled triangle.

Using some elementary geometry, we can find the values of sine, cosine and tangent
functions of the special angles. To begin with, consider an equilateral triangle ABC
having sides of length 2 units, as shown in figure 55(a).

A A4
30
2 2 2
3
0
c B C r\n
2 D 1
(a) (b)
Figure 55.

Recall from plane geometry that the vertex angle of an equilateral triangle all
measures 60° and that the bisector AD of vertex angle A is perpendicular bisector of

the opposite side BC, as shown in figure 55(b). Therefore,
1 1 1
BD=—-xBC= 5 x2=1and m(£DAB) = y m(£CAB) = EX 60° = 30°.
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Applying the Pythagorean theorem to right triangle ADB, we have
(AD)’ + (DB)* = (AB)?
(AD)* + 12 =22
(ADY’+1=4
(AD)*=3

AD=+/3.

Thus, from triangle ADB, we have

1 AD 3 ) 3
sin30°:%:l.80, sin30°=—; and sin60°:—:—,So,sm60°:£,
AB 2 2 AB 2 2
\/5 DB
cos30°:£:£.80, c0s30°=——; and cos 60° = ——=—_So, cos60° = —.
AB 2 2 AB
3 DB 1 .
sin60°:£:—3.80,sin60°:£; c0s60°=——=—_S0. cos60°=—
AB 2 2 AB 2
DB 1 1 AD
tan30° = ——=—=. So, tan30°:—ortan30°:£;andtan60°:—:\/§
AD 3 NG 3 DB

To find the values of the trigonometric functions of a 45°, we construct isosceles
right triangle with two equal sides of length 1 unit, as shown in figure 56. We know
from plane geometry that both of the acute angles in B

right triangle ABC measures 45°. By Pythagorean g
theorem, we have & 45
2
(AC)* + (CB)* = (ABY’ :
12+ 1= (AB)?
(ABP=1+1=2 4 A8 1 [ e
AB = \/5 . Figure 56.
Thus, from the isosceles right triangle ABC, we have
1
sin45° = B—C = L So, sin45°=—= or sin45° :ﬁ :
AB 2 J2 2
A 1
cos45°:—C:—. So, cos45° = or cos45°:£; and
AB J2 2
. BC 1
tan45 = ——=-—
AC 1

266



Trigonometry -

For memorizing, the three trigonometric ratios of the special angles 30°, 45° and

60° are given in the following table.

309 450 60°
. 1 1 NG}
2 V2 2
cos 3 1 I
2 2 2
t = 1 V3
an \B 3

ExAMPLE 32

Evaluate the following without using a calculator.
(a) 2 sin 30°+ 3cos 60° — 3tan 45° (b) 3(cos 30°)? + 2 (sin 30°)?
Solution

1 1
(a) 2sin30°+3cos60°—3tan45°=2><—+3><5—3=1+%—3=——

\/52

(b) 3(cos 30°)? + 2 (sin 30°)% = 3[7

2
1

—| = 3><§—i—2><
2 4

A

ExAMPLE 33
In figure 57, find the value of x and y.
Solution

60"
cos60° = = 16
16

x=16cos 60°=16 x 1 =8
2 Figure 57.

tan y =

tany =

| o=

3
y~53°.
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ExaMPLE 34

An isosceles right triangle has two legs with a length of 2 units. If 0 is one of the acute
angles, what are the sine, cosine, tangent, cosecant, secant and cotangent of 6?

Solution
Let a and b be the two legs of the given right triangle. Then, @ = 2 and b = 2. If the
hypotenuse is denoted by c, then by Pythagorean theorem, we have

A== 2427 == =44+4 = =8 = c:\/§=2\/§.

sinf = CRROC _a_2 :Lzﬂ and so cscf = .1 =2.
hypotenuse ¢ 22 2 2 sinf
cosf = g jaee _b_ 2 1 V2 andso secd= =2.
hypotenuse ¢ 242 2 2 cosf
EXERCISES
1. Find the exact value of each of the following.
(i) cos 135° (i) sin210°
(ii) tan (-405°) (iv) tan225°
2. Find the exact value of each of the following.
(i) cos300° (i) sin 1305°
(i1) sin (—420°) (iv) tan 750°

3. Evaluate the expression sin 60° cos 30° +sin 30° cos 60°
Evaluate the expression 2(tan 45°)* + (cos 30°)* — (sin 60°)?
5. Determine the exact value of each of the following.
(1) sin 30° tan 45° + tan 30° sin 60°
(i) cos 30° sin 45° + sin 30° tan 30°

7.9 ANGLE OF ELEVATION AND DEPRESSION

One type of angle that occurs in many applications is the angle of elevation of a
given point with respect to a point that is at a lower elevation and at some positive
horizontal distance from it.

Another important angle is the angle of depression of a given point with respect to
a point that is at a higher elevation and at some positive horizontal distance from it.

In this sub-topic, we will see how trigonometry is used for finding the heights and
distances of various objects without actually measuring them. For example, the
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height of a tower, mountain, building or tree, distance of a ship from a light house,
width of a river, etc. can be determined by using knowledge of trigonometry.

ACTIVITY 9

1. What is angle of elevation?
2. What is angle of depression? Discuss!
3. Show that angle of elevation and angle of depression are congruent.

The process of finding heights and distances is the best example of applying
trigonometry in real-life situations. We would explain these applications through
some examples. Before studying methods to find heights and distances, we should
understand some basic definitions.

DEFINITION

The line which is drawn from the eyes of the observer to the point being viewed on the
object is known as the line of sight.
In figure 58, the line PQ represents the line of sight, some times it can be called as

line vision.

DEFINITION

The angle of elevation of the point on the object (above the horizontal line) viewed by
the observer is the angle which is formed by the line of sight with the horizontal line.

In Figure 58, the angle of elevation of Q with respect to P is 0 and the angle of
depression of P with respect to Q is a.

DEFINITION

The angle of depression of the point on the object (below the horizontal line) viewed by
the observer is the angle which is formed by the line of sight with the horizontal line.

Horizontal line
Q

Angle of depression of P
with respect to Q S line of sight

Angle of elevation of Q
with respect to P

Horizontal line
Figure 58.
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Note

The angle of elevation and the angle of depression are acute angles and are defined
to have positive measure.

(€3:70101:%%0):1%¢

A TV tower stands vertically on a bank of canal. The tower is watched from a point on
the other bank directly opposite to it. The angle of elevation of the top of the tower is 60°.
From another point 30 meter away from this point on the line joining this point to the foot
of the tower, the angle of elevation of the top of the tower is 30°, as shown in figure 59.
Find the height of the tower and the width of the canal.

i J0MO) AL

Figure 59.

Using the concepts of angle of elevation and depression, let us solve some examples
related to the problem of height and distance.

ExXAMPLE 35

In Figure 60, AB is a 7 m high pole and CD is a ladder inclined at an angle of 60° to the
horizontal and reaches up to a point D of the pole. If AD = 3m, find the length of the

ladder. __A
Solution
BD =AB - AD
=7Tm-3m=4m
Opposite DB 7m
sinC = ——ppostte. B
Hypotenuse CD
sin60° = 4
CD

CD x sin 60° =4
Figure 60.
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4 1 4.6
== = =4.6m
sin60”  0.866
Therefore, the length of the ladder is 4.6 meters.

CD

ExAMPLE 36

A vertical 6 m flag pole CD is held by two cables attached to the ground at A and B.
Cable AD makes an angle of 60° with the ground. Cable BD makes an angle of 30° with
the ground, as shown in figure 61. Find,

(a) the distance between A and B.
(b) the lengths of the cables.

Solution
6 D
tan 60° = —
(a) tan60°=—r-
AC x tan 60° =6
- 6 6m
= s=— == 243 m. 0
tan 60 \/§ A 60 300 B
6 C
0 e
(b) tan30" = BC Figure 61.
BC x tan 30°=6
BC = 6 = i = 6\/5 m
tan30" 1

NG

AB=AC+CB =2/3+6y3 = 8/3m.
Therefore, the distance between A and B is 8\/3 m.
. 6
(c) sin60’ = —
AD

AD x sin 60°=6

6 6
AD = =— =43 m.
sin60° /3 V3 m

2

The length of cable AD is 443 m.
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6
(d) sin30° = —

BD
BD x sin30°= 6
6 6
BD = THa 12 m.
sin30° 1
2

The length of cable BD is 12 m.

ExAMPLE 37

A bird is at the top of a vertical pole posted on a level ground. At a point on the level of
ground which is 15 meters away from the foot of the pole, the line of sight of the bird
makes an angle of 30° with the ground as shown in figure 62. How far is the bird from
point P?
Solution

Let the distance between the point P and the bird be
d meters. Thus,

c0s30" = 1—5
d
d x cos 30° 15
dzi =1—5=10\/§m. I5m
cos 30° \/3
7 Figure 62.

ExXAMPLE 38

As shown in figure 63, the angle of elevation of the
top of a clif when seen from the foot and the top
of the building are 45° and 30° respectively. If the
height of the building is 20 m, then how high is the
top of the cliff?

Solution
Let the height of the cliff be 4 meters and the

distance beteween the foot of the building and the
foot of the cliff be x meters. Thus,

Figure 63.
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tan 45° = h
X

xtan45°=h

X=h it (because tan 45° = 1)
-2

tan 30° = u

X
xtan30°=4/ —20
X _h_920

NG
x=hJ3-203

Now substituting x = 4 in equation x = h3 - 2043 gives

h=h3-203
h(\3-1) =203

h=j§—§ = 103+/3) m.

ExAMPLE 39

At a point P on a level ground, the
angle of elevation of the top of a
building is 60°. At point Q which is
10 meters away from P, the angle of
elevation of the top of the building
is found to be 30°, as shown in figure ,
64. What is the distance between ¢ 4 — = .
point P and the foot of the building?

Solution

Figure 64.

Let the height of the building be be # meters and the distance beteween the point P and
the foot of the building be x meters. Thus,

tan30° = L
x+10

G

Y3 x+10
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3x=x+10
2x=10

x=15.

Therefore, the distance between point P and the foot of the building is 5 meters.

EXERCISES

1.

274

A tower stands vertically on the ground. From a point on the ground, which is
48 m away from the foot of the tower, the angle of elevation of the top of the
tower 1s 30°. Find the height of the tower.

A kite is flying at a height of 87 m above the ground. The string attached to the
kite is temporarily tied to a point on the ground. The inclination of the string
with the ground is 60°. Find the length of the string, assuming that there is no
slack in the string.

Two ships are sailing in the sea on either side of a lighthouse. The angle of
elevation of the top of the lighthouse as observed from the ships are 30° and
45° respectively. If the lighthouse is 30° m high, find the distance between the
two ships.

From a point on the ground, the angles of elevation of the bottom and top of
a tower fixed at the top of a 40 m high building are 45° and 60° respectively.
Find the height of the tower.

An observer on a level of ground is at a distance 103m from a boulding.
The angles of elevation to the bottom of the windows on the second and
third floors are 30° and 60°, respectively. What is the distance between / the
bottom of the windows?
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6. If the distance from a helicopter to a boat is 300 feet and the angle of
depression is 60°, find the distance on the ground from a point directly below
the helicopter to the boat.

7. Two ships, one with angle of depression 60° due east and the other with 30°
due west are observed from a plane 1,200 meters above a sea. If the two ships
are on the same line, what is the distance between the two ships?

8. Two trees are standing on flat ground. The angle of elevation of the top
of both the trees from a point P on the ground is 40°. If the horizontal distance
between P and the smaller tree is 8 m and the distance between the top of the
two trees 1s 20 m, calculate

(a)
(b)

the distance between the point P and the top of the smaller tree.

the horizontal distance between the two trees.

KEY TERMS

Slope . Height

Tangent ° Trigonometry
Opposite side ° Line of sight
Gradient . Distance

Cosine . Rotation

Adjacent side . Trigonometric ratio
Inclination . Angle of elevation
Sine . Angle of depression
Hypotenuse

SUMMARY

If the two points (x, y,) and (x,, y,) are two distinct points on a line with
x, —x, =0, then the gradient (slope) of the line joining the two points is
given by: m = NN

Xy =%
The angle measured from positive x-axis to a line in counter clockwise
direction is called the inclination of a line. The tangent of this angle is called

the slope of the line. That is,
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276

opposite

tan 6 :
adjacent
Using the right triangle ABC which is 15
a right angle at C and a, b, and c are
c
a

the lengths of the sides opposite these

angles, then the tangent, cosine and
sine of an angle in relation to ZA can A C
be defined as follows: b

: opposite a Figure 65.
sin/A4 = _oppostte 4
hypotenuse ¢’
adjacent b
COSM:J—:—;and B
hypotenuse ¢

adjacent  a

tan/d=———=—, @ a
opposite b
If we denote one of the two acute angles by [ c
0, we can express the relation to the angle 0 b
as follows: Figure 66.
i adj a

sin@:ﬂzﬁ;coseza—djzé; and tanHz—J:—.

hyp ¢ hyp ¢ opp b

The point P (x, y) is the same as the point P(cos 6,sin §)on the unit circle.

The Law of Sine: If A, B, and C are the measures of the angles of a triangle

ABC and a, b, and c are the lengths of the sides opposite these angles, then
a b c

simA sinB sinC

The Law of Cosine: IfA, B, and C are the measures of the angles of a triangle
ABC and a, b, and c are the lengths of the sides opposite these angles, then

c2=a*+ b*—2ab cos C
b>*=a*+ c*—2accos B
a*=b>+c*—2bc cos A

The line which is drawn from the eyes of the observer to the point being
viewed on the object is known as the line of sight.

The angle of elevation of the point on the object (above the horizontal line)
viewed by the observer is the angle which is formed by the line of sight with
the horizontal line.
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° The angle of depression of the point on the object (below the horizontal line)

viewed by the observer is the angle which is formed by the line of sight with

the horizontal line.

EXERCISES

1.

Find the slope of the line joining:

(a) (-1,-2)and (4, 8)

(b) (-2,3)and (3, -2)

(¢) (2,-3)and (-3,7)

(d (9,-2)and (9, -9)

Find the slope of a line if its inclination is
(a) 150°

(b) —-60°

(¢) -30°

(d 120°

Find angle of a line if its slope is:
(a) —0.63

(b) 1.732

(c) —0.58

(d) -1.732

Find the value of

(a) cos210°

(b) sin 225°

(c) tan 300°

(d) cos 1250°

(e) sin 680°

Find Rgoo R_900 and ngoo
lines and represent them on the graph.

(a) x+3y=5
(b) S5x-3y=7
() x—y=7

(d) 4x-3y=12

and the center of rotation for the given equations of

277



- Mathematics — Grade 11 Textbook

6.

8.

Triangle ABC has vertices A(— 2, 3), B(3, 2), and C( 1, —5). Draw triangle
ABC and its image after a rotation of 90° counterclockwise about the origin.

Using the law of cosine find the unknown parts of each of the following
triangles.

11 ‘ 132
5 75
7 Ry -
(a) (b)

Figure 67.

Using the law of sine find the unknown parts of each of the following triangles.

mU 15 65
NP
8
X 35
752 110°
o
(a) (b)

278

Figure 68.

In Figure 69, if AABC is right angled-triangle, then find sin «, sin 0, cos a,
cos 0, tan o and tan 6.

B
o
17 cm 8 cm
410 c
15cm
Figure 69.
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10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

From a stand which is 2 meters high, a 10 meters long ladder leans against a
vertical wall and makes an angle of 60° with the wall. Hoiw high is the top of
the lader from the foot of the wall on the ground?

A boy notes that from a certain point on level ground, the angle of elevation
to a point at the top of a tree is 30°. After walking 50 closed to the tree, the
backpacker notes that the angle of elevation is 60°. Find the height of the tree.
The angle of elevation and the angle of depression of the top of a building
from the foot and the top of a tower are 30° and 45° respectively. If the building
is 20-meter high, then what is the height of the tower?

The angle of depression of the top of a building from the top of a flag that is
100 m away from the flag pole is 30°. If the flag pole is 20m tall, then what is
the height of the building?

Two points on a level ground are 500 m apart. The angle of elevation from
these points to the top of a tower are 45° and 60° respectively. If the two points
and the base of the tower lie on a straight line, what is the height of the tower
in meters?

If from the top of a hill 600 m above the sea level the angle of depressions of
two boats in line with the observer were found to be 30° and 60°,then find
the distance between the two boats.

Two men A and B, stand opposite sides of'a 150 m tall tower. If A observes the
top of the tower at angle of elevation of 60° and B observes the same point at
an angle of elevation of 30°, then how far apart are the two men?

The angles of elevation and an airplane from two points A and B on level
ground are 45° and 60° respectively. A and B are 8 km apart, and the airplane
is to the east of A and B in the same vertical plane. Find the altitude of the
airplane.

The angle of elevation and the angle of depression of the top of a building
from the foot and the top of a tower are 30° and 60° respectively. If the building
is 20 meter high, then what is the height of the tower?

A man walks from point A for 2 km in a direction N 40° W, to point B. He
then turns and walks a further 2 km in a direction S 80° W to point C. He then
walks back to A, his starting point.

(a) What distance does he walk from C to A?

(b) What is his bearing as he walks from C to A?
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20.

280

The angles of elevation to a jet from two missile stations A and B on the level
ground are 60° and 45° respectively. The two stations A and B are 15km apart,
and the jet is to the west of A and B in the same vertical plane.

(a) Find the altitude of the jet.

(b) Find the distance between the foot of the altitude and the station B.
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Chapter Outcomes

By the end of this chapter, you will be able to:

define and discuss probability;
determine the relative frequency;
calculate compound events;
compute union of events;
compute intersection of events;
compute independent events.
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Introduction

In our real life, we come across the statements involving words like “likely”,

99 ¢

“probably”, “chances”, etc.
For example, consider the following statements:
(a) Itis likely to rain tomorrow.
(b) Probably, the stock prices of agricultural products will go up next year.
(c) Some parties will have 25% of chance of winning in an upcoming
election.

All the above-mentioned statements have the element of uncertainty. These types of
uncertainties can be measured numerically by using the concept of ‘probability’ in
many cases.

Probability is a branch of mathematics that is widely used in the science, business,
finance, and medicine. We use probability to determine the chance or likelihood
of an event or evnts. In probability, events are the outcomes of an experiment. The
probability of an event is the measure of the chance that the event will occur as an
outcome of an experiment.

In this topic you learn how to apply your understanding of probability to solve a
wide range of problems.

8.1 PROBABILITY

Probability refers to the likelihood that an event will occur. By analyzing the
available data, we can predict the chances of a certain event in terms of a number.
We can do simple experiments to become familiar with the different outcomes that
are possible, and we can develop and apply some mathematical laws of probability
to help us analyze such experiment.

We shall often use experiments like tossing coins, rolling dice, drawing cards from
a pack and selecting colored balls from a box, because they are simple to visualize
and will give us basic ideas of probability theory.

HistoricaL NOTE

A gambler’s dispute in 1654 led to the creation of a mathematical theory
of probability by two famous French mathematicians, Blaise Pascal and
Pierre de Fermat. Blaise Pascal (1623-62) suffered the most appalling ill-
health throughout his short life. In correspondence with Fermat, he laid the
foundation for the theory of probability. This correspondence consisted
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of five letters and occurred in the summer of 1654. They considered the dice problem,
already studied by Cardan, and the problem of points also considered by Cardan and
around the same time, Pacioli and Tartagilia. The dice problem asks how many times
one must throw a pair of dice beforeone expects a double six while the problem of points
asks how to divide the stakes if a game of dice is incomplete. They solved the problem of
points for a two player game but did not develop powerful enough mathematical methods
to solve it for three or more players.

AcTivity 1

1. Discus the following basic concepts of probability.
(a) Outcomes (b) Favorable outcome
2. Find the possible outcomes for rolling two dice
3. A bag contains balls made of leather. There are 4 white balls, 9 blue balls and 12 red
balls in a bag. If a ball is drawn at random, then find the following:
(a) Probability that the ball drawn is made up of rubber
(b) Probability that the ball drawn is made up of leather.
(c) Probability that the ball drawn is a red colored ball
4. When we flip a coin in the air, what is the possibility of getting a head?

Probability denotes the possibility of the outcome of any extent to which any event
is likely to happen. Probability of an event happening is a ratio of the number of
favorable outcomes to the total number of outcomes.

Mathematically, probability of an event happening is a ratio of the number of
favorable outcomes to the total number of outcomes. It can be formulated as follows:

Number of favorable outcomes

Probability =

Total number of outcomes

Range of probabilities is from 0 to 1, where 0 represents impossible event and 1
represents a probable event.

The outcome (sample point) is the result of an experiment. The outcomes which
insure the happening of a particular result are said to be favorable outcomes to that
particular result.

ExampLE 1

A fair die is thrown. How many favorable outcomes are there for getting an odd number?
Find the probability of getting odd numbers.
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Solution

In throwing a die there are six possible outcomes, they are {1,2,3,4,5,6}

Since there are three odd numbers, there are 3 favorable outcomes. These are 1, 3 and 5.
Number of favorable outcomes 3 1

Probability = —=—
Total number of outcomes 6 2

ExXAMPLE 2

Two coins are tossed.

(a) Find the probability of at least one head appearing.

(b) Find the probability of no head appearing.

Solution

The possible outcomes in tossing two coins is S = {HH, HT, TH, TT}. There are 4 possible

outcomes.

(a) Let £, be an event consisting of the outcomes at least one head. Then,
E = {HH, HT, TH}. There are 3 outcomes of the event. Thus,

n(E) 3

n(s) 4

(b) Let £, be an event consisting of the outcomes no head. Then,
E,={TT}. There is 1 outcome of the event. Thus,

_nE) _1
P(E)_n(S)_4‘

P(E)=

ExAaMPLE 3

A die is rolled twice. Find the probability of an event consisting of:

(a) all outcomes whose sum is equal to 5. (c) the two numbers are even numbers
(b) two identical numbers. (d) the two numbers are odd numbers.
Solution

The possible outcomes in rolling a die twice is:

{1, 1),(1,2),(1,3),1,4), (1, 5), (1, 6), (2, 1), (2, 2), (2, 3), (2,4, 2, 5), 2, 6),
(3,1),3,2),3,3),3,4),3,5),3,6), 4 1),(4,2), (4,3), (4,4), (4, 5), (4, 6),
(5,1),(5,2),(5,3),(5,4), (5,95), (5, 6), (6, 1), (6, 2), (6, 3), (6,4), (6,5), (6,6)}.
There are 36 possible outcomes

285



- Mathematics — Grade 11 Textbook

(a) Let £, be an event consists of all outcomes whose sum is equal to 5. Then,
E =1{(1,4),(2,3),(3,2), (4, 1)}. There are 4 outcomes of the event. Thus,
pE =28 _ 1
n(S) 36 9
(b) Let E, be an event consists of all outcomes that two identical numbers. Then,
E,={(1,1),(2,2),(3,3),(4,4),(5,5), (6, 6)}. There are 6 outcomes of the event. Thus,
pEy="E_6_1
n(S) 36 6
(c) Let E, be an event consists of all outcomes that two numbers are even numbers. Then,

E,=1{(2,2),(2,4),(2,6),(4,2),(4,4),(4,6), (6, 2),(6,4), (6, 6)}. There are 9

outcomes of the event. Thus, P(F) = nilg = % = % .
n
ey ME)_6 1
n(S) 36 6

(d) LetE, be an event consists of all outcomes that two numbers are odd numbers. Then,
E,={(1,1),(1,3),(1,5), 3, 1), (3, 3), 3, 5), 5, 1), (5, 3), (5, 5)}. There are 9
outcomes of the event. Thus, P(E) = nE) = 2 = 1 .

n(S) 36 4

EXERCISES

1. Alex takes out a ball from a box without looking at it. If box contains one
white, one black and one green ball, then what is the probability that he takes
out:

(a) a white ball (b) agreen ball

2. Two dice are tossed simultaneously, what is the probability that the sum of the
numbers is more than 10?

3. Suppose three coins are tossed. Then, find the probability of:
(a) exactly two heads appearing (c) atleast three tails appearing
(b) exactly two tails appearing. (d) atleast two heads appearing.

4. A bag contains 4 blue, 9 red, and 2 white marbles. One marble is drawn at
random.

(a) What is the probability that the marble is red?
(b) What is the probability that the marble is not red?
(c) What is the probability that the marble is red or not red?
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8.2 RELATIVE FREQUENCY

The word “relative” is used to indicate that an event is being considered in relation or
in proportion to something else. A relative frequency indicates how often a specific
kind of event occurs within the total number of observations. It is a frequency that
uses percentages, proportions and fractions. In this sub-topic, we will learn how to
calculate relative frequency.

ACTIVITY 2

1. What is relative frequency?

2. Acoinis tossed 500 times with the frequencies of head 330 times and tail for remaining
times. Find the probability for head and tail.

3. Adice is thrown with the following outcomes and frequencies in the following table:

Outcomes 1 2 3 4 5 6
Frequency 11 20 18 15 24 12
(a) What is the probability that an even number appears?
(b) What is the probability that a prime number appears?

(c) What is the probability that a number 2 appears?
(d) What is the probability that a number 5 appears?

Relative frequency of an event can be defined as the number of times an event
occurs divided by the total number of events occurring in a given trials.

We can take the relative frequency of an event occurring as an estimate of the probability
of that event occurring. The estimate improves as the number of trials is increased.

Suppose that we make #» trials and that » of those trials are success, then, based on
this evidence, an estimate for the probability of success or outcomes favorable to
event £ in the experiment is given by:

Number of times E occured

Probability of the event E = : -
Number of times the experiment was repeated

r
P(E) =~
n

ExaMPLE 4

David randomly selects a card from a pack and notes whether it is a Heart, Spade,
Diamond or Club. His results is shown in the table below.

Cards H S D C
Frequency 8 9 5 8
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(a) What was the relative frequency of selecting a Heart?
(b) What was the relative frequency of selecting a Diamond?

Solution

Number of times Heart occurred 8

Total number of trials N %
=0.2667 = 26.67%.

(a) Relative freqency =

Number of times Diamond occurred 5

(b) Relative freqency = ' ==
Total number of trials 30

=0.1667 = 16.67%.

Relative frequency calculations convert counts into percentages by taking the count
of a specific type of event and dividing it by the total number of observations.

EXAMPLE 5

A die is tossed 50 times and lands 8 times on the number 5. What is the probability of
observing the die land on the number 5?
Solution

The number times a die is tossed is 60 and the number of successful trials of getting
number 5 is 10. Thus,

Frequency of observing number 5 on the die

Probability of getting 5 = -
Total number of trials

1
- _ — 0
0 6 0.1666 = 16.66%.

ExXAMPLE 6

Anna has a packet containing 30 candies. The table below shows the frequency of
each different candy color selected as she picked all 20 sweets one by one and finished
them all.

Candy color Yellow Red Green Brown
Frequency 9 9 4 8

(a) What is the probability of the picked candy being yellow or red?
(b) What is the probability for the brown candy?
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Solution

N fti th
(a) Probability of yellow or red candy = umber of times an event has occurred

Total number of trials

_ (Frequency of yellow + Frequency of red candy)

Total number of trials

18
=— =0.6=60%.
30

Number of ti t h
(b) Probability of brown candy = umber of times an event has occurred

Total number of trials

__ Frequency of brown candy

Total number of trials
8
=— =0.2666 = 26.67%.
30

EXERCISES

1. A coin is flipped 1000 times, the coin lands on tails 480 times. What is the
probability of the coin landing on heads?

2. The weights of 100 employees of a company are presented in the following
table:

Weight in KG 50-55|55-60 | 60-65 | 65-70 | 70-75 | 75-80 | 80 -85

Number of persons 23 15 25 22 8 5 2

Find the probability of an employee’s weight lying in the interval of
(a) 50-55kg (b) 65-70 kg

3. 500 families of a village are selected at random. The data obtained about the
number of vehicles is as follows:

Number of vehicles 0 1 2

Number of families 130 | 250 | 120

Find the probability of a family chosen at random having:
(a) 2 vehicles (b) 1 vehicle
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4. The heights of 200 students of a school are shown in the following table:

el 120-130 | 130-140 | 140-150 | 150-160 | 160-170 | 170-180 | 180-190
(in cm)

Number of 30 28 Y 48 43 15 4
students

Find the probability that a student’s height lies in the interval:
(a) 120-130 cm (b) 140-150 cm (c) 160-170 cm

5. 1500 families were randomly selected and a survey of their income was
conducted. The result obtained is as follows:

Monthly income [RBEERIE More than
(in USD) 3500 3500-5000 | 5000-6500 | 6500-8000 2000

Number of 405 630 225 165 75
families

Suppose a family is chosen. Find the probability that the chosen family is as
follows:

(a) Earning L$5,000 — L$6,500 per month
(b) Earning L$6,500 — L$8,000 per month
(c) Earning L$8,000 or more per month
(d) Earning less than L$3,500 per month

8.3 CompOUND EVENTS

A compound event is an event that has more than one possible outcome. In a
compound event, an experiment gives more than one possible outcome. These
outcomes may have different probabilities but they are all equally possible. In this
sub-topic, we will see what we mean by compound events.

AcTIviTY 3

1. Define the following.
(a) Simple Events

(b) Impossible and sure events
(c) Independent event and dependent events

2. A number is selected at random from first 200 natural numbers. Find the probability
that the number selected is a perfect square or a perfect cube.
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An event is an occurrence that can be determined by a given level of certainty. A
compound event combines two or more events, using the word “AND” or the word
“OR”. Probability of a compound event can be written as an expression involving
probabilities of simpler events. By doing this, calculation of compound probability
becomes easier.

Mutually exclusive events

Those events which cannot happen simultaneously are called mutually exclusive
events. In other words, two events are mutually exclusive if they cannot occur at the
same time. For two mutually exclusive events £ and E,, E, N E, = &. For example, in
a throw of die, we cannot get an even and odd outcome at the same time. Thus, getting
an even number or odd number in a throw of a die are mutually exclusive events.

ExAMPLE 7
Determine which events are mutually exclusive and which are not, when a single die is
rolled.
(a) Getting an odd number and getting an even number.
(b) Getting a 3 and getting an odd number.
(c) Getting an odd number and getting a number less than 4.
(d) Getting a number greater than 4 and getting a number less than 4.
Solution

(a) The events are mutually exclusive, since the first event can only be 1, 3, or 5 and
the second event can only be 2, 4, or 6. Both events can't occur at the same time.

(b) The events are not mutually exclusive, since the first event is a 3 and the second
can be 1, 3, or 5. Hence, 3 is contained in both events.

(c) The events are not mutually exclusive, since the first event can be 1, 3, or 5 and the
second can be 1, 2, or 3. Hence, 1 and 3 are contained in both events.

(d) The events are mutually exclusive, since the first event can be 5 or 6 and the second
event can be 1, 2, or 3.

The “OR” rule: For mutually exclusive events £, and E..
P(E orE)=P(E)+P(E)

ExAMPLE 8

One ball is selected at random from a bag containing 5 red balls, 2 yellow balls and 4
white balls. Find the probability of selecting a red ball or a white ball.
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Solution

The two events are mutually exclusive.
P (red ball or yellow ball) = P (Red ball) + P (Yellow ball)
5 49
IETRETRT

Non-mutually exclusive events

If there is at least one outcome which is common in the events, they are called
non-mutually exclusive events. In other words, if two events have sample points in
common, they are not mutually exclusive. For example, in drawing a card event of
drawing a spade and an ace card are not mutually exclusive event because a spade
can also be an ace card.

ExaMpPLE 9

Inrolling a die, we have a sample space: = {1, 2, 3,4, 5, 6}. Let £, and E, be two events
such that £ is getting even numbers and £, is getting prime numbers. Then, £, and £, are
not mutually exclusive events because they have common event or sample point {2}.

ExampLE 10

In a pack of 52 cards what is the probability of getting a queen or an ace?
Solution

These are mutually exclusive events, because it is impossible for a card to be a queen and
an ace at the same time.

There are 4 queens in the pack. So, P(queen) = % =—.

. 4
There are 4 aces in the pack. So, P(an ace) = =5 =—.

1 1 2
Therefore, P(queen or an ace) = 1— ==

13 13

Independent events

Independent events are events where the occurrence of one of the events does not
affect the occurrence of the other event.

Consider an experiment of tossing a coin and throwing a die simultaneously.
To determine the probability of getting a head on a coin and a "5" on a dice
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simultaneously, we have to combine the outcomes of the coin and the dice. We
know that the outcome for a coin is either head or tail. Outcomes for a die can be
either 1, 2, 3, 4, 5 or 6. By combining these outcomes, we will have the following
sample space:

{(H,1),(H,2),(H,3),(H,4),(H,5),(H, 6),(T, 1),(T,2),(T, 3), (T, 4), (T, 5), (T, 6)§
Here, (H, 1) represents head on the coin and 1 on the dice.

One can observe that the total number of outcomes is 12, but only one is the favorable,
that is, (H, 5), so the required probability =% .
The “AND” rule: If £ and E, are independent events, then

P(E and E)) = P(E|) X P(E)).

ExampLE 11

A fair coin is tossed and a fair die is rolled. Find the probability of obtaining a head and 6.
Solution
The two events are independent.
P (Head and 6) = P(Head) x P (6)
1 1 1
= —X— = —
2 6 12°

Dependent events

Dependent events are events where the occurrence of one of the events does affect
the occurrence of the other event. In other words, dependent events are events for
which the occurrence of either event affects the next.

If £, and E, are dependent events, then P (£, then E)) = P(E|) * P (E,) when E| has
occurred).

ExAamMPLE 12
A box contains 5 mathematics books and 7 physics books. Two books are randomly
selected from the box without replacing them.
(a) Find the probability of both are mathematics books.

(b) Find the probability that the of first box is a mathematics book and the second is a
physics book.
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Solution

(a) Probability that the first book drawn is a mathematics book el . After drawing one
mathematics book, we are left with 4 mathematics books and 7 physics books.

Probability that the second book drawn is a mathematics book =—.

11
5
Probability that the both books drawn are mathematics books % x 1;41 =5

(b) Probability that the second book drawn is a physics book = % .
Probability that the first book drawn is a mathematics and the second is physics book is

5 7 35

—_—X— = —

12 11 132
EXERCISES

1. Define mutually exclusive events, and give an example of two events that are
mutually exclusive and two events that are not mutually exclusive.

2. Determine whether these events are mutually exclusive.

(a) Roll adie: Get an even number, and get a number less than 3.

(b) Roll a die: Get a prime number (2, 3, 5), and get an odd number.

(c) Roll adie: Get a number greater than 3, and get a number less than 3.
3. Astandard die is rolled. What is the probability that a 2, 4, or 6 will be rolled?

4. Atacommunity swimming pool there are 2 managers, 8 lifeguards, 3 concession
stand clerks, and 2 maintenance people. If a person is selected at random, find
the probability that the person is either a lifeguard or a manager.

5. Acard is chosen at random from a standard deck of 52 playing cards. Without
replacing it, a second card is chosen. What is the probability that the first card
chosen is a queen and the second card chosen is a jack?

6. Two dice are rolled. Find the probability of getting:
(@) Asumof5,6,or?7.
(b) Identical numbers or a sum of 6 or 8.
(c) A sum greater than 8 or less than 3.

8.4 UnioN oF EVENTS

The union of two events £ and £, denoted by £, U E | is the event consisting of all
outcomes that are either in £, or in £, or in both £, and £,
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1. What is the union of two sets?
2. LetE =10,1,2,3,4,5,6} and £, = {~1,0, 2,6, 7,8}. Then find £, U E..
3. A bag contains 7 green balls, 11 orange balls and 12 red balls. If a ball is drawn, find
the probablity that it is a green or an orange.
4. A card is drawn at random from a 52-deck of card. Find the probablity of getting:
(a) Aking or an ace.
(b) A number card or an ace.
(c) A black card or an a diamond.
(d) Ared card or a club.
(e) Aking or an odd number.

If two events £, and E, are associated with “OR”, then it means that either £, or £,
or both £ and E,. The union symbol “U” is used to represent “OR” in probability.
Thus, the events E or E, denotes
E VE,.

If two events £, and E, are not mutually exclusive, then they share outcomes in
common. The overlap of the two sets is their intersection, that is, £, N E,. The
probability that £, or £, will happen is the sum of the probability of each event,
minus the probability of the overlapping.

DEFINITION

The union of two events is a new event that contains all of the outcomes that are in at
least one of the two events.

The probability of the union of events £, and E,, denoted by P (E, U E)), is given by:
PEVE)=PE)+P(E)-P(E NE).

ExamMPLE 13

William rolled a fair die and wished to find the probability of the number that turns up is
even or a number greater than 3.

Solution
Sample space: S= {1, 2,3,4,5, 6} 3
Let the event that contains even numbers be E|. Then, E, = {2, 4, 6} and P(E|) = s = 5
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Let the event that contains numbers greater than 3 be E,. Then, E, = {4, 5, 6} and

3 1
P(EZ):EZE‘
2 1
ElﬁEZZ{4,6}andP(E1mEz):g:E
P(E,UE)=P(E)+P(E)-P(E,NE)
3,32 4.2
6 6 6 6 3

Addition Rule of Probability

We can easily calculate probabilities of compound events by making use of the
addition rule stated below.

If two events, E and E,, are non-mutually exclusive, there is some overlapping
between these events. The probability that £ or E, will happen is the sum of the
probability of each event, minus the probability of the overlapping.

Addition Rule 1
If £ and E, are any two events, then P (£, VE)=P (E))+P(E)—-P(E NE).

The subtraction of P (E, M E)) is necessary because £, and £, may overlap.

ExampLE 14
What is the probability that when two die are rolled the sum will be less than 5 or the
faces will show the same number?
Solution
Let event £, be that the sum is less than 5. Thus, 6 1
E ={(1,1),(1,2),(1,3),(2,1),(2,2), (3, 1)} and P(E)) :EZE'
Let event £, be that the sum is less than 5. Thus,

E,=1{(1,1),(2,2),(3,3),4,4),(5,5),(6,6)} and P(E,)= %z%

2
B nE,={(1,1),(2,2)} and P(E,NE) =
Therefore, the probability of a sum less than 5 or probability of both faces the same is:
6 6 2 10 5

P(E UE)=P(E)+PE)-PE NE) =— 4+ —— = =~~~
(&, 2) E) (&) &, 2) 36 36 36 36 18
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Addition rule 1 of probability can be extended to three or more events. For three

non-mutually exclusive events £, E,, and £,
P(EVE,VE)=P(E)+P(E)+P(E)-P(E NE NE)).

When two events £ and E, are mutually exclusive, it is impossible for them to

happen together.

The probability of £, and E, together equals to 0 (impossible). That is, P (£ and E,) = 0.

Addition Rule 2
If E and E, are mutually exclusive, the probability of £, or £, is the sum of the
individual probabilities: That is,

P(E,VE)=P(E)+P(E).

ExampLE 15
Benjamin rolled a fair die and wished to find the probability of the number that turns up
is odd or even.
Solution
Sample space: S= {1, 2, 3,4,5, 6}

Let the event that contains even numbers be £|. Then, E, = {2, 4, 6} and P(E|) =

AW oW

Let the event that contains odd numbers be E,. Then, £, = {1, 3, 5} and P(E)) =
E NE =Jand P(D)=0
P(E VE)=P(E)+P(E)-P(E,NE)
3 3 0

6
=4 —="-1,
6 6 6 6

ExAamPLE 16
What is the probability of drawing a queen or a king from an ordinary deck of cards?

Solution
The two events are mutually exclusive.

4 1 4 1
P = — = — and P(king) = — = —. Thus,
(queen) 55 13 and P(king) > 13 us

P(queen or king) = P(queen) + P(king)
LSS
1313137
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ExampLE 17

A bag contains 7 white balls 11 orange balls and 12 red balls. If a ball is drawn, find the
probability that it is a white or a red ball.

Solution

The three events are mutually exclusive.

P(white ball) = 7 and P(red ball) . 2 . Thus,
30 30 15

P(white or red) = P(white) + P(red)
_ .2 D
30 30 30

Addition rule 2 of probability can be extended to three or more events. For three mutually
exclusive events £, E,, and E,

P(E,UE,UE)=P(E)+P(E)+P(E,).

EXERCISES

1.
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What is the probability of rolling a 3 or an even number after a single roll of
a fair die?
A single card is drawn from a deck. Find the probability that it is a king or a club.

Oliver rolled a fair die and wished to find the probability of the number
divisible by 5 turns up or an odd number turns up. Find the probablity.

A box contains 3 glazed doughnuts, 4 jelly doughnuts, and 5 chocolate
doughnuts. If a person selects a doughnut at random, find the probability that
it is either a glazed doughnut or a chocolate doughnut.

What is the probability that a card drawn at random from a standard 52-card
deck is either a face card or a spade?

A card is drawn randomly from a deck of ordinary playing cards. You win L$10
if the card is a spade or an ace. What is the probablity that you will win the game?

In a hospital unit there are 8 nurses and 5 physicians; 7 nurses and 3 physicians
are females. If a staff person is selected, find the probability that the staff
selected is a nurse or a male.

A bag contains 3 red balls, 6 green balls, 4 blue balls, 2 white balls and Syellow
balls. One ball is selected at random. Find the probabilities of the following events.

(a) The ball is either red or green.
(b) The ball is not blue.
(c) The ball is either red or white or blue.
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8.5 INTERSECTION OF EVENTS

The intersection of two events £, and E,, denoted by £, N E,, is the event consisting
of all outcomes that are in both £ and E,. Sometimes £ and £, have no outcomes in
common so that the intersection of 4 and B contains no outcomes. In this sub-topic,
we will study the probability of events joined by the word “AND”, in other words,
the intersection of events.

ACTIVITY 5

What is intersection of two events?

Define independent events.

LetE =1{1,3,5,7,9} and E, = {2, 3, 5,7, 11}. Then, find E N E..

Suppose the die is fair. Find the probability that the number rolled is both odd and
greater than two.

= 2=

If two events £ and E, are associated with “AND?”, then it means the intersection of
elements which are common to both events. The intersection symbol “N” is used to
represent “AND” in probability.

Thus, the events £, and E, denotes E, N E..

DEFINITION

The intersection of two events is a new event that contains all of the outcomes that are
in both events. The probability of the intersection of events £ and E, is denoted by
P(E,NE).

ExamMPLE 18

In the experiment of rolling a single die, find the intersection of “the number rolled is
even” and “the number rolled is greater than two”.

Solution

Sample space: S={1,2,3,4, 5,6}

Let E, be the number rolled is even. Then, £, = {2, 4, 6}.

Let E, be the number rolled is greater than two. Then, £, = {3, 4, 5, 6}.
Thus, E, N E, = {4, 6}.

ExamMPLE 19

Suppose the die is fair. Find the probability that the number rolled is both even and
greater than two.
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Solution
The sample space is S = {1, 2, 3,4, 5, 6}. Since E, = {2,4, 6} and E, = {3, 4, 5, 6}, we get

ﬁ M E, = {4, 6}. Since the die is fair, all outcomes are equally likely, so by counting we
ave

2 1
P(EI ﬁEz)Z gzg

The intersection of two events is the probability that the two events, £ and £, will
occur at the same time. If both events are mutually exclusive, then this probability
will be 0 because both events cannot occur at the same time.

Independent events are events where the occurrence of one of the events does not
affect the occurrence of the other event.

Consider an experiment of tossing a coin and throwing a die simultaneously.
To determine the probability of getting a head on a coin and a “5” on a dice
simultaneously, we have to combine the outcomes of the coin and the dice. We
know that the outcome for a coin is either head or tail. Outcomes for a die can be
eitherl, 2, 3, 4, 5 or 6. By combining these outcomes, we will have the following
sample space as follows:

(H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),(T, 3),(T, 4), (T, 5), (T, 6)}.
Here, (H, 1) represents head on the coin and 1 on the dice.

One can observe that the total number of outcomes is 12, but only one is the favorable,

1
that is, (H, 5), so the required probability :E .

The “AND” rule: If £ and E, are independent events, then
P(E and E)) = P(E)) X P(E)).

ExampLE 20
A fair coin is tossed and a fair die is rolled. Find the probability of obtaining a head and 6.
Solution

The two events are independent.
P (Head and 6) = P(Head) x P (6)
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Multiplication rule of probability

Multiplication rule of probability is based on the concepts of independence or
dependence of events. To find the probability of two independent events that occur
in sequence, one must find the probability of each event occurring separately and
then multiply the answers. For example, if a coin is tossed twice, the probability

of getting two heads is l>< l:l This result can be verified by looking at the

2 2 4
1
sample space {HH, HT, TH, TT}. Then, P(HH) = "

If £ and E, are two independent events for a random experiment, then the probability
of simultaneous occurrence of two independent events will be equal to the product
of their probabilities.

If both events £ and E, are independent, then the probability of £, N E| is given by:
P(E NE)=PE)PE)

ExaMPLE 21

Suppose a card is selected at random from a pack of 52 playing cards. The card is replaced,
and a second card is selected at random. The event H is the first card is a heart. The event
D is the second card is a diamond. Find, the probability of getting:
(a) hearts
(b) diamond
(c) hearts and diamond.
Solution
There are 52 cards in the pack, of which 13 are hearts and 13 are diamonds. Thus,
13 1

(a) the probability of heart: P(H)= e

(b) the probability of diamond: P(D)= ;—z = i
(c) Since each card is replaced after being selected, the occurrence of each event is
independent of the preceding event. Hence, the probability of heart and diamond:
1 1 1
P(Hand D)==P(H) x P(D)= —x—=—.
( ) (H) > P(D) TR
Independent events are events for which the occurrence of either event does not
affect the next.
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Note
If £, E, and E| are all independent events, then
P(E and E, and E,) = P(E|) x P(E,) * P(E)).

Recall that dependent events are events for which the occurrence of either event
affects the next.

If £ and E, are dependent events, then
P (E then E)) = P(E)) x P (E, when E has occurred).

ExAMPLE 22

A box contains 5 mathematics books and 7 physics books. Two books are randomly
selected from the box without replacing them.

(a) Find the probability of both are mathematics books.

(b) Find the probability that the first book is a mathematics book and the second is a
physics book.

Solution

(a) Probability that the first book drawn is a mathematics book el . After drawing one
mathematics book, we are left with 4 mathematics books 1aznd 7 physics books.
Probability that the second book drawn is a mathematics book = 4 .

Probability that the both books drawn are mathematics books iz X e

o33
(b) Probability that the second book drawn is a physics book = ll .

1
Probability that the first book drawn is a mathematics and the second is physics book is
5 7 35
—_ X — = — .
12 11 132

Multiplication rule of probability

Multiplication rule of probability is based on the concepts of independence or
dependence of events discussed earlier.

If £ and E are any two events, the probability that both events occur, is denoted by
P(E, and E)) = P(E,NE,) is given by:
(i) P(ENE)=PE)xPEJE),fPE)=O0.

(i) P(E,NE,)=P(E,) x P(EJE,), if P(E,) # 0.
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ExaMPLE 23

A box contains six red marbles and four black marbles. Two marbles are drawn without
replacement from the box. What is the probability that both marbles are black?

Solution

Let event £, be the event that the first marble is black; and let event £, be the event that

the second marble is black.

In the beginning, there are 10 marbles in the box, 4 of which are black. Thus, P(E|)= 4 .

After the first selection, there are 9 marbles in the box, 3 of which are black. Thus,

3 1
P(EZ/EI):§:§.
Therefore, based on the rule of multiplication, we have

P(E,nE)=P(E,) * P(EJE,) = %x % 12_2

90 15

EXERCISES
1. Acoin is flipped and a die is rolled. Find the probability of getting a head on
the coin and a 4 on the die.

2. A card is drawn from a deck and replaced; then a second card is drawn. Find
the probability of getting a queen and then an ace.

3. Adieisrolled two times. Find the probability that the outcome is 1 on the first
and a prime number on the second roll

4. Henry rolls a red die and a green die. What is the probability that he gets 5 on
the red die and an even number on the green die?

5. A box contains eight red and four yellow balls. Two balls are drawn from the
box one after the other without replacement. What is the probability that both
drawn balls are red?

6. A bag contains 3 red balls, 2 blue balls and 5 white balls. A ball is selected
and its color noted. Then, it is replaced. A second ball is selected and its color
noted. Find the probability of each of the following events.

(a) Selecting 2 blue balls
(b) Selecting 1 blue ball and then 1 white ball
(c) Selecting 1 red ball and then 1 blue ball
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7. From a box having 10 white and 8 green balls two balls are drawn at random
one by one with replacement. Find the probability that:

(a) both are green.
(b) both are white.
(c) The first is green and the second is white.

8. A person owns a collection of 30 CDs, of which 5 are country music. If 2 CDs
are selected at random, find the probability that both are country music.

8.6 REVIEW OF THE BAsic CONCEPTS OF SET, VENN, TREE DIAGRAM

AND CONTIGENCY TABLES
In mathematics, a collection of distinct well-defined objects is called a set. The
objects in a set are called the elements or members of the set. If a is an element
of set A, we write a € A. If a is not an element of set A, we write a ¢ 4. A set that
contains no elements is called a null set or an empty set. If every element in Set 4 is
also in Set B, then Set A4 is a subset of Set B.

To specify the fact that a set A4 contains four elements 0, 1, 2, 3, we write

A=10,1, 2, 3}. We have learned about Venn diagrams in the topic of sets. In this
sub-topic, we will review the basic concept of set and we will use a Venn diagram
and tree diagram to solve the problems based on probability.

ACTIVITY 6

. What types of events are mutually exclusive?
. What is a set?
. Discus about Venn diagram and try to explain the use of Venn diagram.
. Let4=1{0,1,2,3,4,5,7,9} and B={1,3,4,5,6,8,9}. Then, find 4 U Band 4 N B.
. Consider the Venn diagram below and answer the
questions that follow. The Venn diagram below shows S M '
the favorite subject between Mathematics and Physics
of 60 students in a certain High school.

(a) How many students like Mathematics?
(b) How many students like Physics?

(c) How many students like Mathematics and Physics? Figure 1.
(d) How many students like Mathematics or Physics?

[, T SO 'S T NS I
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Venn diagrams

From the knowledge of sets, we can define the union and intersection of events. The
union of two events £, and £ is denoted by £, U E..

E VE, includes all outcomes that are in £ L OorE.. The intersection of two events £ .
and E, is denoted by £, N E..

E NE, includes all outcomes that are in both £ | and E,.

A useful graphical tool for studying the complement, union and intersection of
events within a sample space S is known as a Venn diagram. In probability, a Venn
diagram is a figure with one or more circles inside a rectangle that describes logical
relations between events. The rectangle in a Venn diagram represents the sample
space or the universal set, that is, the set of all possible outcomes. A circle inside the
rectangle represents an event, that is, a subset of the sample space.

ExamPLE 24

A class contains 100 students. 70 of them like Mathematics, 60 like Physics, and 40 like
both. If a student is chosen at random, using a Venn diagram, find the probability that a
student

(a) likes only Physics (d) likes Physics but not Mathematics.
(b) likes both Mathematics and Physics (e) likes Mathematics or Physics

(¢) does not like Mathematics () likes neither Mathematics nor Physics.
Solution

We begin by drawing an empty Venn diagram to | § M P

represent this problem as shown in figure 2.

We know that the overlapping region in a
Venn diagram represents the intersection of
the events. We are given that 40 students
belong to this intersection, since they like both

Figure 2.

S M P

Mathematics and Physics. 70 students like
Mathematics, and 40 of them also like Physics.
This tells us that the number of students who like
Mathematics only is 70 — 40 = 30. Similarly, we

10 can deduce that 70 — 40 = 20 students like Physics
only. This leads to the Venn diagram shown in
figure 3.

Figure 3.
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We note that the number 10 outside is to ensure that the sum of all values within the Venn
diagram is equal to 100, since the class contains 100 students in total.

(a) From the Venn diagram, we can see that 60 — 40 = 20 students like only Physics.

20 2
Thus, the probability that the student likes only a Physics = 0 or 0.2.

(b) From the Venn diagram, we can see those 40 students like both Mathematics and
Physics. s
Thus, the probability that the student likes both Mathematics and Physics = 100

4
=10 °F 0.4.

(c) From the Venn diagram, we can see those 20 + 10 = 30 students do not like
Mathematics. 30 3
Thus, the probability that the student does not like Mathematics = 100 ~ 10 °F 0.3.

(d) From the Venn diagram, we can see those 20 students like Physics but not

Mathematics. Thus, the probability that the student does not like Mathematics but
20 2
100 10
(e) From the Venn diagram, we can see those 90 students likes Mathematics or Physics.

Thus, the probability that the student like Mathematics or Physics = 00 T or 0.9.

(f) From the Venn diagram, we can see those 10 students like neither Mathematics
nor Physics. Thus, the probability that the student like neither Mathematics nor

like physics = or 0.2.

, 10
Physics = 100 10" 0.1.

ExAMPLE 25

There are 150 employees in an office. 12 employees use both laptops and desktops, 42
employees use laptops, 57 use desktops. If one employee is chosen at random, what is
the probability that the employee.

(a) Uses only laptop? (c) Neither uses a laptop nor a
(b) Uses only desktop? desktop?

Solution

We know that

P(E VE)=PE)+PE)-(PE NE).
Let E represents the total number of employees. L and D represents the sets for laptop
and desktop users, respectively.
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In Venn diagram, the sets are shown in the Venn diagram shown in figure 4.

Number of employees who use both laptop and a g
desktop =57 +42 — 87 =12.

Number of employees who use only a laptop is n
(L—D)=42-12=30.

Number of employees who use only desktop is n
(D—-L)=57-12=45.

Number of employees who neither use a laptop

D

L

nor a desktop is Figure 4.
n(E)—n(LuwM)=150-87=063. 30
- 1
(a) Probability that the employee uses only a laptop = 50 = =
45
(b) Probability that the employee uses only a desktop = 050 = %
63 21
(c) Probability that the employee uses neither a laptop nor a desktop = 150 = =0

Tree diagrams

A device that can be helpful in identifying all possible outcomes of a random
experiment, particularly one that can be viewed as proceeding in stages, is what is
called a tree diagram. A tree diagram is used to count all the possible outcomes of a
sequence of experiments or simple events where each event can occur in a finite
number of ways. W

Tree diagram in Figure 5 illustrates the possible B
outcomes when drawing two balls from a bag w 10,
containing several balls of each of the colors white,

S w

tart B

blue and orange. <‘B
(0]

Let W be the event of getting a white color ball 0 § W

B be the event of getting a blue color ball B

O be the event of getting an orange color ball. N

Figure 5 .
ExAMPLE 26

Draw a tree diagram showing the possible outcomes (# for head, 7 for tail) from flipping
a coin three times.

(a) Use the tree to list the outcomes.

(b) Find the probability that exactly two outcomes will be heads.
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(c) Find the probability that at least two outcomes will be heads.
(d) Find the probability that at least one outcome will be tails.
Solution

The tree diagram showing the possible outcomes from flipping a coin three times can be
drawn as shown in figure 6.

(a) From the tree diagram, we can see that the outcomes is:
S={HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}.
H

(b) There are only three outcomes having exactly two heads. These are
HHT, THT and THH. Thus,

1 1 1 1
P(RRB) = P X 5 X F " Therefore, /

1 3 >

P(exactly 2 heads) =3x—=—. 1 H

( y ) 88 : / /

(c) At least two means two or three. Thus, - —T »T
2
1 1. 1 1

P(HHH) = —x—x—=—. Thus, ;

( ) 2 97573 Figure 6.
P(at least 2 heads) = P(2 heads) + P(3 heads) = —+ % = % = %

(d) At least one means one, two or three. Thus,

P(at least one tail) = 1 — P(HHH) =1— % = % )

ExAMPLE 27
A drawer contains 4 red and three blue socks. Draw three socks randomly and replace
each one before drawing another (draw with replacement).
(a) Find the probability of drawing exactly two red socks.
(b) Find the probability of drawing at least two red socks. R

~ |

Solution .
First, let us draw a tree diagram as shown / ey

in figure 7. 2
(a) There are only three outcomes having ./ /

exactly two red socks. These are

[
N

RRB, RBR and BRR. Thus, Figure 7.
P(RRB) = —x—x—=——_Therefore, P(exactly2red ) =3x—=—.
77775 T 343 erefore, P(exactly )= VEREYE
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(b) At least two means two or three.
4 4 4 64

P(RRR) =—x—x—=—_ Thus,
7 7 7 343
P(at least 2 red) = P(2 red) + P(3 red)
144 64 208
343 343 343

EXERCISES

1. In a class of 65 students, 24 play cricket, 43 play chess, and 5 play neither
of these sports. A student is randomly chosen from the class. Determine the
probability that the student:

(a) plays chess.
(b) does not play chess.
(c) plays at least one of the games.

2. In a class of 38 students, 20 like burger, 25 like pastry, and 10 like both
of these items. Represent this information on a Venn diagram, and hence
determine the probability that a randomly selected student likes:

(a) both burger and pastry.
(b) at least one of these items.
(c) burger, but not pastry.
3. Inaclass, there are 6 girls and 7 boys. Two students are selected at random.
(a) Represent the information on a tree diagram.
(b) Find the probability that both the students are girls.
4. Peter has a probability of — for passing Biology and probability of — for
passing Chemistry. 4
(a) Display this information on a tree diagram.
(b) What is the probability that Peter passed in one of the subjects?

5. A drawer contains 4 red and 3 blue socks. If we draw three socks randomly
without replacement.

(a) Find the probability of drawing exactly two red socks.
(b) Find the probability of drawing at least two red socks.
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8.7 SAMPLE SPACE AND EVENT OF AN EXPERIMENT

Rolling an ordinary six-sided die is a familiar example of a random experiment,
an action for which all possible outcomes can be listed, but for which the actual
outcome on any given trial of the experiment cannot be predicted with certainty. In
such a situation we wish to assign to each outcome, such as rolling a two, a number,
called the probability of the outcome, that indicates how likely it is that the outcome
will occur.

Similarly, we would like to assign a probability to any event, or collection of
outcomes, such as rolling an even number, which indicates how likely it is that the
event will occur if the experiment is performed. In this sub-topic, we will discuss
about sample space and event of an experiment.

AcTIVITY 7

1. Discuss the term sample space

2. Construct a sample space for the experiment that consists of rolling a single die. Find
the events that correspond to the phrases “an even number is rolled” and “a number
greater than two is rolled.”

3. Write the sample space for the following cases:
(a) When two coins are tossed.
(b) When three coins are tossed.
(c) When two dice are tossed.

One of the most basic concepts in probability (and statistics) is that of a random
experiment. A random experiment is an activity that is carried out repeated numerous
times under a certain set of conditions.

An activity which can produce some well-defined outcomes is called an experiment.
An experiment in which all possible outcomes are known, and the exact outcome
cannot be predicted in advance is called a random experiment.

DEFINITION

A random experiment is a mechanism that produces a definite outcome that cannot be
predicted with certainty. The sample space associated with a random experiment is the
set of all possible outcomes.

ExAMPLE 28

Tossing a coin, throwing a dice, picking a card from a pack, etc., are some common
random experiments.
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In any random experiment, there is always uncertainty if whether a particular event
will occur or will not occur. For example, when we toss a dice, the result of the
experiment will be a number from the one of the numbers in the set {1, 2, 3,4, 5, 6}

A random experiment can be repeated any number of times under the same set of
conditions: and upon the completion of the activity, certain results are observed.

DEFINITION

(a) A collection or a set of all possible outcomes of a random experiment is called
a sample space (or a possibility set). The sample space is represented using the
symbol "S"

(b) The subset of possible outcomes of an experiment is called events, and it is denoted
by E.

An event E occurs (or happens) if the outcome of the random experiment (that is,
the sample point s) belongs to E, s € E. E does not occur (or does not happen) if
s ¢ E. The event S always occurs and is called the sure or certain event.

ExaMPLE 29

The following are some examples of random experiments and their sample spaces.

(a) Tossing a coin. Then, with A and 7 standing for “heads” and “tails,” respectively,
a sample space is: S= {H, T}.
(b) Rolling a die. Then, a sample space is: S= {1, 2, 3,4, 5, 6}.

DEFINITION

Outcomes of a random experiment are said to be equally likely when there is no reason to
expect any one of the outcomes in preference to another. That is, each element has equal
chance of being chosen.

ExampLE 30

If a fair die is thrown, any one of the outcomes 1, 2, 3, 4, 5, 6 has an equal chance of
appearing at the top. Therefore, they are considered as equally likely.

ExamprLE 31

A fair die is thrown. How many favorable outcomes are there for getting a prime number?
Solution

Since there are three prime numbers, there are 3 favorable outcomes. These are 2, 3 and 5.
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ExampLE 32
Find the sample space for rolling two dice.
Solution

Since each die can land in six different ways, and two dice are rolled, the sample space
can be presented by a rectangular array, as shown in the table below

Die 2
Die 1

1 2 3 4 5 6

1, (1,2) (1,3) (1,4 (1,5 (1,6)
2,1) 2,2) 2,3 2,9 (2,59 (26
3,1) (3,2) 3,3 (3.9 (3,5 3.0
“4,1) 42 43 449 45 o)
S, 1) 5,2 5,3) 5,4 (5,5 (5,6)
6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

AN W B~ WD =

The sample space is the list of pairs of numbers in the chart. Thus, the sample space is:
{(1, 1), (1,2), (1, 3), (1,4), (1, 5), (1, 6), 2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6), (4, 1),(4,2), (4, 3),(4,4), (4,5), (4, 6),

(5, 1), (5,2),(5,3),(5,4), (5,95), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6,5), (6,6)}.

ExamMPLE 33

Find the sample space for the gender of the children if a family has three children. Use
B for boy and G for girl.

B

Solution
There are two genders, male and female, and each z%’

G
B
child could be either gender. We can use tree =G
diagram to identify the required sample space. .<:B B
. . . G. B<__
As shown in the tree diagram, there are eight <G G
possibilities.

B
Thatis, 2 X 2 x 2 =28, Y;

e . Fi
Therefore, the sample space (possibility set) is: igure 8

{BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}
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EXERCISES
1. A fair coin is tossed, and a fair die is thrown. Write down sample spaces for:
(a) the toss of the coin
(b) the throw of the die
(c) the combination of these experiments.

2. If an experiment consists of tossing a coin three times and recording the
results in order. Then, find

(a) the sample space for this experiment
(b) the event £, that consists of all outcomes with two heads.
(c) the event £, that consists of all outcomes showing at least two heads.
(d) the event £, that consists of all outcomes showing no heads.
3. Adie s rolled twice. Determine the event that consists of all outcomes whose

sum is:
(a) equaltol (¢) lessthan?
(b) equalto4 (d) greater than or equal to 9.
4. Adie is rolled twice. Determine the event that:
(a) consists of all outcomes (c) two even numbers
whose sum is equal to 6. (d) two odd numbers.

(b) two identical numbers.

5. List all the possible outcomes of flipping a coin and rolling a die. How
many possible outcomes is obtained from this experiment?

8.8 THE PROBABILITY OF AN EVENT

The probability of an event occurring is intuitively understood to be the likelihood
or chance of it occurring. In the very simplest cases, the probability of a particular
event A occurring from an experiment is obtained from the number of ways that 4 can
occur divided by the total number of possible outcomes.

AcCTIVITY 8

1. What does it mean by “odds in probability of a particular event”?
2. A die is rolled, find the probability that an even number is obtained.
3. Two dice are rolled, find the probability that the sum is;
(a) equalto2 (b) equal to 8 (c) lessthan 9 (d) greater than 7
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In general, the probability of an event can be defined as follows:

DEFINITION

In a random experiment, the outcomes which insure the happening of a particular result
are said to be favorable outcomes to that particular result.

Let S be the sample space of an experiment in which all outcomes are equally likely,
and let £ be an event. The probability of E, written P(E), is

n(£)  number of elements in E

P(E)= =
n(S)  number of elements in S
Note
0 < n(E) < n(S), so the probability P(E) of an event is a number between 0 and 1.
That is,
O0<PE)<I.

The probability of an event

There are three different approaches to measure probabilities. These are the
theoretical probability, the experimental probability and the axiomatic probability.

1. Theoretical probability

Theoretical probability is based on the possible chances of something to happen.
The theoretical probability is mainly based on the reasoning behind probability. For

example, if a coin is tossed, the theoretical probability of getting a head will be >

In the theoretical probability, each outcome is assumed to have an equal probability
of occurrence. In other words, the classical method of assigning probabilities
assumes that each outcome is equally likely to occur.

ExampLE 34
In rolling a fair die, it is equally likely to geta 1, 2, 3,4, 5, or 6.
If an experiment has n possible outcomes and if n of these outcomes is favorable to an
event E, then the probability of occurrence of an event E (called its success) is denoted
and given by the formula:

n(E)  Number of outcomes favouring £

P(E) = = : :
n(S)  Totalnumber of possible outcomes
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ExampLE 35
A fair die is rolled.
(a) What is the probability that an even number appears?
(b) What is the probability that a composite number appears?
(c) What is the probability that a number less than or equal to 4 appears?
(d) What is the probability that a number 7 appears?
Solution
(a) Letan even number shows up be event E. Then, £ = {2, 4, 6}.

Thus, P(E) = b _3_1
n(S) 6 2
(b) Let a composite number shows up be event E. Then, E = {4, 6}.
Thus, pg)="&) _2_ 1
nS) 6 3
(c) Let a number less than or equal to 4 shows up be event E. Then, E = {1, 2, 3, 4}.
Thus, P(E)y=E) 4 _2
n(S) 6 3
(d) Let number 7 shows up be event E. Then, E={ }.
Thus, P(E)="E) 0 _
n(S) 6
Note

1. An event which occurs at each performance of an experiment is called a
certain event. Thus, P(certain event) = 1.

2. Anevent which can never occur at each performance of an experiment is
called an impossible event. Thus, P(impossible event) = 0.

II. Experimental Probability

Experimental probability is based on the basis of the observation of an experiment. A
random experiment is done and is repeated many times to determine their likelihood
and each repetition is known as a trial.

The experimental probability can be calculated based on the number of possible
outcomes by the total number of trials. For example, if a coin is tossed 50 times and
record whether a “head” or a “tail” is obtained, then the experimental probability of

315



- Mathematics — Grade 11 Textbook

obtaining a “head” is calculated as a fraction of the number of heads obtained and
the total number of tosses. That is,
Number of heads recoreded

P(head) =
50 tosses

ExaMPLE 36

The number of pancakes prepared by Amelia per day this week is in order of 5,7, 9, 8, 5,
6, 5. Relying on this data, what is the probability that Amelia makes less than 7 pancakes
the next day?

Solution

The number of pancakes prepared per day less than 7 are 5, 5, 6, 5 which are 4 possibilities
4
Mathematically, we get: == 0.57 = 57%.

Therefore, the percentage probability of Amelia preparing less than 7 pancakes the next
day is 57%.

I11. Axiomatic Probability

Axiomatic probability is just another way of describing the probability of an event.
As, the word itself says, in this approach, some axioms are predefined before
assigning probabilities. In axiomatic probability, a set of rules or axioms are set
which applies to all types.

Let S be the sample space of a random experiment. With each event £, we associate a
real number called the probability of £, denoted by P(E), that satisfies the following
properties called axioms (or postulates) of probability.

Note
(1)  The probability of an event is always between 0 and 1. That is, 0 < P(E) < 1.
(i)  If E= < (the impossible event), then P () = 0 and if £ = S (the certain event),

then P(S) = 1.
(i) HEUE=SthenP(E VE)=P(S)=1and P (E)=1- P(E), E' (not
E)=S/E

ExampPLE 37

In a pack of 52 cards, what is the probability of getting a queen or an ace?
Solution

These are mutually exclusive events because it is impossible for a card to be a queen and
an ace at the same time.
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There are 4 queens in the pack. So, P(Queen) = ;12 _ L

13
There are 4 aces in the pack. So, P(Ace) = ;12 = % .
Therefore, the probability of a Queen or an Ace is:
P(Queen or Ace) = P(Queen) x P(Ace)
= P(Queen) + P(Ace) = L + 1 = 2
13 13 13-

Another important concept in probability theory is that of complementary events.

When a die is rolled, for instance, the sample space consists of the outcomes 1, 2, 3,
4,5, and 6. The event E of getting odd numbers consists of the outcomes 1, 3, and
5. The event of not getting an odd number is called the complement of event £, and
it consists of the outcomes 2, 4, and 6.

DEFINITION

The complement of an event E is the set of outcomes in the sample space that are not
included in the outcomes of event E. The complement of £ is denoted by E'.

ExamMPLE 38

Find the complement of each event.

(a) Rolling a die and getting a 4

(b) Selecting a letter of the alphabet and getting a vowel

(c) Selecting a month and getting a month that begins with a J
(d) Selecting a day of the week and getting a weekday
Solution

(a) Gettingal,2,3,5,o0r6.

(b) Getting a consonant.

(c) Getting February, March, April, May, August, September, October, November, or
December.

(d) Getting Saturday or Sunday.

Note
P(E)=1-P(E") or P(E")=1- P(E) or P(E) +P(E") = 1.
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Odds in favor and odds against an event

Odds in probability of a particular event means the ratio between the number of
favorable outcomes to the number of unfavorable outcomes. To find “odds”, we
must first know how to determine the probability of success and the probability of
failure.

Odds are divided into two types. These are odds in favor and odds against.

Odds in favor of a particular event E are the ratio of the probability that the event
E will occur (success) to the probability that event £ will not occur(failure). If we
know the probability of an event £, we can determine the odds in favor of event by
the formula:

P(Success)  P(E)
P(Failure)  P(notE)

Odds in favor of E =

ExampPLE 39

Find the odds in favor of rolling a die to get a 3.
Solution

Let E represent the event of rolling a 3. Find the probability of £ occurring and the
probability of £ not occurring.

S=1{1,2,3,4,5,6} and E={3}. Thus, P(E):é and P(notE):%.

1

1
Odds in favor of £ :&:Q l
P(notE) S5 6 5 5
6

Therefore, odds in favor of throwing a die to geta 3 is 1:5 or % .

The odds against an event E are the ratio of the probability that the event £ will
fail to occur (failure) to the probability that the event £ will occur(success). If we
know the probability of an event £, we can determine the odds against event by the
formula:

P(Failure)  P(not E)

Odds against £ = =
P(Success) P(E)
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ExampLE 40

Find the odds against rolling a die to get a 2.
Solution

Let E represent the event of rolling a 2. Find the probability of £ occurring and the
probability of £ note occurring.

5 1
S=1{1,2,3,4,5,6}and E={2}. Thus, P(notE):g and P(E):g_

P(notE)
P(E)

5 6
= —X—=
1

6

Odds in favor of E = % .

| —|on | i

Therefore, odds in favor of throwing a die to get a 3 is 5:1 or l .
1

Note

If m and n are probabilities of the occurrence and nonoccurrence of an event
respectively, then the ratio m:n is called the odds in favor of the event.

The ratio n:m is called the odds against the event.

Odds to probability
If the odds in favor of event £ are m to n, then the probability of the event is given by:

P(E)=

a+b’

ExAmPLE 41

The odds in favor of an event are 5:7. Find the probability of its nonoccurrence.
Solution
Let E be the event. Then, we are given that number (£) = 5 and
number (not £) = 7. Then, n(S)=n(E)+n(not E)=5+7=12.
5

Therefore, P(E)=—.
12

EXERCISES

1. Adieis rolled and a coin is tossed, find the probability that the die shows an
odd number and the coin shows a head.
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2. Acardis drawn at random from a deck of cards. Find the probability of getting
the 3 of diamond.

A jar contains 3 red marbles, 7 green marbles and 10 white marbles. If a marble
is drawn from the jar at random, what is the probability that this marble is white?

The blood groups of 200 people is distributed as follows: 50 have type A blood,
65 have B blood type, 70 have O blood type and 15 have type AB blood. If a
person from this group is selected at random, what is the probability that this
person has O blood type?

Tickets numbered 1 to 20 are mixed up and then a ticket is drawn at random.
What is the probability that the ticket drawn has a number which is a multiple
of 3 or 5?7

Complement of event °
Compound events °
Dependent event .
Experiment °
Favorable outcome .
Independent event .
Intersection of events .
Mutually exclusive events °
Odds against event .
Odds in favor event .

SUMMARY

Outcome event
Probability
Possibility set
Relative frequency
Random experiment
Simple event
Sample space

Tree diagram
Union of events

Venn diagram
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Relative frequency of an event can be defined as the number of times an event
occurs divided by the total number of events occurring in a given trials.

Number of times E occured

Probability of the event £ =

Number of times the experiment was repeated

P(E) = %

A compound event combines two or more events, using the word “AND” or the

word “OR”.
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Those events which cannot happen simultaneously are called mutually
exclusive events.

If there is at least one outcome common in events, they are called non-
mutually exclusive events.

Independent events are events where the occurrence of one of the events does
not affect the occurrence of the other event.

The “OR” rule: For mutually exclusive events £ and E,.
P(E orE)=P(E)+P(E)
The “AND” rule: If £, and E, are independent events, then
P(E and E)) = P(E)) X P(E,).
The union of two events is a new event that contains all of the outcomes that
are in at least one of the two events. The probability of the union of events £
and E,, denoted by P (E, U E)), is given by:
P(EVE)=P(E)+P(E)-(P(E,NE).
Addition Rule 1: If E and E|, are any two events, then,
PE VE)=P(E)+P(E)-P(E NE).
Addition Rule 2: 1f E and E, are mutually exclusive, the probability of £, or
E,, is the sum of the individual probabilities: That is,
P(E VE)=P(E)+P(E)
The intersection of two events is a new event that contains all of the outcomes
that are in both events. The probability of the intersection of events £, and
E, denoted by P (E, N E)).
If E and E, are independent events, then
P(E and E)) = P(E,) X P(E,).
If both events are independent, then the probability of £, N E is given by:
P(E NE)=PE)P(E)
A useful graphical tool for studying the complement, union and intersection
of events within a sample space S is known as a Venn diagram.

A device that can be helpful in identifying all possible outcomes of a random
experiment, particularly one that can be viewed as proceeding in stages, is
what is called a tree diagram.

A random experiment is a mechanism that produces a definite outcome that
cannot be predicted with certainty. The sample space associated with a random
experiment is the set of all possible outcomes.
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. A collection or a set of all possible outcomes of a random experiment is called
a sample space (or a possibility set). The sample space is represented using
the symbol "S"

. The subset of possible outcomes of an experiment is called events, and it is
denoted by E.

° Outcomes of a random experiment are said to be equally likely when there
is no reason to expect any one of the outcomes in preference to another.
That is, each element has equal chance of being chosen.

. In a random experiment, the outcomes which insure the happening of a
particular result are said to be favorable outcomes to that particular result.

° Let S be the sample space of an experiment in which all outcomes are equally
likely, and let £ be an event. The probability of E, written P(E), is

P(E) = n(E)  number of elements in £

n(S) " number of elements in S
o (i) An event which occurs at each performance of an experiment is called a
certain event. Thus, P(certain event) =1.

(i) An event which can never occur at each performance of an experiment is
called an impossible event. Thus, P(impossible event) = 0.

(iii)) The probability of an event is always between 0 and 1. Thatis, 0 < P(E) < 1.

(iv) If E= O (the impossible event), then P (J) = 0 and if £ = S (the certain
event), then P(S) = 1.

(vy FEUE=S,thenP(E,VE)=P(S)=1and P(E")=1- P(E), E' (not
E)=S/E

. The complement of an event E is the set of outcomes in the sample space that are
not included in the outcomes of event £. The complement of £ is denoted by £'.

P(E)=1- P(E") or P(E")=1- P(E) or P(E) +P(E") = 1.
. If m and n are probabilities of the occurrence and nonoccurrence of an event
respectively, then the ratio m : n is called the odds in favor of the event.

The ratio n : m is called the odds against the event.

EXERCISES

1. When a fair dice is thrown, what is the probability of getting:
(a) the number 5 (c) anumber that is greater than 6
(b) anumber that is a multiple of 3 (d) anumber that is less than 7.
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There are 4 blue marbles, 5 red marbles, 1 green marble and 2 black marbles
in a bag. Suppose we you select one marble at random. Find the probability
of:

(a) P(black) (d) P(not green)
(b) P(blue) (e) P(not purple)
(c) P(blue or black)

Abag contains 6 red marbles and 4 black marbles are drawn without replacement
from the bag. What is the probablity that both of the marbles are black?

Determine which events are mutually exclusive and which are are not when a
single card is drawn from a deck.

(a) Getting a 7 and getting a jack.

(b) getting a club and getting a king.

(c) getting a face card and getting an ace.
(d) Getting a face card and getting a spade.

A sales representative who visits customers at supermarket finds she sells 0,
1, 2, 3 or 4 items according to the following frequency distribution.

Items sold 0 1 2 3 4
Find the probability that she sells the following.
(a) Exactly I item (c) Atleast 1 item

(b) More than 2 items (d) Atmost 3 items

The following frequency distribution table represents the length of time a
patient spends in a hospital.

IDEV 0-3 4-7 8-11 12-15 16 and more
Frequency 2 15 8 6 9

If a patient is selected, find the probability of:

(a) The patient spends 3 days or fewer in the hospital.

(b) The patient spends fewer than 8 days in the hospital.

(c) The patient spends 16 or more days in the hospital.

(d) The patient spends a maximum of 11 days in the hospital.

A recent study of 300 patients found that of 100 alcoholic patients, 87 had
elevated cholesterol levels and of 200 nonalcoholic patients, 43 had elevated
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10.
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noncholesterol levels. If a patient is selected at random, find the probability
that the patient is:

(a) an alcoholic with elevated cholesterol level.
(b) anonalcoholic.
(¢) Anonalcoholic with non-elevated cholesterol level.

What is the probability of choosing an odd number from the first 50 natural
numbers?

Two dice are thrown. What is the probability that the product of the score is
more than 20?

Two dice are thrown at the same time. Find the probability that the sum of the
two numbers appearing on the top of the dice is:

(a) 6 (c) 11 e) O
(b)) 9 (d) greater than 8



WHAT IS BULLYING?

Any unwanted written, verbal, graphic, or physical act by an individual or group toward
another person(s) that causes harm or distress.

Types of Bullying

S STOP BULLYING

®  Social @ @

e  Emotional

®  Cyber

Signs of Bullying

®  Headaches
Depression

®  Lossoffriends

®  School absenteeism

®  Academic problems

What You Can Do

PREVENT

® Bearole model for positive communication, healthy relationships, and self-care.
e  Reinforce acts of kindness, respect, and inclusion.

®  Setpolicies and rules about bullying.

RECOGNIZE
®  Know the definition of bullying and its many forms.
e  Talk with and actively listen to the youth
who confide in you. A
e  Watch for warning signs of bullying. H

2
LY pro- =N e
e Ifyouwitness bullying behavior . i
<

§ -
Separate the students involved.

®  Respond quickly and consistently to send ‘ : ' -
the message that it is not acceptable. = “

.

°

,;...

Meet any immediate medical or mental
health needs.
e  Stay calm and model respectful behavior.

Source: Teacher's Diary on Cyber-Crime Awareness by UNODC, Cybercrime and MoE, Republic of Liberia
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